., 6.262 Final Exam Solutions

May 2001
. @) With c=1 the only way to ever equal or exceed 8 is to win the first 3 games,
which has probability 1/8. With c=0 the gambler's fortune never changes, so the
probability of getting 8 is zero.

b) E{z,1z,,....2}=E{Y,2,,1Z,.,.....2}=
E{Y,2,,12,.}=2Z, E{t,}=[c+(1-¢)]z,. =Z,.,

so Z, is martingale and therefore also a submartingale and a supermartingale. it
is not a random walk because the increments

n~|
Zn _Z.n—-l =(Yn - l)kl-[:I Yk
are noti.i.d. But

M, =Zln(Yt) :
k=l

is a random walk.
1 1 1 I 2
E{lnn}=5m(1+c)+51n(1—c)=51n[(1+c)(1-c)]=51n(1—c )<0,

since 0<c’ <1, and therefore M, is a super martingale but not a martingale nor
a supermartingale. '

C) E{eru}=_;_er Infl4c) +%€r Intl—c} =%[(1+C)r +(]—C)r:|,

which equals 1, if r=1,

d) Since Z, is a nonnegative martingale, one useful bound is the Kolmogorov
submartingale inequality, which says that for each n>1

Lz ez}

P {max zZ, 2 a}

Isk<n

Since p, = P{llggx Z. 2 a.} is a nondecreasing sequence bounded above by 1/a,

it has a limit as # — - and the limit is bounded above by 1/a, so




P{mfaxzk Za}slla =1/8, for g =$8.
Another bound, ¢, works for the random walk M, since E{L,}<0:
P{M, 2in 8foranyn}<e™ " *=¢™"* =1/8.

The first bound works for 0 <¢ <1 and the second one works for 0<c <1.

e) Part a) shows thatif ¢ =1, P{ever accumulating $8} is 1/8 and if ¢ =0,
P {ever accumulating $8} = 0. Part d) shows that for 0< ¢ <1,

P{ever accumuliating $8} <1/8, so there can never be an advantage to using
any value of ¢ <1,




a) Since A =y, thisis a null recurrent process, which therefore does not
have a steady-state probability distribution. £, (r) exists for all ¢>0 and

approaches 0 as ¢ —» 0. These transition probabilities can be found by
solving the forward Kolmogorov equations

Pm(f)z_;{'Poo +URy, P =1

Fon®) = ARy oy + Py oy —(A+ 1) B P, (0)=0, n 21

b) The queue is now positive recurrent and reversible, as we can verify by finding
a solution to the steady-state equations based on the assumption of reversibility.

by A A
1\ ] it 1\ 1L
A » )l\ 2) 25 ZM 2 3

Steady state equations

Ap, =Ap,
Ap,=Ap,
Ap, =Ap,
Ap; =2Ap,
Ap, =2Ap;

Po= Py =p,=Ps=2p,=4p; =8P6"'2Pt =P022_k =
k=4 k=1

Do+ D+ D+ D+ Y, P =5p, =1
k=4

Po=py=p,=p; =02

E {N} = ikp" =0.2(1+ 2) +()_2ik2-—tk—3)

zkz_u-:n Z(n+ 2" = 32 2" +Zn(l/2) ((11//22))

k=3

E{N}=-5-+-§-=11/5=2.2




c) By Little's theorem, in steady state L =W 1
W =L /A =2.2 minutes.

Little's theorem was proved in Gallager for a G/G/1 queue, which doesn't include
this problem. But the proof required only that the arrivals to an empty system
constitute a renewal process, which they do for this problem as well, so Little's
theorem holds here.

d) The queus is reversible in steady state, since the arrival process is Poisson
with constant rate 1. Therefore the number of customers at any time tis
independent of departures prior to ¢, and his strategy yields no useful information.

P{she is free at ¢ | at most 5 people have exited in the 10 minutes prior to t}=

P{sheis free att}= p, + p, + p, + p, =§1.

@) Since W =L/, the expected wait remains the same if L = E {n} remains the
same, so we need to find u such that E{n}=2.2.

/"-.Un=HP; %=3~/Hép
o
A
Ap=up, '%2‘=;ép
|
=Pkpo

pGE p
k=0

po =1-p, p. =(1-p)p*, a geometric dlstrlbuticn.

