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Problem set 4 solutions!

Problem 4.1

THE OBJECTIVE OF THIS ASSIGNMENT IS TO LEARN HOW TO USE BASIC PROPERTIES
OF LYAPUNOV EQUATIONS TO PROVE CERTAIN PROPERTIES OF CONTROLLABILITY AND
OBSERVABILITY GRAMIANS OF CONTINUOUS TIME SYSTEMS.

(a) FIND AN EXPLICIT FORMULA WHICH, GIVEN 71 DIFFERENT POSITIVE NUMBERS
01> 09> --+>0,_1 > 0p, PRODUCES MATRICES A, B,C' OF A CONTROLLABLE
AND OBSERVABLE SISO STABLE STATE SPACE MODEL FOR WHICH THE k-TH
HANKEL SINGULAR NUMBER EQUALS 0.

Balanced realizations offer a convenient way of constructing systems with prescribed
Hankel singular numbers. Define

01 0 1
W: s B:C/: s
0 o 1

and then let A = A’ be the solution of the Lyapunov equation

WA+ AW = -BB'.
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Since —W is a Hurwitz matrix, and the pair (—W, B) is controllable, a solution A =
A’ < 0 exists, and defines a stable LTT system with transfer function C'(sI — A)™' B,
which has oy, as its Hankel singular values. In fact, an explicit formula for A can be
extracted from this construction:

2{1 o1+02 o1+0on
A= — o1t+o2 202
1 1
o1+on 20

VERIFY YOUR FORMULA USING NUMERICAL CALCULATIONS WITH MATLAB.

See MATLAB functions ps4la 6242_2004.m and ps41b_6242_2004.m. It appears
that the method produces systems with extremely poor stability margins, which
causes Hankel singular value calculations to become unreliable for n > 10.

PROVE OR GIVE A COUNTEREXAMPLE TO THE FOLLOWING STATEMENT: a SISO
system defined by a controllable and observable state space model with A = A" < 0
and B = C" cannot have repeated non-zero Hankel singular values.

If A= A"and B = C’ then controllability and observability Gramians W.., W, satisfy
the same Lyaponov equation WA + AW = —BB’. Since A is negative definite,
solution of the equation with respect to W is unique, and hence W, = W, = W has
repeated eigenvalues. hence the pair (=W, B) cannot be controllable, and therefore
—A is not positive definite. This contradicts the assumption.

Problem 4.2

THE OBJECTIVE OF THIS ASSIGNMENT IS TO EXPLORE APPLICATION OF THE POD
METHOD TO INFINITE DIMENSIONAL CAUSAL SISO CT LTI SYSTEMS WITH EXPLICITLY
KNOWN IMPULSE RESPONSE h = h(t), ASSUMED TO BE A CONTINUOUS FUNCTION

R — R (FOR EXAMPLE, THE IMPULSE RESPOSE CORRESPONDING TO G(s) =

e /(s + 1)* 1S CONTINUOUS, WHILE THE IMPULSE RESPONSE CORRESPONDING TO
G(s) =e*/(s+ 1) IS NOT).
AN ABSTRACT STATE SPACE MODEL CAN BE DEFINED FOR SUCH SYSTEMS IN THE

FOLLOWING WAY.

e THE “STATE VECTOR’ z(t) IS, FOR EVERY t € R, A CONTINUOUS FUNCTION

z: R—R, LE. z(t) = x(t, 7).



e THE LINEAR TRANSFORMATION A IS INTRODUCED INDIRECTLY, VIA ITS EXPO-
NENT: Z; = e4'Zy, WHERE Z;, To ARE VECTORS IN THE STATE SPACE (I.E. FUNC-
TIONS OF 7 € R) IS DEFINED BY

T (1) = To(t + 7)
FOR ALL ¢, T.

e B (ALSO A VECTOR FROM THE STATE SPACE, AND, HENCE, A FUNCTION OF T)
IS DEFINED BY B(7) = h(7).

e (' (A LINEAR FUNCTIONAL ON THE STATE SPACE) IS DEFINED BY CZz = z(0).

