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ﬁ% Number Systems Basics ﬁ%

How to represent negative numbers?

m Three common schemes: sign-magnitude, ones
complement, twos complement

m Sign-magnitude: MSB = 0 for positive, 1 for negative
ORange: -2N1-1) to +(2N-1-1)
OTwo representations for zero: 0000... & 1000...
OSimple multiplication but complicated addition/subtraction

m Ones complement: if N is positive then its negative is N
OExample: 0111 =7, 1000 =-7
ORange: -2N1 - 1) to +(2N-1-1)
OTwo representations for zero: 0000... & 1111...

OSubtraction implemented as addition followed by ones
complement
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ﬁ% Twos Complement Representation

Twos complement = bitwise complement + 1

0111 — 1000 +1=1001=-7
1001 - 0110 +1=0111= 7 3

= Asymmetric range: -2N! to +2N-1-1
= Only one representation for zero

= Simple addition and subtraction -6
= Most common representation

1000 0111

-8 +7
4 0100 -4 1100 4 0100 -4 1100
+3 0011 +(-3) 1101 -3 1101 +3 0011
7 0111 -7 11001 1 10001 -1 1111

[Katz93, chapter 5]
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ﬁ% Overflow Conditions ﬁ%

Add two positive numbers to get a negative number or two negative numbers
to get a positive number
+0

-8 01000

If carry in to sign equals carry out then can ignore carry out, otherwise have overflow
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ﬁ% Binary Full Adder ﬁ%
A B
|| S=A®B®C,
c. | Full | = ABC,; + ABC,; + ABC,; + ABC,
" | Adder °
l C,= AB+C; (A+B)
S
A B Cl S CO A B
0 0 0 o) o) Cl 00 01 11 10
0 0 1 1 0
o 10 ) 0 . oo [[a]| o0 |[1
0 1 1 |0 1 1 ([T o [[E]] o
1 0 0 1 o)
1 0 1 o) 1
1 1 0 0 1 A B
1 1 1 1 1 ClI 00 01 11 10
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By By A B
Cosl Full [Coz| Full | Cor| Full [Coo| wum [Cio
Adder Adder Adder Adder
| l l l
S, S, S, S,

Worst case propagation delay linear with the number of bits

Cadder = (N-l)tcarry T

sum
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ﬁ% Extension to Subtraction ﬁ%

»Under twos complement, subtracting B is the same as
adding the bitwise complement of B then adding 1

Combination addition/subtraction system:

mux selects B for addition, B for subtraction

/ l ! ™~

B3 Eg, Bz Bz B1 i1 BO BO

Add/Subtract

C0,3 Co,z C0,1 Co,O \
N ’ S{ iz Sll Slo Add 1 for

subtraction using
carry in
overflow
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Overflow occurs if carry in to sign bit differs from final carry out



ﬁ% Comparator (one approach)

B, §3 B, E0
A % Aouﬁ
FA —| FA [ FA [ ] FA !
C0,3 Co,z 0,1 0,0
S3 S, S S
N

true if negative
result

7  true if zero result

/A<B = N 0
A=B = Z
A<B = Z+N

- /
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ﬁ% Alternate Adder Logic Formulation ﬁ%

How to Speed up the Critical (Carry) Path?
(How to Build a Fast Adder?)

Carry
A B C; Ay C, statis
0 0 0 0 0 delete
0 0 1 1 0 delete

propagate

propagate

propagate

—_— | T |

ropagate

generate

pd [t T | D | et |
—_— = O =2
e I | e T I e
— = =S =D

b |

generate

T !

C Full

in — —»C

Adder 0

l
S

Generate (G) = AB
Propagate (P)=A®B

C (G,P) = G+PC,
S(G,P) = P® C,

Note: can also use P=A + B for C,
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ﬁ% Carry Bypass Adder ﬁ%

P.G P.G P.G P.G| —_ Cancompute P, G
P] 1[G P] ]G P] |G P] |G Inparallelforall bits
- FA FA —| FA —| FA —
0 Co0 Co C,.2 Cos
| ' ' '

Key Idea: if (P, P, P, P;) then C ;= C;,
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ﬁ% 16-bit Carry Bypass Adder ﬁ%

BP=P,P,P,P, BP=PP:P(P, BP= P,P,P,,P,, BP=P,P,.P, P,
P,G P,G P,G P,G P.G P,G P,G P,G P,G PG P,G P,G P.G P.G P.G P.G
o,y Y Y b I 2 A A X I R TV vV YV V9 TV vV 3¢ V%
MFARPIFARIFARIFARD Y E{FABIFARIFARBFAR) Cont
T ' X A "EAR X e 0 FARFARFAFA-p "FAPIFARFARFA-D
Co,() C 1 Co,2 »l1 Co,4 CO,S Co,6 »|1 C 3 C0’9 C 10 S Co,12 C0’13 C 14 S T
Co,lS

