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Solutions to Problem Set 1!
Problem 1.1T

CONSIDER THE FEEDBACK SYSTEM FROM FIGURE 2.6 OF LECTURE 2 HAND-
oUTS. ASSUME THAT THE SISO SYSTEMS P AND C ARE GIVEN BY THEIR
FULLY CONTROLLABLE AND FULLY OBSERVABLE STATE SPACE MODELS
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WITH THE STATE VECTORS Z, AND Iy RESPECTIVELY. CONSIDER THE
CLOSED LOOP SYSTEM (G WITH INPUTS 7, v AND OUTPUTS e,Yy.

(A) USING THE VECTOR z = [z,; 2| AS THE STATE VECTOR, FIND THE MA-
TRICES Ay, By, Cy, Dy OF THE CORRESPONDING STATE SPACE MODEL
OF G' AS FUNCTIONS OF Ay, B, Cy,, Ay, By, Cy.

(B) ASSUME THAT s € C IS A ZERO OF P AND A POLE OF C. EXPRESS
THE UNOBSERVABLE MODE OF G (I.LE. THE CORRESPONDING NON-
ZERO EIGENVECTOR uy OF Ay) VIA A,, B,,C,, Ay, By, Cy, s AND THE
s-EIGENVECTOR vy OF Aj.

(C) ASSUME THAT s € C 1S A POLE OF P AND A ZERO OF C. EXPRESS
THE UNCONTROLLABLE MODE OF GG (L.E. THE CORRESPONDING NON-
ZERO EIGENVECTOR u, OF A,) VIA A,, B,,C,, As, By,Cy, s AND THE
S-EIGENVECTOR v, OF A,,.
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Writing together system equations for the plant and for the controller, with
the plant input u, output y — v, and with controller input » — y = e, output
u, yields

z, = Apz, + Byu, y = Cpxp, + v,
Ty = Afl’f + Bf(T — y), u = Cfl’f.

Getting rid of u in all equations, and getting rid of y in the differential equations
yields

&y = Apxp + B,Cray, e=r—v— BiCpxy,
iy = Arxy — ByCpxp, — Bpv + Byr, y = v + Cpay,

which is a state space model for the closed loop system with

[ 4 BC To o
Ag_{—Bpr Ap }’Bg_[Bf _Bf]’

[ -Bsc, 0© 1=
AR P

Assume that s is a pole of the controller, i.e. Afv; = sv; for some column
vector vy # 0, and that s is also a zero of the plant, i.e. Cy(sI — A,)"'B, =
0. The pole corresponds to a non-zero exponential solution of the controller
equations with zero input:

zp(t) = vpe™, u(t) = Cruse™.

In turn, the exponential input u will produce an exponential solution of the
plant equations, with

z,(t) = (sl — A) ' B,Crvpe®, Coay(t) = Cp(sI — A,) ' B,Crvse’ = 0.
Since the corresponding system output is zero (provided r = v = 0),

(sI — A)"'B,Cyv
up = o P~ fYf

is the right eigenvector of A, which corresponds to an unobservable mode of
the closed loop system.



Now assume that s is a pole of the plant, i.e. v,A4, = sv, for some row
vector v, # 0, and a zero of the controller, i.e. Cy(sI — A;)™'B; = 0. Let’s
try to find a row vector ¢ such that

d
%(Upmp + quy) = s(vprp + qy),

or, equivalently,
—qBCpx, + (v,B,Cr + q(Ay — sI))xy = 0.
To zero out the coefficient at ¢, one needs
q=v,B,Cr(sI — Ap)~".
By inspection, with this g, the coefficient at z, is also zero. Hence
Ug = [ vp UpByCr(sI — Ap)™! }

is the left eigenvector of A, which corresponds to the uncontrollable mode of
the closed loop system.

Problem 1.2T

FOR THE FOLLOWING STATEMENTS BELOW, GIVE A PROOF IF THEY ALWAYS
HOLD, OR GIVE A COUNTEREXAMPLE IF THEY DO NOT ALWAYS HOLD.

(A) H-INFINITY NORM OF A TRANSFER FUNCTION CANNOT BE LESS THAN
ITS H2 NORM.

(B) H2 NORM OF A SERIES CONNECTION OF TWO STABLE SYSTEMS IS NOT
LARGER THAN THE PRODUCT OF THEIR H2 NORMS.

(C) H-INFINITY NORM OF A SERIES CONNECTION OF TWO STABLE SYS-
TEMS IS NOT LARGER THAN THE PRODUCT OF THEIR H-INFINITY
NORMS.

(D) IF G(s) 1S A STABLE RATIONAL TRANSFER FUNCTION AND G,(s) =
G(rs) THEN ||G,|lc = ||G|lcc FOR ANY 7 > 0.

(E) Ir G(s) IS A STABLE RATIONAL TRANSFER FUNCTION AND G,(s) =
G(rs) THEN ||G,||z = r~'/?||G||; FOR ANY 7 > 0.



