Chapter 7

RANDOM WALKS AND
MARTINGALES - parts 1 and 2

7.1 Introduction

Let {X;; i > 1} beasequencef|ID random variables,andlet S, = X+ Xy+ ...+ X,,. The
integer time stochastic process{S,; n > 1} is called a random walk, and, more precisely
the random walk based on {X;; i > 1}. For any givenn, S,, is just a sum of 11D random
variables, but here we are more interested in the behavior of the random walk process,

{S,; n > 1}, and thus in such questionsas bnding the brst n for which S,, exceedssome
threshold ! , or the probability that S,, exceedd for any value of n. SinceS,, tendsto drift

downward with increasingn for E[X] = X < 0, and tends to drift upward if X > 0, the
results to be obtained depend critically on whether X < 0, X > 0, or X = 0. Sinceresults
for X < 0 can be easily translated into results for X > 0 by considering{—S,,; n > 0}, we
will focuson the caseX < 0. As onemight expect, both the results and the techniqueshave
avery dilerent Bavor when X = 0, sincehere the random walk doesnot drift but typically

wanders around in a rather aimlessfashion. We brst give seweral represenativ e examples
of random walks and then treat the problem of threshold crossings. We then introduce a
rather generaltype of stochastic processcalled a Martingale. The topic of Martingales is
both a subject of interestin its own right and alsoatool that providesadditional insight into

random walks, laws of large numbers, and other basic topics in probability and stochastic
processes.

7.1.1 Simple random walks

Suppose X1, X4,... are IID binary random variables, eat taking on the value 1 with
probability p and —1 with probability g= 1—p. Letting S,, = X; + ...+ X, the sequence
of sums{S,;; n > 1}, is called a simple random walk. S, is the dilerence betweenpositive
and negative occurrencesin the brst n trials. Thus, if there are j positive occurrencesfor
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0<j<n,thenS,=2 —n, and

n!
jin—j)!
This distribution allows us to answer questionsabout S,, for any givenn, but it is not very
helpful in answering such questionsas the following: for any given integer k > 0, what is
the probability that the sequence5,, S,, ... ever reachesor exceedk? This is the sameas
the probability that sup,-; S, > k and is referred to as the probability that the random
walk crosses a threshold at k. Exercise 7.19 demonstratesthe pleasanly surprising result
that for a simple random walk with p < 1/ 2, this threshold crossingprobability is

! "# $,

' p
P supS,>k = —— 7.2
nZFlj o 1- p ( )

P{S,=2 —n}= pPa-p"’ (7.1)

Sections 7.4 and 7.5 treat this same question for generalrandom walks. They also treat
guestionssudc asthe overshoot given a threshold crossing,the time at which the threshold
is crossedgiven that it is crossed,and the probability of crossingsuc a positive threshold
before crossinga given negative barrier.

7.1.2 Integer valued random walks

Supposenext that X1,Xs,... are arbitrary 11D integer valued random variables. We can
again ask for the probability that such an integer valued random walk crossesa threshold
at k, i.e., that sup, S,, > k, but the questionis considerablyharder than for simple random
walks. Since this random walk takes on only integer values, it can be represened as a
Markov chain with the set of integersforming the state space. In the Markov chain repre-
sertation, threshold crossingproblemsare brst passage-timeproblems. Theseproblemscan
be attacked by the Markov chain tools we already know, but the special structure of the
random walk provides new approacesand simplibpcationsthat will be explainedin Sections
7.4and 7.5.

7.1.3 Renewal processes as special cases of random walks

If X1,X2,... arelID positive random variables, then {S,; n > 1} is both a special case
of a random walk and also the sequenceof arrival epochs of a renewal courting process,
{N(t); t > 0}. In this special case,the sequence{S,; n > 1} must evertually crossa
threshold at any given positive value ! , and the question of whether the threshold is ever
crossedbecomesuninteresting. However, the trial on which a threshold is crossedand the
overshaot when it is crossedare familiar questionsfrom the study of renewal theory. For
the renewal courting process,N (!) is the largest n for which S,, <! and N(! ) + 1 is the
smallest n for which S,, > !, i.e., the smallest n for which the threshold at ! is strictly

exceeded.Thus the trial at which! is crossedis a certral issuein renewal theory. Also the
overshaot, which is Sy )11 —! is familiar asthe residual life at ! .

