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1. According to the MAP rule, we maximize the posterior PDF over 6 € [0,1]. We let X be the
number of heads observed and proceed:

o0y = . FoOpxiolt10)
[ fo@pxiolic| ') a8

where X is the number of heads observed. Since the denominator is a positive constant, we only
need to maximize

fe(@)pxje(k | 0) = (Z) (2 —4 ‘; - 9') gE(1 — gy,

The function to be minimized is differentiable except at §# = 1/2. This leads to three different
possibilities: (a) the maximum is attained at # = 1/2; (b) the maximum is attained at some
6 < 1/2, at which the derivative is equal to zero; (¢) the maximum is attained at some 6 > 1/2,
at which the derivative is equal to zero.

Let us consider the second possibility. For 6 < 1/2, we have fg(6) = 46. The function to be
maximized, ignoring the constant term 4(}), is

ek—l—l (1 o e)n—k

By setting the derivative to zero, we find 6 = (k+1)/(n+1), provided that (k+1)/(n+1) < 1/2.
Let us now consider the third possibility. For 8 > 1/2, we have fg() = 4(1 — #). The function
to be maximized, ignoring the constant term 4(7), is

9’“(1 _ 0)n7k+1'

By setting the derivative to zero, we find fyap = k/(n + 1), provided that k/(n + 1) > 1/2.
If neither condition (k +1)/(n+ 1) < 1/2 and k/(n 4+ 1) > 1/2 holds, we must have the first
possibility, with the maximum attained at fyap = 1/2.

2. (a) Let K be the number of heads observed before the first tail, and let pgq,(k) be the PMF
of K when hypothesis H; is true. Note that event K = k corresponds to a sequence of k heads
followed by a tail, so that

P, (k) = (1= q)af, k=0,1,..., i=1,2.
Using Bayes’ rule, we obtain
kP(H
P (k)
_ %(1 - fh)qlf
31— aq)df + 5(1 — qo)qf
(1—qu)qf

Page 1 of 3



MASSACHUSETTS INSTITUTE OF TECHNOLOGY
Department of Electrical Engineering & Computer Science
6.041/6.431: Probabilistic Systems Analysis
(Fall 2008)

(b) An error occurs in two cases: if Hy is true and K > k*, or if H; is true and K < k*. So, the
probability of error, denoted by pe, is

pe = P(K>Ek"|Hy)P(Hy)+P(K <k | H)P(Hy)
oo k*—1
= Z pK\Ho(k)P(HO) + Z PK|Hy (k)P (H1)
k=k* k=0
oo k*—1
= P(Ho) Y (1—qo)gs +P(H1) Y (1—q)gt
k=k* k=0

P - q0)- B P - )
= 0 q0 1—q0 1 q1 1—q1
= P(H) +P(Hy)qt —P(H)¢"

1 * E3
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To find the value of k* that minimizes p., we temporarily treat £* as a continuous variable and
differentiate p, with respect to k*. Setting this derivative to zero, we obtain

dpe 1 * x
T = 5((10gqo)q'5 — (logq1)g") = 0.

The solution to this equation is

7. — log(|log qo|) —log(|log ¢1])
|log qo| — |log g1

As k* ranges from 0 to k, the derivative of p, is nonzero, so that p, is monotonic. Since ¢; > qo,
the derivative is negative at k* = 0. This implies that p. is monotonically decreasing as k* ranges
from 0 to k. Similarly, the derivative of p, is positive for very large values of k*, which implies
that p. is monotonically increasing as k* ranges from k to infinity. It follows that k& minimizes
pe. However, k* can only take integer values, so the integer £* that minimizes p, is either |k| or
[k], whichever gives the lower value of P..

We now derive the form of the MAP decision rule, which minimizes the probability of error, and
show that it is of the same type as the decision rules we just studied. With the MAP decision
rule, for any given k, we accept H; if

P(K =k | H)P(H1) > P(K =k | Ho)P(Ho),

and accept H( otherwise. Note that if

(1 — q1)gfP(Hy) > (1 — qo)qg P (Ho),

then
(1—q)gf ™ P(H1) > (1 — qo)gs TP (Ho),
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since g1 > qg. Similarly, if
(1= q)P(Hy) < (1 — go)g6 P (Ho),

then
(1—q)gf"P(H) < (1 — qo)q " P(Ho).

This implies that if we decide in favor of H; when a value k is observed, then we also decide in
favor of Hi when a larger value is observed. Similarly, if we decide in favor Hy when a value k
is observed, then we also decide in favor of Hy when a smaller value k is observed. Therefore,
the MAP rule is of the type considered and optimized earlier, and thus will not result in a lower
value of pe.

(¢) As in part (b) we have

pe = P(H1) + P(Ho)qh — P(H1)g} .

Consider the case where P(H;) = 0.7, go = 0.3 and ¢; = 0.7. Using the calculations in part (b),
we have

P () log(vp)
log ( prihisies

log ()
Thus, the optimal value of k* is either |k| = 0 or [k] = 1. We find that with either choice the

probability of error p, is the same and equal to 0.3. Thus, either choice minimizes the probability
of error.

k= ) ~ 0.43

Note that k decreases as P(H;) increases from 0.7 to 1.0. So the choice k* = 0 remains optimal
in this range. As a result, we always decide in favor of Hy, and the probability of error is
DPe = P(Ho) =1- P(Hl)
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