P
Einf=——=2.2
=12
p=22-22p
32p=22

p=22_11/16

32

16 .
= — per minute.
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Chain
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nght ]'L'Azj‘['B:O, ]'[C:l
d) Dark Light

Irreducible no no

The Markov process is never irreducible because C does not communicate with
A or Bin the dark or the light. (see Gallagher pp. 155 and 190}.

f)__First Method

Let 1, be the expected first passage time from ito |
e =tg+ e =1/ 1+

tsc = E{t5c | next transition is to C} P {next transition is to C}+
E {t5c | next transition is to A} P {next transition is to A} =

H = £ =
(ﬁ+#f+{ka+#)+acﬂa+u)

1 [ -
+ 2 tAC ¥
n+U U

where we have used the fact that

E {t; | next transition is to C} = E {t,, | next transition is to A} =1/v;.

f-=1/r+ PR By

AC 1 r2+u rz+ﬂ AC
b~ _ 1. 1 _n+ntu

e =—% =

n+i o n+p r(n+p)




_— _I'I+]‘2+u
bye = ——
hH

Second Method

First find the expected number of transitions until first passage to C.

v,=1+v,
vp =1+ pp,v,

o -1} v, _H
L —Psa 1]{ vy 1

- 2 (rz + U )
* I

Recall that for a Markov process the residence time in a state is independent of
the next state. One of these transitions is A — B, with expected time 1/, and

one of these is B — C, with expected time . The remaining ones are

H+n
equally divided between B — A and A — B transitions, with expected time per

+l. Typical sample path:
n+p n

Ep——o

B — A— B cycle of

Thus the total expécted time is

P i P LA
AR ) rz+u n BC

1 [ 1 | 1
S 24— =
R HAintH n | H+n




lyn, o nti |1 n 1 _pt+ntr

nooun u(utrn) roour i

It is interesting that as r, — < this approaches i/u. The reasonis that as r, — eo,
if the state is B the transition to C occurs on the first arrival fromthe B - C
process regardless of arrivals from the B — A process, which immediately return
the state to A.

f) {i) N4 (k) Ny (k) N (k)
Martingale
Submartingale X

Supermartingale X

Since N.(¢) is monotone nondecreasing along every sample path, N.(k) isa
submartingate. N,(¢) rises from 0 at t=0 and falls back to 0 as t — = {and so
does its expectation), so N,(k) has none of these properties. N,(t) (andits
expectation) are monotone nonincreasing in time since r, =0, s0 N, (k) is a
supermartingale.

f) (i) Each molecule participates in the 3-state Markov process of part a), and all
these N, different processes are independent but identical. Thus we have N,

identical independent processes, each with probability p,,(1), pa ), Pac(t) of

being in state A, B, or C at time ¢, given they were in state A at time zero.
Abbretivate these probabilities p,(), pa (). pc ().

E{N:()}=N,pc ().
Va!‘{Nc(t)}z Nopc(t)(l_Pc(t))

First method is to note that, since r, =0, on every sample path £, =4, +5c,
where ¢,, is exponential with rate r, and #,. is exponential with rate u, and 7.,
and ¢, are independent.

{molecule is in state C at time £} <> {f,p +t5c <t}
Pc®)= plti +tgc St}= J(:(f’u * Lo )(T)dr =

I pT _ _ -
In _[0 re "My e dx dr,

where * represents convolution.




Second method is to set up the forward Kolmagorov equations and solve for
Pclt).

Pa="HPa pA0) =1
Ps =HPy—Hpg PO =p-(0)=0
Pec =Upy

iii) Evaluating the double integral in the first method:

T

{r—u)x e(n-#)r -1

t (r‘#)xdx=e —
Jie R-pl M

(r-up _
n,ue""(e ! 1]= hi (e“.ur_e"’ir)

h—H

ru te _pr -nT _
;;-‘:;jo(e“—e )dr—

np f1-e™ + e -11_ (g e e
n-n N u h n—i

5

pe ™ —ne™
E3N, =N |14+——""—
{ c(f)} u( F—u

Solving the differential equations in the second method:
Pa=—tps paO)=1= p, (=€

Since p, =rp,—iip, and p,()=e™,

VPB (t)=ae™™ +be™ +¢. Since p,(0)= py(ee) =0,

c=0 and ¢+b=0, le.,

pe)=a (e""’ —e M )

pe)=-rae™ + uae™.

Comparing with the differential equation, which states




Py =ripa—Hps =rie™ —pa(e™ "'6’—#’)—-_-(]] —-ua)e™ +pae™,

we see that

p(t)= f (e"" -e"'“)= f (e"" —e_"")
1]
From the third differential equation with initial condition p.(0) =0 we have

0= e =0 L (7 - i
H

which is just the integral we evaluated from the first method.
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