Figure 7.1 illustrates the dilerence between general random walks and positive random
walks, i.e., renewal processes.Note that the renewal processis illustrated with the axes
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reversedfrom usual represenation. We usually view ead renewal epoch as a time (epoch)
and view N (! ) asthe number of trials up to time ! , whereaswith random walks, we usually
view the number of trials as a discretetime variable and view the sum of rvOsas somekind
of amplitude or cost. Mathematically this makesno dilerence and it is often valuable to
move from one point of view to another.

Sa, Ss

Ss

S3
S1 So, T

— | S

(a) (b)

Figure 7.1: The samplefunction in (a) above illustrates a random walk with arbitrary

(positive and negative) step sizes{X;; i > 1}. The samplefunction in (b) illustrates a
random walk restricted to positive step sizes{X; > 0;i > 1}, i.e., a renewal process.
Note that the axesare reversedfrom the usual depiction of a renewal process.Here the
trial number n is on the horizontal axis and the corresponding arrival epoch S, is on
the vertical axis. In both casesa Othresholdél ! is crossedon trial 4 with an overshoot
Sy —1!.

7.2 The waiting time in a G/G/1 queue:

This sectionand the next intro ducetwo important problemsthat are bestsolved by viewing
them asrandomwalks. In this sectionwe shaov how to assaiate the waiting time in a G/G/1

gueuewith a threshold crossingproblem in a random walk. In the next, we shav how to
evaluate the error probability in a standard type of detection problem with the value on
a random walk. This detection problem will later be generalizedto a sequetial detection
problem basedon threshold crossingsin a random walk.

In this section, we analyzethe G/G/1 queuewith brst comebprst serve (FCFS) service. We
shall bnd how to assciate the probability that a customermust wait more than somegiven
time ! in the queuewith the probability that a certain random walk crossesathreshold at ! .
Let X1, Xo,... bethe inter-arrival times of a G/G/1 queueingsystem;thus thesevariables
are 11D with a given distribution function Fx(x) = P{X; <x}. Assumethat arrival O
erters an empty systemat time 0, sothat S, = X;+ Xo+ ...+ X, is the epoch of the nt"
arrival after time 0. Let Yy, Y1,..., be the servicetimes of the successie customers. These
are IID with somegiven distribution function Fy(y) and are independert of {X;; i > 1}.
Figure 7.2 shaws a sample path of arrivals and departures and illustrates the waiting time
in queuefor ead arrival.

To analyzethe waiting time, note that the systemtime, i.e., the time in queueplus the time
in service,for any given customern is W,, + Y,,, where W,, is the queueingtime and Y, is
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Figure 7.2: Samplepath of arrivals and departures from a G/G/1 queue. Customer 0
arrivesat time 0 and enters serviceimmediately. Customer 1 arrivesat time s; = X;
and is queueduntil custormer 0 departs at time y,. Thus customer 1Osime in queueis
W1 = Yo — X1. Thuswi = yg — X3.

Customer 2 arrivesat s, = X1 + Xz and is queueduntil customer 1 departs at yo + yi.
Thus, customer 20swait in gueueis Wy = Yyp + Y1 — X3 — X2. As illustrated above, this
can also be expressedas w, = w; + y; — Xo. Customer 3 arrives when the systemis
empty, soit enters serviceimmediately with no wait in queue,i.e., ws = O.

the servicetime. As illustrated in Figure 7.2, customern + 1 arrivesX 1 time units after
the beginning of this interval, i.e., after the arrival of customern. If X, .1 < W, + Y,,, then
customern + 1 arriveswhile customer n is still in the system, and thus must wait in the
gueueuntil n Pnishesservice(in the bgure,for example, customer 2 arriveswhile customer
1lis still in the queue). Thus

W1 = Wi+ Yy — X if Xpp1<Wp+Y, (7.3)

On the other hand, if X,,+1 > W, + Y, then customern (and all earlier customers) have
departed by the time when n + 1 arrives. Thus n + 1 starts service immediately and
W, 1 = 0. This is the casefor customer 3 in the pbgure. Thesetwo casescan be combined
in the single equation

W41 = max(W,, + Y, — X,41, 0]; forn>0;Wy=0 (7.4)

SinceY,, and X, are always coupledtogether in this equation for ead n, it is corveniert
to debPneU, 1 = Y,, — X,,+1. Note that {U;; i > 1} is a sequenceof |ID random variables.
From (7.4), W,, = max|W,,_; + U,, 0], and iterating on this equation,