Assume the following for delay each gate:
P, G from A, B: 1 delay unit

P, G, C, to C, or Sum for a FA: 1 delay unit
2:1 mux delay: 1 delay unit

What is the worst case propagation delay for the 16-bit adder?
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ﬁ% Critical Path Analysis ﬁ%

l BP=P,P,P,P; BP2=P,P.P.P, BP3= P,P,P, P, BP4=P PP P,
P‘Z; PG| |P.G| |PG PG| |P.G| |P.G| |[P,G 1 rc| |pc| [pc| [P ec| [rc| [re] [rc
S e = M N S T e 2 A X e 2 S A 2 A 2 A 2 e 2 S A e 2 e 2 '
TFA—;FA—;FA—;FA—» 2 FA—:FA?FA—;FA—>M/_E:I‘F;A—:FA—;FA—:FA->0 »
Cer Cu == ab ot Cos Cos Cos  Cop Coo Coz Cos  C

For the second stage, is the critical path:

BP2=0or BP2=1?

Message: Timing Analysis is Very Tricky —
Must Carefully Consider Data Dependencies For
False Paths
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ﬁ% Carry Lookahead Adder ﬁ%

Re-express the carry logic as follows:

Cl1=G0+P0CO

C2=G1+P1C1=G1+P1G0+P1P0CO
C3=G2+P2C2=G2+P2G1+P2P1GO0+P2P1POCO
C4=G3+P3C3=G3+P3G2+P3P2G1+P3P2P1GO0+P3P2P1P0OCO

= Each of the carry equations can be implemented in a two-level logic
network

=Variables are the adder inputs and carry in to stage 0

Ripple eftect has been eliminated!
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ﬁ% Carry Lookahead Logic ﬁ%

Bj i

Cin

CO—

PO— ) c1
GO

CO—

PO—

p1—

GO—

Gl
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Adder with propagate and
generate outputs

Later stages have increasingly complex logic

CO0—
PO—
P1—
P2—

GO—
P1—
p2—

G1—

P2—

G2

LV
4

L

C3

CO0—
PO—
P1—
P2—
P3—

GO0
P1—
P2—
P3—
G1—]
P2—
P3—

G2—
P3—

u\

G3

§>m
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ﬁ% Block Generate and Propagate ﬁ%

G, and P;; denote the Generate and Propagate functions, respectively, for a group of bits
from positions 1 to j. We call them Block Generate and Block Propagate. G;; equals 1 1f
the group generates a carry independent of the incoming carry. P;; equals 1 if an
incoming carry propagates through the entire group. For example, G;., 1s equal to 1 if a
carry 1s generated at bit position 3, or if a carry out is generated at bit position 2 and
propagates through position 3. G;, = G; + P;G,. P, , is true if an incoming carry
propagates through both bit positions 2 and 3. P,, = P;P,

C,= (G + P, Gy)) + (P P)Cy = Gy + P, C
Cy = G+ PG, + PP, G, + P, P, P, G+ P, P, P P, C,
=(G; +P;G,) + (P P,)C,, = G, TP, G
= G3p T P3p(Gyyg T Py Cp) = Gy + Py G
The carry out of a 4-bit block can thus be computed using only the block generate and propagate

signals for each 2-bit section, plus the carry in to bit 0. The same formulation will be used to generate
the carry out signals for a 16-bit adder using the block generate and propagate from 4-bit sections.
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74181 TTL 4-bit ALU (T1)

it

ACTIVE-LOW DATA

Lo M=H M= L: ARITHMETIC OPERATIONS
LOGIC Cn=L Cn=H

e L FUNCTIONS Ino carry) iwith carry)
L L L L Ty F=AMINUS 1 FmA
L L L H F=AB F=ABMINUS 1 F=AB
L L H L F=A+B F= ABMINUS 1 F=AB
L L H H F=1 F= MINUS 1 (2's COMF] F=Z2ERO
L H L L F=A+B F=APLUS (A + B) F=APLUS (A +8) PLUS
L H L H F=8 F=ABPLUS (A + B) F = AB PLUS (A + Bl PLUS 1
L H H L F=A®B Fe= A MINUS B MINUS1 F=AMMNUSB
L H H H F=f+B F=A+B F=(A+B}PLUS
WL L L F=AB F=APLUS LA +B) F = A PLUS (A + B} PLUS 1
H L L H F=a@B F=APLUSE F=APLUSBPLUS1
H L H L F=8 F=AB PLUS (A + B} F=AB PLUS A + B PLUS 1
H L H H F=A+B F= (A +B| F=(A+BlPLUS
H H L L E=D F = APLUS a# F=APLUS A PLUS 1
H H L H F=AB F=ABPLUS A F= ABPLUS A PLUS 1
H H H L F=AB F=ABPLUS A F = AB PLUS A PLUS 1
H H H H F=A F=A F=APLUS

fEach bit is shifted to the next more significant position.