NOTE THAT h(t) = Ce' B FOR THIS MODEL.
To AppLY THE POD METHOD TO REDUCE THIS MODEL, SELECT A FINITE SET

OF LINEAR FUNCTIONALS L4, Lo, ..., Ly ON THE STATE SPACE, AS WELL AS VECTORS
F\, F5, ..., Fiy FROM THE STATE SPACE. TREAT THE N-DIMENSIONAL VECTORS
L1€AtB C€AtF1
B L2€AtB B C€AtF2
=\ .| = .
LyeB Ce'Fy

AS THE PRIMAL AD DUAL “SNAPSHOTS”. CALCULATE EXPLICITLY THE INTEGRALS
~ o0 ~ o0
W, = / FOF)d, W, = / B)p(tYdt.
0 0

TO SERVE AS “APPROXIMATIONS” OF THE CONTROLLABILITY AND OBSERVABILITY
GRAMIANS. USE SINGULAR VALUE DECOMPOSITION TO PRODUCE VECTORS vy, Vg, . . . , Uy
(LINEAR COMBINATIONS OF VECTORS F;), AND FUNCTIONALS 1, Us, ..., U, (LINEAR
COMBINATIONS OF FUNCTIONALS L;), SO THAT r < N, AND THE REDUCED MODEL
SHOULD BE DEFINED BY
UlB
~ A UQB N
C:[Cvl Cvy ... Cvk}, B = i , D=0,

ukB

0

1
i = uiAvj = lim —u,(e*v; — v)).
t—0 t



IMPLEMENT THE APPROACH DESCRIBED ABOVE IN THE CASE WHEN

t—1, tell,2],
h(t)=1< 3—t, te2,3],
0, otherwise,

F.(1) = h(t + 4k/N), L.z = z(4k/N).

(a) FIND ANALYTICAL EXPRESSIONS FOR W, W,.

To simplify the formulae, it will be assumed that N = 4n throughout the solution.
Since N is simply the number of time domain samples used, this is not a serious
limitation. For the same purpose, elements Fy, Ly will be added to the families { F;},
{L;}, defined by

Fo() = h(7), Lo(x(-)) = x(0) = Cx(-).

Let
e;(t) = u(t) max{0,1 — n|t —i/n|},

1, t>0,
“(t)_{ 0, t<0,
is the unit step function. According to this definition e; = e;(¢) for i > 0 is a

piecewise-linear continuous function with a triangular-shaped graph, equals 1 at
t =i/n, and equals 0 outside the interval [(i — 1)/n, (i + 1)/n]. Let

where

F(t) =u(t)[h(t), h(t+1/n), ..., h(t+4n/n)],
E(t) = [eo(t), e1(t), ..., ewm(t)]

It is easy to see that

F(t) = E(t)H,
where H is the Hankel matrix

i ho hl o .. h4TL—1 h4TL ]
hy hy ...  huy, 0
H=H = : : ’
h4n—1 h4n .
h’4n 0 0 .




In addition, a straightforward integration shows that

/ME®E®ﬁ:lW

n

where W is a tridiagonal matrix

2 10 0
a0
W=-1014..0
6. . . .
(000 ... 4]

Since, for a function z = z(7) (an element of the state space),
CeMy = x(t),

it follows that - -
<Lmﬂ¥/\aﬂwﬁ:/|ﬂm%.
0 0

Hence, for \
x(t) = Zgz’Fi(t),
=0
the observability measure equals
@ Wor = [P0l = [ B Pt = W g
where g is the (4n + 1)-dimensional column vector with coefficients g;. Therefore

W, = lHVVH.
n

Similarly, for a linear functional

4n 4n
p= Z%’Lz‘, pxr = ZQZI(Z/”),
i=0 i=0



the controllability integral equals

2
dt,

(b, Wp) /
0

- / F(t) |,
0

1
= —gHWH({,
n

Z gih(t +1i/n)

where ¢ is the (4n + 1)-dimensional row vector with elements ¢;. Hence
- ~ 1
W.=Ww, = EH WH.

PROPOSE AN ALGORITHM (RELAYING ON NUMERICAL SINGULAR VALUE DECOM-
POSITION) FOR CONSTRUCTING u;, v; WHEN 7 < N.