W, = max[max[VVn_2+ Up-1, O]+ Uy, O] (75)
= maX[(Wn_2 + Un—l + Un)! Unv 0]
= max[(Wn73+ Unf2+ Un71+ Un), (Un71+ Un)s Un; 0]

= max[(U1+ U2+ A Un), (U2+ U3+ . Un), cee gy (Unfl+ Un)a Una 0] (76)

It is not necessaryfor the theorem below, but we can understand this maximization better
by realizing that if the maximization is achieved at U; + U; 1 + ...+ U, then a busy period
must start with the arrival of customeri — 1 and cortinue at least through the service of
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customer n. To seethis intuitiv ely, note that the analysis above starts with the arrival of
customer 0 to an empty systemat time 0, but the choice of 0 time and customer number
0 has nothing to do with the analysis, and thus the analysisis valid for any arrival to an
empty system. Choosing the largest customer number before n that starts a busy period
must then give the correct waiting time and thus maximize (7.5). Exercise 7.20 provides
further insight into this maximization.

Debnez} = U,, debneZ3 = U, + U,_;, andin general,fori <n, debPnez = U,+ U, +
---+ Up—jqy1. ThusZ? = U, + ---+ U;. With thesedebnitions, (7.5) becomes
W, = max[0,Z2},Z2%,...,Z]. (7.7)

n

Note that the terms in {Z*; 1 <i < n} are the brst n terms of a random walk, but it
is not the random walk basedon Uy, U, ..., but rather the random walk going badkward,
starting with U,,. Note alsothat W, _, for example, is the maximum of a dilerent set of
variables, i.e., it is the walk going backward from U, ;. Fortunately, this doesnOmatter
for the analysis since the ordered variables U,,,U,,_1...,U;) are statistically identical to
(Uy,...,U,). The probability that the wait is greater than or equalto a givenvalue! is

P{W, >!}=P{max[0,2},2%,...,Z2">"} (7.8)

This saysthat, for the n** customer,P {W,, > ! } is equalto the probability that the random
walk {Z?; 1 <i < n} crossesa threshold at ! by the n*" trial. Becauseof the initialization
usedin the analysis, we seethat W,, is the waiting time in queueof the nt* arrival after the
beginning of a busy period (although this n** arrival might be in a later busy period).

As noted above, (U, U,,—1, ... , U;) is statistically identical to (Ui, ... ,U,) andthusP {S, >!

is the sameas the probability that the brst n terms of a random walk basedon {U;; i > 1}
crossesa threshold at ! . Sincethe brst n + 1 terms of this random walk provide one more
opportunity to cross! than the brst n terms, we seethat

o <P{S, >} <P{S 1>} < <L (7.9)

Since this sequenceof probabilities is non-decreasing,it must have a limit asn — oo,
and this limit is denoted P {W > }. Mathematically,! this limit is the probability that a
random walk basedon {U;; i > 1} ever crossesa threshold at ! . Physically, this limit is the
probability that the waiting time in queueis at least! for any given very large-numbered
customer (i.e., for customer n when the inBuence of a busy period starting n customers
earlier has died out). Theseresults are summarizedin the following theorem.

Theorem 7.1. Let {X;; 1 > 1} be the interarrival intervals of a G/G/1 queue, let {Y;; i >
0} be the service times, and assume that the system is empty at time O when customer O
arrives. Let W,, be the time that the Nt customer waits in the queue. Let U, = Yp_1 — Xn
forn > 1. Then for any! > 0, and n > 1, W,, is given by (7.7). Also, P{W, >} is
equal to the probability that the random walk based on {U;; i > 1} crosses a threshold at !

by the n'* trial. Finally, P{W >} = lim,_. P{W,, >} is equal to the probability that
the random walk based on {U;; i > 1} ever crosses a threshold at! .

'More precisely, the sequence of waiting times Wy, Wa ... , have distribution functions Fyy, that converge
to Fw, the generic distribution of the given threshold crossing problem with unlimited trials. As n increases,
the distribution of W,, approaches Fy, and we refer to W as the waiting time in steady state.
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We shall bPnd a relatively simple solution to the probability that a random walk crossesa
positive threshold in Section7.4. From Theorem 7.1, this also solvesfor the distribution of
gueueingdelay for the G/G/1 queue(and thus alsofor the M/G/1 and M/M/1 queues).

