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1. Note that in this instance of the Chebyshev inequality, c = 2. By recalling the derivation
of the Chebyshev inequality as presented in lecture, it should be evident that equality can
be achieved provided that the random variable Y only takes the values E[Y ], E[Y ] + c, and
E[Y ] − c. Determining Y reduces to finding P(Y = 0), P(Y = 2), and P(Y = −2). The
requirement the E[Y ] = 0 imposes a linear constraint on these three probabilities (symmetry),
the requirement var(Y ) = 0 imposes a second linear constraint, and the fact that a PMF must
sum to 1 imposes a third linear constraint. By solving these three linear equations in the
variables P(Y = 0), P(Y = 2), and P(Y = −2), we find the PMF for a random variable Y ,
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that achieves the bound of Chebyshev’s inequality.

2. (a) When using just one mold, the length of the path is 25X and the desired probability is

P (|25X − 1000| < 7.5) = P(|X − 40| < 0.3) =

√
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10
≈ 0.1732.

(b) When using separate molds with lengths X1, X2, . . . , X25 the desired probability is
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≈ P (|Z| < 1.5) where Z is a standard normal r.v. (CLT)

= Φ(1.5) − Φ(−1.5) = 2Φ(1.5) − 1 ≈ 0.8664.

Intuitively, adding independent instances of mold lengths “averages out” the variations and
gives higher probability of a total path length close to the mean.

3. The answers to these questions are found by considering suitable Bernoulli processes and
using the formulas of Section 6.1. Depending on the specific question, however, a different
Bernoulli process may be appropriate. In some cases, we associate trials with slots. In other
cases, it is convenient to associate trials with busy slots.

(a) During each slot, the probability of a task from user 1 is given by p1 = p1|BpB =
(5/6) · (2/5) = 1/3. Tasks from user 1 form a Bernoulli process and

P(first user 1 task occurs in slot 4) = p1(1 − p1)
3 =

1

3
·
(
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)3

.

(b) This is the probability that slot 11 was busy and slot 12 was idle, given that 5 out of the
10 first slots were idle. Because of the fresh-start property, the conditioning information
is immaterial, and the desired probability is

pB · pI =
5

6
· 1

6
.
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(c) Each slot contains a task from user 1 with probability p1 = 1/3, independent of other
slots. The time of the 5th task from user 1 is a Pascal random variable of order 5, with
parameter p1 = 1/3. Its mean is given by

5

p1

=
5

1/3
= 15.

(d) Each busy slot contains a task from user 1 with probability p1|B = 2/5, independent of
other slots. The random variable of interest is a Pascal random variable of order 5, with
parameter p1|B = 2/5. Its mean is

5
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=
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=
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2
.

(e) The number T of tasks from user 2 until the 5th task from user 1 is the same as the
number B of busy slots until the 5th task from user 1, minus 5. The number of busy
slots (“trials”) until the 5th task from user 1 (“success”) is a Pascal random variable of
order 5, with parameter p1|B = 2/5. Thus,
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, t = 5, 6, . . ..

Since T = B − 5, we have pT (t) = pB(t + 5), and we obtain

pT (t) =
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, t = 0, 1, . . ..

Using the formulas for the mean and the variance of the Pascal random variable B, we
obtain

E[T ] = E[B] − 5 =
25

2
− 5 = 7.5,

and

var(T ) = var(B) =
5(1 − (2/5))

(2/5)2
.

Published October 27, 2008 Page 2 of 2