Remember that a joint measure of controllability and observability of a vector z in
the state space can be defined as

bp(x) = 2'Wor - i;:lvlepWCp’, (4.1)

where W, W, are the true controllability /observability Gramians, and p ranges over
the space of linear functionals on the state space. A similar (dual) measure for
functionals is defined by

¢a(p) =pWep' - inf a'Wou. (4.2)

The partial information about W,, W, available from W, and W, can be utilized in
modified definitions of ¢, ¢4, obtained by limiting the range of z,p in (4.1),(4.2) to

an 4n
T = Z Fg, p= Z qiLi, (4.3)
i=0 i=0

which leads to

~

() ZQ,Wog'q: inf  qW.q, (4.4)

qMg=1

~

¢d(Q)=qWCq’~g inf 19’Wog, (4.5)

: qMg=



where M = (M;;) is the (4n + 1)-by-(4n + 1) matrix with entries
M;; = LiF; = h((i + j)/n), ie. M =H,

and

Gan

Since M = H is a non-singular matrix, and W = W' > 0,

1
. _ . ! .
. 21}{1?:1 qgHW Hq = 5;%1'211 OWéo = 7g’W‘1g
for g # 0. Similarly,
/ E—
gt qig—1” HWHg = qW1¢ (47 0).

Hence ¢,(g) is maximized on the dominant (column) eigenvectors of WHW H, and
(;Aﬁd(q) is maximized on the dominant row eigenvectors of W HW H. Then the linear
span of vectors v; (i = 1,...,7) should coincide with the linear span of functions
F(t)g;, where g; are the dominant right eigenvectors of WHW H, and the linear
span of linear functionals u; (¢ = 1,...,r) should coincide with the linear span of

functionals
z(0)

x(l/n
Lo—g (/)
x(4n/n)
where ¢; are the dominant left eigenvectors of WHW H.

One convenient way to define g;, ¢; is by g; = S¢; and ¢ = ¢’S~!, where ¢; are

dominant orthonormalized eigenvectors of S’H.S, where S is the result of Choleski
factorization W = SS’.

Let

U1



be defined by

z(0)
Ur=gq : ;
x(4n/n)
where
Q1 A
g=|: |=1]: |57
G g
Let
V =1v :v]=F(t)gD,
where

§:[§1§T]25[¢1 ¢r]7

and D is a non-singular n-by-n matrix. Then

UB = gh,
CV = eHgD,
UV = gHgD,
lim Ue™V —V) = gAHgD,
t—
where
SR [ 1 1 0 0 0 |
ho 0 -1 1 0 0
_ ! 0 0 -1 0 0
e=1[10 0, h= : ., A=n
h;"‘l 0 0 0 1 1
an 0 0 0 0 -1 |

When r = 3n + 1, the resulting system has transfer function
ng_ﬂ = é(Sl — A)_lf_l.

(¢c) IMPLEMENT THE RESULTING MODEL REDUCTION ALGORITHM IN MATLAB AND
TEST THE REDUCED MODELS FOR r € {5,10} AND N € {50,500}.



The algorithm is implemented in ps42_6242_2004.m. It appears that G cannot
provide a better approximation of G than the one given by G3n+1. In other words,
the algorithm reduces to applying balanced truncation to a particular high order
approximation of G (given by Gany1).

Problem 4.3

THE OBJECTIVE OF THIS ASSIGNMENT IS TO ANALYZE EXISTENCE AND UNIQUENESS
OF SOLUTION IN A PARTICULAR CLASS OF MOMENTS MATCHING PROBLEMS.
CONSIDER THE FOLLOWING MOMENTS MATCHING PROBLEM: GIVEN A SEQUENCE
OF 2n REAL NUMBERS (f;)i%,!, FIND REAL POLYNOMIALS p,q SUCH THAT deg(q) = n,
deg(p) <n—1, q(0) # 0, AND fi ARE THE FIRST 2n MOMENTS OF p(s)/q(s) AT s =0,

I.E.
2n—1

@ _ S2n Sk
q(s) = o H;fk

FOR s — 0.