7.3 Detection, Decisions, and Hypothesis testing

Consider a situation in which we make n noisy obsenations of the outcome of a single
binary random variable H and then guess,on the basis of the obsenations alone, which
binary outcome occurred. In communication technology, this is called a detection problem.
It models, for example,the situation in which a single binary digit is transmitted over some
time interval but a noisy vector depending on that binary digit is received. It similarly
models the problem of detecting whether or not a target is presen in a radar obsenation.
In cortrol theory, sud situations are usually referred to as decision problems, whereasin
statistics, they are referred to as hypothesis testing.

Specibcally let Hy and H; be the namesfor the two possiblevalues of the binary random
variable H and let pp = P{Ho} and p; = 1 —py = P{H:}. Thus py and p; are the «
priori probabilities? for the random variable H. Let Y1, Ys,...,Y, bethe n obsenations.
We assumethat, conditional on Hg, the obsenations Yi,...Y, are |ID random variables.
Suppose,to be specibc,that these variables have a density f (y | Hp). Conditional on Hy,
the joint density of a samplen-tuple y = (y1,¥2,...,Y,) Of obsenations is given by
%
f(y [Ho) = f(yi|Ho) (7.10)
1=1
Similarly, conditional on H;, we assumethat Yy,...Y, are |IID random variables with a
conditional joint density given by (7.10) with H; in place of Hy. In summary then, the

model is that H is a rv with PMF {py,p1}. Conditional on H, Y = (Yy,...,Y,) is an
n-tuple of 11D rvOs.

Given a particular sampleof n obsenationsy = y;,ys,...,Y,, We canevaluate P {H; |y}
as

&
_ Pr oy F(yipH1)
P{H [y}= —&_ e
tHuly ) pr oy FQyi|HD)+po ;=; f(¥i|Ho)

We can evaluate P {H; | y } in the sameway, and the ratio of these quartities is given by

&
P{Hi |y} _ Prg iy fyi[H1)
P{Ho|y} po 7y f(¥i|Ho)

ZStatisticians have argued since the beginning of statistics about the validity of choosing a priori
probabilities for an hypothesis to be tested. Bayesian statisticians are comfortable with this practice and
non-Bayesians are not. Both are comfortable with choosing a probability model for the observations condi-
tional on each hypothesis. We take a Bayesian approach here, partly to take advantage of the power of a
complete probability model, and partly because non-Bayesian results, i.e., results that do not depend on the
a priori probabilies are much easier to derive and interpret within a full probability model. As will be seen,
the Bayesian approach also makes it natural to incorporate the results of early observations into updated a
priori probabilities for analyzing later observations.

(7.11)

(7.12)
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If we obsene y and chooseHy, then P{H; |y} is the resulting probability of error, and
corversely if we chooseH;, then P {Hy |y } is the resulting probability of error. Thus the
probability of error is minimized, for a giveny, by evaluating the above ratio and choosing
H; if the ratio is greater than 1 and choosing Hy otherwise. If the ratio is equal to 1, the
error probability is the samewhether Hy or H; is chosen.

The aboverule for choosingHg or Hy is calledthe Maximum a posteriori probability detection
rule, usually abbreviated asthe MAP rule. The rule has a more attractiv e form (and also
brings us badk to random walks) if we take the logarithm of ead side of (7.12), getting

In Py} in PLy z;; wherez; = In Fi | H)
f(yi | Ho)

P{Holy}  po (7.13)

i=1

The quartity z; in (7.13) is called a log likelihood ratio. Note that z; is a function only
of y;, and that this samefunction is usedfor ead i. For simplicity, we assumethat this
function is bnite for all y. The MAP rule is to chooseH; or Hy depending on whether the
quantit y on the right is positive or negative, i.e.,

In(po/p1) ; chooseH;
In(po/p1) ; chooseHy (7.14)
In(po/p1) ; donOtcare, chooseeither

I NV

Conditional on Hy, the rvOs[Y;; 1 <i < n} arelID. SinceZ; = In[f (Y; | H))/ (Y; | Ho)] for
1<i < n, and sinceZ; is the samePpPnite function of Y; for all i, we seethat eath Z; isarv

and that Z,,...,Z, are lID conditional on Hy. Similarly, Z+,...,Z, are I[ID conditional
on Hj.
Without conditioning on Hg or Hy, neither the rvOsYy, ..., Y, nor the vOsZ,,...,2, are