Note first that (d) is true, because scaling of the argument ranging over R
does not change the supremum:

sup ¢(7) = sup ¢(r7)
R <R

for any r # 0. To prove (d), simply apply this for
O(7) = Omax(G(IT)).

Similarly, (e) is true because

/_Z o(r)dr =r /_Z o(rr)dr

Hence (a) is false: for any stable strictly proper G1(s) # 0 the H2 norm of
G.(s) = G1(s/r*) grows linearly with r > 0, while the H-Infinity norm of G,
does not depend on r.

for any r > 0.

Similarly, (b) must be false, because the H2 norm of the series connection
G,(s)? of G, with itself is a linear function of r > 0 (indeed, G, (s)? = H(s/r?),
where H(s) = G1(s)?).

Finally, (c) is true because H-Infinity norm of a transfer matrix equals the
L2 induced gain of the corresponding system, and the L2 induced gain of a
series connection cannot be larger than the product of L2 induced gains of its
elements.

Problem 1.3E

SIGNAL v = v(t) WITH A BANDWIDTH OF B RAD/SEC IS MEASURED BY A
SENSOR. CONSIDER B AS A PARAMETER WHICH CAN TAKE VALUES B €
[0.1,10]. THE RELATIVE NOISE LEVEL OF THE SENSOR IS VERY SMALL,
BUT THE SENSOR DYNAMICS, REPRESENTED BY THE TRANSFER FUNCTION
M(s) = (s —1)/(s + 1)?, INTRODUCES A PHASE SHIFT. TO RESTORE THE
TRUE SIGNAL IN REAL TIME DESIGN A CAUSAL STABLE FILTER F'(s) WHICH
TAKES SENSOR MEASUREMENTS AS AN INPUT AND OUTPUTS AN ESTIMATE
0(t) OF v(t) SO THAT THE ESTIMATION ERROR v(t) — 0(t) IS AS SMALL AS
POSSIBLE.



(A) BuiLb AN LTI SIMULINK MODEL FOR A CANONICAL LTI OPTIMIZA-
TION SETUP WHICH ADEQUATELY DESCRIBES THE DESIGN OBJECTIVE.
MAKE SURE THE SETUP IS NOT SINGULAR.

(B) USsE MATLAB 1O FIND H2 OPTIMAL FILTER (h2syn OF THE MU-
ANALYSIS AND SYNTHESIS TOOLBOX IS RECOMMENDED) FOR A RANGE
OF VALUES OF B. Warning: APPARENTLY, THE linmod FUNCTION OF
MATLAB HAS A BUG IN IT. USE 1linmod2 INSTEAD TO CONVERT THE
SIMULINK DIAGRAM INTO THE STATE-SPACE FORMAT REQUIRED BY
THE H2 OPTIMIZATION SOFTWARE.

(C) ASSESS THE PERFORMANCE OF THE DESIGNED FILTER USING THE
“BANDLIMITED WHITE NOISE” FILTERED BY B/(s+B) AS THE SOURCE
OF v, AND THE TIME-AVERAGED SQUARED ESTIMATION ERROR AS THE
PERFORMANCE MEASURE. IN PARTICULAR, OBSERVE WHETHER THE
MISMATCH BETWEEN THE ACTUAL BANDWIDTH AND THE DESIGNED-
FOR BANDWIDTH OF v IS REFLECTED IN THE PERFORMANCE.

The SIMULINK block diagram describing the system P from the canoni-
cal optimization setup follows one-to-one the problem description. Since the
“plant” block is to be used in two different diagram (one, called hw13Ec.mdl
for the extraction of the canonical setup coefficients via 1inmod2.m, the other,
called hw13Eb.mdl, for the actual simulation), it is placed in a library hwl.mdl.
This way, when the library version is modified, the modifications are automat-
ically propagated to any place where the block is used. Note also the scaling
of the shaping filter for the signal v: it is designed to produce v with the same
mean square value, no matter what the bandwidth of v is. Another thing worth
noticing is the time constant of the “bandlimited white noise” blocks used: it
must be small enough (compared to the time constants of other subsystems)
to be adequate.

In the design and simulation process, the SIMULINK files are handled
automatically by hw13Ea.m, which is a function taking in a single argument —
the vector of signal v bandwidths to be considered. Note how assignin.m is
used to assign parameters of SIMULINK diagrams from within an M-function.

The outcome of the optimization and simulation shows that the filter de-
signed for the correct bandwidth of v generally outperforms filters designed
for other bandwidths. In addition, the critical role of the bandwidth of wyg =1
rad/sec can be seen: signals of bandwidths much lower than wy can be restored
relatively well, why the quality of restoring higher bandwidth signals is quite



poor. In the special case of bandwidth 1, there is no point to use a filter,
because the best estimate is zero!



