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1. For this problem we will need to compute the 1st, 2nd, 3rd, and 4th moments of the standard
normal distribution. To facilitate this, we will find the moment generating function:
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the second equality above following from completing the square in the exponent, and the third
following because the Gaussian density function integrates to 1. Therefore we now take derivatives
w.r.t. r, and easily find the first four moments:
E[X]=0, E[X) =1,  E[X)=0  E[X'=3.
We know that the correlation coefficient is given by:
cov(X,Y
p(x,y) = 5T
oxXOy

We first compute the covariance:
cov(X,Y) = E[XY]-E[X]|E[Y]
= E[aX +bX? + cX%] - E[X|E[Y]
= aE[X]+bE[X?] + cE[X?]
= b
Now var(X) = 1 therefore ox = 1 so we have left to find oy = /var(Y).

var(Y) = var(a+bX + cX?)
= E[(a+bX +cX?? —Ela+bX + cX?)?
= (a®+2ac+b* +3c*) — (a* + ¢* + 2ac)

b + 202
and therefore we find: )
XY)= ——.
ol ) Vb2 + 2c2

To find the best linear estimator, note that E[Y] = a + ¢. Use this and p(X,Y’) found above in
the standard linear estimation formula to get:

N g
YLinear(X) = E[Y]_Fp(XvY)é(X_E[X])
b
= a+c+ ——=—=Vb+ 22X
Vb2 + 2¢2

= a+4+c+bX
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. (Problem 6.6 from the new chapter) By Bayes’ rule we have
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So it follows that
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The posterior probability is maximized at 6 = x, which is the MAP estimate of © given x. The
least squares estimator is

100
A 101 — X
©=E[O|X] =) Opyx(0|X)= =551
=1 =X

Figure 1 plots the MAP and least squares estimates of © as a function of X.
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