" 16 logic functions and 16 arithmetic operations

* Internal 4-bit carry lookahead adder

* Inputs can be active high or active low (active low is shown here)
= Carry in and out are opposite polarity from other inputs/outputs
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ﬁ% 74181 Addition (Active Low) ﬁ%

—
L'-J —
.__%é:)“ mz G=ABHA;1By)AB,
T — | +(A;+B;5)(A,TB,) AB,
8 > :?%.:D —_LD_F L:}ﬂgm HA;1B;)(A,1B,) (A B)) AB,
= I,
>,
1S

B3
nsh _
i L%}—r " P = (AytB;y)(A,By)(A+B)(AgHB)
23 119 1
[
CR— P
PR )
B l_zm“_d:}
[ -
- 23} %:
Al I A, @ B, \ —
A,B, > ] > 2 F,=A, ®B,®C,
¥__ As4B, . N
w0l %%} ' Ci 3 ABg + A¢C, + BoC,
w2 . =A, ®B,®C
> _B \_ B 0 0 n
:{ai . Ay \ C, =A@ B ®C,
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ﬁ% 74182

Gsq Py Q7.4 Gipg Gis.12
: 3 P P P
74182 carry. EH\AED%J Lo x 7:4 ﬁtf‘z/ 11:8 ﬁtﬁs‘/ 15:12
lookahead unit | " .
L . . i
Y ® %
= U 1 » 5 5 » » 1
1_ 1 16 —Vcc L . 5 e L o - i
5 i L 4 . . . . d
e TR S ' [ H—ht—ihtith

—U_ 3 14 -62 K)

Py—4 150,

e B 12 = Coay

Fs_ 6 11 _Cn'l-y

P—7 106G

GND—] 8 9-Cos, o e Cq e : :
Cs Active low example:
C,..= GO-PO+ GO-C,

= high speed carry lookahead _ GopoGoc,
generator !
» used with 74181 to extend carry = (GO+POX(GO+C,) = GO+ POC,
lookahead beyond 4 bits 7 Ca= Gyt Py,
= correctly handles the carry polarity Ciry = C8 =G T PryGag+ PryPyCip = Gy 7 PG,
of the 181 Corz= C12=Gig+ PrigGry + PiigPruGsg + PpygPraPs Gy

= Gyt PGy
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ﬁ% 16-bit Carry Lookahead Schematic ﬁ%

181 configured for A+B:
M=0,S,;,=1001

Azy By \ A,y By, Aps By Ay Bisaa

/
[1 82 computes C,_for later stages, }

using block G & P from earlier stages

L8: 6.111 Spring 2004 Introductory Digital Systems Laboratory 19



it

Binary Multiplication

X3 X2 X1 X Multiphcand
i Y3 ¥2 ¥1 Yo Multipher
X3Y0 A2Y0 X1Y0 %00
X3¥Y1 X2¥1 X1Y1 Xo¥1 Partial Product
2307 BYa Afyd AG¥D
+ X3¥3 X2¥3 X1¥3 XqY3
Z7 Z¢ Z z Z Zy Z 7 Result X{_ )62_ El_ 0
7 6 5 4 3 | 0O A 4 v v v
) ) >
X ) M
. o 3 X2 X1 XO
» Partial product computation @ é @ @ 7
is simple (single and gate) Y v
HA FA [* FA | HA
x3 X2 X1 X0 y2 l
¢ & |®& | -
FA FA FA HA
X3 Xy Xy Xy Y3 l
® & & & -
r FA FA FA HA
| v ' '
27 Zg Zs Z Zy
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ﬁ% A Serial (Magnitude) Multiplier ﬁ%

Shift/LD

0 xBus 7
:Fkr

*

0 B _.ﬂ

0 . _. [5]

xBus

0 _j -f _. 4]
X, . 3]
s

X —.[1_]

