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Recitation 22 - Solutions
December 2, 2008

1. (a) The estimator 5‘% is unbiased if the expected value of the estimator is equal to the value of
the parameter being estimated. Therefore we want, E\[S2] = v.

n

BSY) = Bled (X - M)

3
n

= B[ (X? - 2X; M, + M?2)]

SR S BT
We now solve for both E[3F X?] and E[M?].

ES XY = 3B,

= n(var(X;) + E[Xi]2)7

= nu—+nA\

Therefore we have

(b) Yes, she has enough data to calculate the ML estimate for the parameter of the poisson
model. Since the mean A is also equal to the variance v in a poisson model. The ML
estimate for the mean is also the ML estimate for the variance. We now show that the ML
estimator An = M, thus we can draw the conclusion that the ML estimate for the variance
is the value given by m,, = 7.1.
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The PMF of X; is
AZB
= €_>\

F, x:(),l,....

px; (:L')
The log-likelihood function is
logpx(x1,..., 205 A) = Zlogpxi(:ni; A) = —n\+ Z x; log A — Zlog(a:i!),
i=1 i=1 i=1

and to maximize it, we set its derivative to 0. We obtain

It is also consistent, because A, converges to A in probability, by the weak law of large
numbers.

. 2
var(6,) = V) _ T

©,, is gaussian because it is the sum of independent Gaussian (normal) random variables.

(b) The probability distribution of the random variable 7}, under the assumption 5‘% =o0%is

that of the standard normal random variable.
The event that 0 lies in the confidence interval

A

A Sh,

S
[@n - Zﬁ

.0, + 22
nt 2]
can be written as the event
[—2<T, <z

Since we are interested in the 95 % confidence interval we want to find z such that P([—z <
T, < z]) > 0.95. Using the CDF of the standard normal, we have P([—z < T, < z]) =
O(z) — P(—2) = P(2) — 1+ (z) = 0.95 from which we obtain ®(z) = 0.975. The value of
z that attains this value is 1.96.

The confidence interval when n = 4 is given by,

[©,, — 0.985,,,0,, +0.985,],
and when n = 16 it is given by,

[©,, —0.495,, 0, + 0.495,].
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3. (a) The PDF of X; is
ey = L O<m <ot
Xil¥) 70, otherwise.

The likelihood function is

Ix (@, 20 0) = fx (2150) - fx, (20 0)
1 if 0 <minj—1_ 2, <maxi—y. p,x; <0+1
| 0, otherwise

Any value in the feasible interval

[ max X; —1, min Xj]
i=1,...n i=1,...,n

maximizes the likelihood function and is therefore a ML estimator.
(b) min;—;, ., X; converges in probability to #, while max;—; _, X; —1 converges in probability
to 6 too. We will show the first result. Let L,, = min;—y __, X;.

We intuitively expect that the series converges to . Note that L, cannot increase as n
increases, therefore the series is monotonic. Moreover, it is lower bounded by 6, therefore a
limit exists. We therefore make a guess that it converges to 6.

Indeed for € > 0, we have using the independence of the X;’s,

P(|L,—0|>¢) = P(X;1>¢-,X,>¢)
= PX;>¢)--P(X, >¢)
= (1—¢".

Since
lim P(|L, — 0| >¢) = nlin;o(l —e)"=0

n—oo

for every € > 0 it follows that L, converges to € in probability. A similar argument can be
applied to show max;—1 ., X; converges in probability to ¢ + 1.

(c) Any choice of estimator within the above interval is consistent. The reason is that min;—; _, X;
converges in probability to 6, while max;—; ., X; converges in probability to 6 + 1. Thus,
both endpoints of the above interval converge to 6.
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