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This assignment covers basics of working with quadratic dissipation inequalities (or IQCs),
including a few elementary questions intended to check your familiarity with quadratic
forms. Please read the latest versions of Chapter 2 and Chapter 3 notes first.

Task 2.3P (and also some other questions, in case you want numerical verification of
your theoretical assessment) require access to semidefinite programming solvers. Why
you do not have to use the spot package, it will make some things easier:

• spot is designed to facilitate semidefinite programming in terms of quadratic forms,
which is more natural than programming in terms of symmetric matrices;

• the posted solutions will use spot;

• help while solving the problems is not guaranteed with other packages.

Currently, spot is installed on Athena in the 6.245 locker. Add

! add 6.245

path(path,’/mit/6.245/spot’)

path(path,’/mit/6.245/spot/mss’)

path(path,’/mit/6.245/spot/mint’)

path(path,’/mit/6.245/spot/internal’)

path(path,’/mit/6.245/spot/bin’)

path(path,’/mit/6.245/SeDuMi_1_3’)

1Version of September 16, 2011, due on September 26, 2011.
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to your startup.m file in the /matlab/ directory to use spot on Athena. Of course, if
you are already using SeDuMi, do not add the last line!

Sometimes, Athena’s MATLAB can be very slow. If you are using MATLAB on your
own computer, you can use spot, as long as SeDuMi is installed. A copy of a ”lite” spot

distribution, called spotlite, is posted on the 6.245 web page. Unzip it into a spot

directory, then run (in MATLAB, from the spot directory) spotlite install. You can
also run spotlite chk to check that spotlite is installed correctly.

Task 2.1T

For each of the statements (a)-(f) below, they whether it is true or false. For a false
statement, give a counterexample. For a true statement, give a short explanation or a
textbook reference.

(a) A symmetric real n-by-n matrix Q is positive semidefinite if determinants of all of
its n upper left corner minors are not negative.

(b) A Hermitian matrix Q (i.e. a complex square matrix Q such that Q = Q′) is positive
semidefinite if and only if the real symmetric matrix

R =

[
A B
−B A

]
is positive semidefinite, where A = real(Q) is the matrix of real parts of the compo-
nents of Q, and B = imag(Q) is the matrix of imaginary parts of the components
of Q.

(c) If A is an n-by-n real matrix (not necessarily symmetric), and all eigenvalues of A
are positive, then the quadratic form σ : Rn → R defined by

σ(x) = x′Ax

is positive semidefinite.

(d) The asymptotic L2 gain of every CT system equals its fixed state L2 gain.

(e) If a DT system S ∈ S1,1
DT ({0}) has fixed state L2 gain strictly smaller than 1 then

the corresponding unity feedback interconnection is well posed.

(f) If CT system S has fixed state L2 gain of 0.5 and the corresponding unity feedback
interconnection is well posed then the resulting system S◦ has asymptotic L2 gain
not larger than 1.
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Task 2.2T

For each of the situations described below, find the set of possible values for the L2 gain
of system S. For the L2 gain values which are possible, give specific examples. When
you state that some L2 gain values are not possible, give a proof of that. For the proofs,
please try using the technique of quadratic dissipation inequalities (IQCs). While the
statements are simple enough to have many alternative derivations, the intention of this
task is to make you familiar with the IQC technique, before moving on to more complicated
examples.

(a) S is a DT system which is strictly passive, in the sense that

inf
T∈Z+

T∑
t=0

{
w(t)′y(t)− 0.25|y(t)|2

}
> −∞

for every input/output pair (w, y).

(b) S = S2 ◦ S1 is series interconnection of S1 ∈ S1,1
CT ({0}) and S2 ∈ S1,1

CT ({0}), where
L2 gain of S1 equals 2, and L2 gain of S2 equals 3.

(c) S = S1 + S2 is the sum interconnection of S1 ∈ S1,1
DT (X1) and S2 ∈ S1,1

DT (X2), where
X1, X2 are some sets, L2 gain of S1 equals 2, and L2 gain of S2 equals 3.

(d) S = ∆◦ where ∆ ∈ Sm,m
CT (X) has L2 gain of 5 and is passive in the sense that

inf
T≥0

∫ T

0

w(t)′y(t)dt > −∞ whenever y ∈ S(w, x0), w ∈ Lm, x0 ∈ X,

X is some set, and the unity feedback interconnection defined by ∆ is well posed.

Task 2.3P

A bio-feedback process involves a series of n chemical reactions, and is modeled as an
interconnection of n CT systems Sk ∈ S1,1

CT (Xk) (k = 1, 2, . . . , n):
The interconnection is assumed to be well-posed, so that the resulting system

S ∈ S1,1
CT (X), X = X1 × · · · ×Xn

is well defined by

S(w, (x1, . . . , xn)) = {y = w − vn : vn ∈ Sn(vn−1, xn), . . . , v2 ∈ S2(v1, x2), v1 ∈ S1(y, x1)}.
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Figure 1: Feedback interconnection for Task 2.3P

For each k, system Sk is known to be strictly passive with parameter hk > 0, in the
sense that

inf
T≥0

∫ T

0

{
wk(t)′yk(t)− hk|yk(t)|2

}
dt > −∞ whenever yk ∈ Sk(wk, xk), wk ∈ L, xk ∈ Xk.

One hypothesis is that the feedback interconnection is guaranteed to have a finite L2 gain
whenever the product

h̄ = h1h2 . . . hn

is large enough. Your task is to investigate this hypothesis numerically, and also to try
to give an analytical explanation to the result of numerical experiments.

(a) Construct a semidefinite program with parameters depending on vector

h =

 h1
...
hn

 ,
such that the square root of its optimal cost (when feasible) is a good upper bound
for the L2 gain of S. Note that this question may have multiple solutions, and only
the best ones will deliver interesting results in the following question items.

(b) Write MATLAB code (preferably using the spot interface to semidefinite program-
ming) which takes h as an input, and solves the semidefinite program from (a) to
produce the output g which equals the reciprocal of the optimized upper bound for
the L2 gain of S (so that the output is zero when no finite upper bound is found).

(c) Test numerically the hypothesis that the output of the code from (b) is positive if
and only if h̄ exceeds a certain threshold, which may depend on n, i.e. that g > 0
if and only if h̄ > h̄n.
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(d) Test numerically the hypothesis that the output of the code from (b) depends on h̄
and n only.

(e) (optional, assumes your answer to (a) is good enough) Prove that the analysis
technique from (a) yields the exact upper bound for the L2 gain of S. Give an
explicit formula for the threshold h̄n from (c).