Shift

oo\l\ add out

acc_out

Shift

: [0]
X9 —._

CLK
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CLK
yReg 7— oy
DR o

J=

& CLK

2 |t (I
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CLK

Shift

Timing Diagram

—

Xreg

000x3x2x1x0

000x3x2x1x00

ﬁﬂxSxeleOO

0x3x2x1x0000

0000 x3x2x1x0

yreg yOoyly2y3 Xﬁ yly2y3X X y2y3 X X X v3X XX y0yly2y3
Acc out 00000000 W Accum_1 [ Accum_2 [ Accum_3 00000000
X*Y f PRODUCT PRODUCT
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ﬁ% Verilog of Serial Multiplier ﬁ%

module serialmult(shift, clk, always @ (posedge clk)
X, Yi XY); :
input shift, clk; begin
. if (shift == 1'b0)
input [3:0] x, vy .
7:0] Xy begin
output [7: Y; xReg <= {4'b0, x};
reg [7:0] xReg; yReg <= y;
reg [3:0] yReg; acc_out <= 8'b0;
reg [7:0] xBus, acc out, Xy int <= add out;
Xy int; end
wire[7:0] add out; else
assign add out = xBus + begin
- xReg <= {xReg[6:0], 1'b0};
acc out;
assign xy = xy int; yReg <= {y[3], yReg[3:11};
gn xy = Xy_ ! acc _out <= add out;
Xy int <= xy;
always @ (yReg[0] or xReg) end // if shift
begin end // always
if (yReg[0] == 1'b0) xBus = endmodule
8'b0;
else xBus = xReg;
end
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ﬁ% Simulation

1 MAX+plus I - c:\documents and settingsianantha\my documents\6.111\verilogllectureB\serialmult - [serialmult.scf - Waveform Editor] Q

'qs MaltplosTl File Edt View Mode Assign Utiities Options Window Help g X
NEE8 2o KbLREERS BHE HEE SR2% &
R‘ Ref  |00ns L&]#] Time: |0.0ng Interval: |0.0ns A
A 0.0ns
W | Name: Valug: EDD.IDns 4DD.IDns EDIII.IDns BDEI.IDns 1.Dlus 1'2.U5 1.ﬂ1|us 1.Elus 1.8lus E.Dlus 2'2.”8 2.t1|us E.Elus 2.8lus 3.Dlus
: &) A
o 101 T L T L T\ LT LT LT 1T T T T T TLT1]
= shit 0
[ = HF i ! 9 ! F ! | }
&y i i y : Y F Y g :
;‘::Iﬂ"yReg Ho [0} 1 | 0 B EER EBEERER F i 8 { ¢ L E
= 0 ey Hoo {0} OF X 9E f x¢ pom fF o Yoo} ou f & Fo°FfEL X FWm Lo} w oo
@ acod | HD o { F I 0l IR EREREERE R i
Py HOD 0l ! 0F H % | q }
8 i HOD 0l I F ! % ! El }
— ¥
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ﬁ% Baugh Wooley Formulation

Assuming X and Y are 4-bit twos complement numbers:

X =-23x; + 2 x2 Y =-2%y, + 2 y2!
The product of X and Y 1s:
XY = x,y,2° - § Xy, 213 - JZ& X;y;21 + ; g X;y;2™

For twos 3complement, ﬂ3le following 1s true:
2x 20 =240+ XX20 + 1

i=0

The product then becomes:
XY = X3y326 + gﬂ: X_iy321+3 +923_26 4 gol @jzjﬁ + 923 _26 4 onl Z; Xin2i+j

= X3y326 + X_iy32i+3 + gﬂ: @jzjﬂ + onl Zﬂ: Xin2i+j + 24 _ 97

i=0

= —27+ X3Y326 +(X,y3 T+ X3Y2)25 T ($3 T ﬁ T XY, +1)24

+ (Xo¥3 T X3¥0+ X1 Y2 T XY )27 + (XY, + XY T X,¥0)2% + (XY, + X,¥)2!

0
+ (Xo¥0)2
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Twos Complement Multiplication

X3 Xz X; Xp Multiplicand
Y3 ¥2 ¥1 Yo Multiplier

X3¥Yo X2¥Yo X1¥Yo XoYo

X3¥1 X2¥1 X1¥Y1 XoXi
X3¥2 X2¥2 X1¥Y2 Xp¥2
X3¥3 X2¥3 X1¥3 Xp¥3 X3 X, X, Xy Yo
_l_ A 4 \4 \4 \4
1 1 O » O
Z] Zg Zs Z4 Z3 Zp 71 2 X4 X, X, x| !
% & & & -
* A\ 4 A\ 4
FA FA |* FA | HA
X3 Xy Xy Xy V2 l
A\ 4 \ 4 \ 4 \ 4
- . O . g
\ 4 v
FA FA FA HA
X, X, X X Y3 l
& & o le -
¢ A 4 A\ 4 \ 4 @
HA [ FA FA FA HA
Z7 Z6 Z5 Z4 Z3
26
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