(a) SHOW THAT THERE EXISTS A UNIQUE NON-NEGATIVE 7 < n AND A PAIR OF REAL
POLYNOMIALS

() =Po+ P15+ 4 Poras”

gs)=1+qs+ -+ Gr18""" 4 Gurs""

WITH NO COMMON ZEROS, SUCH THAT THE FIRST 2n — r MOMENTS OF f(s) =
]5(8)/(](8) AT s =0 ARE f0> fl> ceey .f2n—7’—1-

This is, essentially, a special case of Theorem 7.2. Nevertheless, let us give a proof

“from scratch”. For
2n—1

f(S) - Z fkska
k=0

consider the linear transformation mapping the coefficients of polynomials p, ¢ of
order not exceeding n — 1 and n respectively, into the first 2n moments of p — ¢ f.
This is a linear transformation of a 2n 4+ 1-dimensional vector space into a 2n-
dimensional vector space. Hence, it maps a non-zero element into zero. In other
words, there exist polynomials pg, §p, not simultaneously equal to zero, such that
the first 2n coefficients of p — ¢f are equal to zero, i.e.

Ps) = d(s)f(s) = s™e(s)
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for some polynomial e.

Let d be the greatest common denominator of p and ¢. Let r be the number of zeros
of d at s = 0, so that d(s) = s"dy(s), where d;(0) # 0. Note that r < n < 2n, and
hence the polynomial ¢(s)/d(s) has a non-zero value ¢ at s = 0, because otherwise

p(s)/d(s) = f(s)q(s)/d(s) + s*"e(s)/d(s)

also has a root at zero, which contradicts the definition of d = d(s). Define p =
cpo/d, ¢ = c71gy/d. Now q(0) = 1, the order of 7 is not larger than n — r, the
order of p is smaller than n — r, and

pls) —a(s)f(s) = s "ex(s)

for some polynomial e;, which means that p(s)/g(s) matches the first 2n—r moments
fos fi,- - fon—r_1. This proves existence of p, § with the stated properties.

To prove uniqueness of p,q, consider two pairs of such polynomials, (p°,¢") and
(p', '), matching the first 2n — ry and 2n — r; moments, respectively. Then, for

P(s) = s"p'(s), 4'(s) =s"q(s),

we have

and hence the polynomial

0(s) = p'(5)d*(s) — p*(s)d' (s),

of degree less than 2n, has at least 2n roots at s = 0. This implies 6 = 0, and hence

P'(s)3*(s) = Pa(5)q" ().

Since p* and ¢ do not have common roots, it follows that ¢° = c¢* and p° = cp* for
some constant ¢ # 0. Since ¢*(0) = ¢*(0) = 1, we have ¢ = 1.

LET d BE THE MAXIMAL NUMBER OF FIRST MOMENTS OF f(s) AT s = (0 WHICH
ARE MATCHING THE NUMBERS fo, fi,..., fan—1. LET n,,n, BE THE DEGREES OF
D AND ¢ RESPECTIVELY. IN TERMS OF NUMBERS 7,d,n,,n,, GIVE NECESSARY
AND SUFFICIENT CONDITIONS FOR EXISTENCE AND (SEPARATELY) UNIQUENESS
OF SOLUTIONS OF THE ORIGINAL MOMENTS MATCHING PROBLEM.

A solution exists if and only if d = 2n and n, < n,. The solution is unique if, in
addition, n, = n. These statements are a special case of Theorem 7.3.
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¢) USE THE RESULT FROM (B) TO GENERATE REAL SEQUENCES ( f;)?"~! WITH n = 3
(c) k0

AND fi # 0, SUCH THAT THE MOMENTS MATCHING PROBLEM HAS NO SOLUTION
AND (SEPARATELY) HAS MANY SOLUTIONS.

To produce {fix}3_, such that the moments matching problem has no solution,
simply define f; as moments of a ratio of polynomials of degree less than three
which is not strictly proper. For example, fo =1, fr = 0 for k£ > 0 (the moments of
F(s)=1/1),0r fo=fi=fs= fi=f5 =0, fo = 1 (the moments of F(s) = s?/1).

To produce { fx }7_, such that the moments matching problem has multiple solutions,
simply define f; as moments of a strictly proper transfer function of degree less
than 3. For example, f; =1 are the moments of F'(s) = 1/(1 — s), but are also the
moments of F(s) = (1 —s)/(1 —s)2



