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The problem set deals with Hankel norm approximations and Q-parameterization, and
their applications in feedback design.

Problem 5.1T

Let

G(s) =
1

s+ 1
+

1

s+ a
,

where a > 0 is a real parameter.

(a) Find an analytical expression for the Hankel norm of G.

(b) Find an analytical expression for minimal Hankel norm of the difference G − Ĝ
where Ĝ(s) = b/(s+ c) for some b ∈ R and c > 0. What happens when a→ 1?

It is advisable to check your analytical answers numerically (e.g. by using hsvd.m).

Problem 5.2T

Consider the setup shown on Figure 1, where P is a given DT LTI state space model
defined by equations

x(t+ 1) = Ax(t) +Bu(t), q(t) = Cx(t),
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and K is stabilizing DT LTI feedback, to be designed as a state space model

xf (t+ 1) = Afxf (t) +Bfy(t), u(t) = Cfxf (t) +Dfy(t).

The signals u,w, q are assumed to be scalar. Let F,L be the real vectors (F is a row
vector, L is a column vector) such that A + BF and A + LC are Schur matrices (i.e.
all eigenvalues λ satisfy |λ| < 1). Let G0, G1, G2 be the corresponding transfer functions
from the standard Q parameterization G = G0+G1QG2 of all achievable stabilized closed
loop transfer functions from w to u.
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Figure 1: Feedback Setup for Problem 5.2T

(a) Give state space models for G0, G1, G2 in terms of A,B,C, F, L.

(b) Let

P (z) = P0
(z − z1)(z − z2) . . . (z − zk)
(z − p1)(z − p2) . . . (z − pn)

.

Assume for simplicity that zi 6= zl and pi 6= pl for i 6= l. Express zeros of G1 and G2

in terms of P0, zi, pl.

(c) Find limz→pi G0(z)/(z − pi) in terms of limz→pi(z − pi)P (z).

What does this all tell about the set of all possible closed loop transfer functions G from
w to u?

Problem 5.3P

In general, it is impossible to compute singular numbers of the Hankel operator associated
with a given transfer function G ∈ H∞ by just looking at the values of |G(jω)|. However,
the situation is different when G is all-pass, i.e. |G(jω)| = 1 for all ω ∈ R. Let G be an
all-pass CT stable transfer function of order n, or, equivalently,

G(s) =
s− a1
s+ a1

· s− a2
s+ a2

· . . . · s− an
s+ an

,
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where ai > 0 are some positive constants. Assume for simplicity (though the assumption
is not really necessary) that ai 6= ak for i 6= k. Let HG denote the Hankel operator
associated with G. Since G has order n, the rank of HG equals n as well.

(a) Run some numerical experiments with randomly generated ak to formulate a hy-
pothesis on what are the singular numbers of HG.

(b) Is it possible for a singular number of HG to be greater than 1? Explain.

(c) Find some non-zero square integrable functions w(t) which are anti-causal (i.e.
w(t) = 0 for t ≥ 0), and Y (jω) = G(jω)W (jω), where y = HGw, and Y and
W are the Fourier transforms of y and w respectively. (Hint: use numbers ai as a
guidance.)

(d) Use the observation made in (c) to prove the hypothesis formulated in (a).

So, does it make much sense to apply model reduction to all-pass transfer functions?

K(s) e−τs P0(s)- --

Figure 2: Feedback Setup for Problem 5.4P

Problem 5.4P

This task calls for the use of approximation and model reduction in designing linear
feebdack. To keep things simple, the attention is limited to the objective of feedback
stabilization.

Consider the feedback setup shown on Figure 2, where

P0(s) =
s− 1

s2(s− 2)

is a given plant, τ ∈ [0, T ] models the unknown feedback loop delay, T > 0 is a known
upper bound for τ , and K is the finite order controller to be designed, to guarantee robust
stabilization, understood as finite L2 gain feedback loop stability for all τ ∈ [0, T ].
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(a) Compute analytically (as a function of τ ≥ 0) L2 gain of the LTI system defined by
transfer function

Mτ (s) =
e−τs − 1

s
.

It is advisable to calculate ‖Mτ‖∞ numerically first (e.g. by sampling the values of
Mτ on the imaginary axis), to get an idea of what the answer should be.

(b) Use the decomposition

e−τsP0(s) =

(
1

s
+Mτ (s)

)
s− 1

s(s− 2)
,

together with the result from (a) and the small gain theorem, to claim that a
feedback K which is stabilizing for T = 0 achieves robust stabilization for some
T > 0. Use H-Infinity optimization with hinfsyn.m to design a third order K
which achieves robust stabilization with T as large as possible2.

(c) The result in (b) was achieved by using the approximation Mτ (s) ≈ 0, which has
L2 gain error ‖Mτ‖∞. When τ > 0 is known, better designs can be made by finding
a higher quality approximation Mτ ≈ M̂τ (s), where M̂τ is a stable rational transfer
function, and the error is quantified by ‖Mτ − M̂τ‖∞. A rather straightforward
way of doing this is to start with the ”rough” (inaccurate at high frequencies)
approximation

e−τs ≈ Êτ (s) =

(
1− τs/2n
1 + τs/2n

)n

,

where n is large enough, and to have M̂τ defined as the reduced model

M̂τ (s) ≈
Êτ (s)− 1

s
,

of order significantly smaller than n. Apply this approach (with hankelmr.m used
for model reduction) to find a good third order approximation M̂τ of Mτ for a given
τ > 0.

(d) Use the results from (c) to design K of order 6 to achieve feebdack stabilization
with a fixed τ which is as large as possible.

2This does not mean finding the absolutely largest T , which is quite difficiult. Just try to do the best
possible job using the approach.