IID. Thus it is important to keepin mind the basic structure of this problem: initially
a sample value is chosenfor H. Then n obsenations, IID conditional on H, are made.
Naturally the obsener doesnot obsene the original selectionfor H

Conditional on Hg, the sum on the left in (7.14) is thus the sample value of the nth term
in the random walk S,, = Z; + ...+ Z,, basedon the rvss {Z;; i > 1} conditional on Hy.
The MAP rule choosesH1, thus making an error conditional on Hg, if S, is greaterthan the
threshold In[po/p 1]. Similarly, conditional on Hy, S, = Z; + ...+ Z,, is the n?” term in a
random walk with the conditional probabilities from Hy, and an error is made, conditional
on Hy, if S, is lessthan the threshold In[py/p 1].

It is interesting to obsene that ¥ ;Z; in (7.14) dependsonly on the obsenations but not
on po, whereasthe threshold In(py/p 1) dependsonly on p, and not on the obsenations.
Naturally the marginal probability distribution of ;Z; doesdepend on py (and on the
conditioning), but ; z; is a function only of the obsenations, soits value doesnot depend

on Po.

The decisionrule in (7.14) is called a threshold test in the sensethat ¥ ; Zi Is comparedwith
a threshold to make a decision. There are a number of other formulations of the problem
that alsolead to threshold tests. For example, maxzimum likelihood (ML) detection chooses
the hypothesisi that maximizesf (y | H;), and thus correspondsto a threshold at 0. The
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ML rule hasthe property that it minimizes the maximum of P{Hy |Y } and P{H; | Y };
this has obvious benebtswhen oneis unsure of the a priori probabilities.

In many detection situations there are unequal costsassaiated with the two kinds of errors.
For example one kind of error in a medical test could lead to death of the patient and the
other to an unneededmedical procedure. A minimum cost decisionminimizes the expected
cost over the two typesof errors. As shawvn in Exercise 7.23, this is also a threshold test.

Finally, onemight imposethe constraint that P {error | H; } must be lessthan sometolerable
limit !, and then minimize P {error | Hy} subject to this constraint. The solution to this is
called a Neyman-Pearson threshold test (seeExercise7.24). The Neyman-Pearsontest is of
particular interest sinceit doesnot require any assumptionsabout a priori probabilities.

So far we have assumedthat a decisionis made after n obsenations. In many situations
there is a cost assaiated with obsenations and one would prefer, after a given number of
obsenations, to make a decisionif the resulting probability of error is small enough,and to
continue with more obsenations otherwise. Common sensedictates suc a strategy, and the
branch of probability theory analyzing such strategiesis called sequential analysis, which is
basedon the results in the next section.

Essertially , we will seethat the appropriate way to vary the number of obsenations basedon
the result of the obsenations is asfollows: The probability of error under either hypothesis
is basedon S,, = Z; + ---+ Z,. Thus we will seethat the appropriate rule is to choose
Ho if S, is lessthan somenegative threshold ", to chooseH; if S, > ! for somepositive
threshold ! and to cortinue testing if S,, has not exceedeckeither threshold.

The previous exampleshave all involved random walks crossingthresholds, and we now turn

to the systematic study of threshold crossingproblems. First we look at single thresholds,
so that one question of interest is to bPnd P {S,, > ! } for an arbitrary integern > 1 and
arbitrary ! > 0. Another questioniswhetherS,, >! forany n > 1. Wethen turn to random
walks with both a positive and negative threshold. Here, somequestionsof interest are to

Pnd the probability that the positive threshold is crossedbefore the negative threshold, to

Pnd the distribution of the threshold crossingtime given the particular threshold crossed,
and to bnd the overshaot when a threshold is crossed.

7.4 Threshold crossing probabilities

Let {X,; i > 1} beasequencef|ID random variableswith the distribution function Fx(x),
and let {S,; n > 1} be a random walk with S, = X; + ...+ X,,. We assumethroughout
that E[X] exists and is bnite. The reader should focus on the caseE[X] = X < Oon a
prst reading, and considerX = 0and X > O later. For X < 0and! > 0, we shall develop
upper boundson P {S,, > ! } that are exponertially decreasingin n and! . Thesebounds,
and many similar results to follow, are examplesof large deviation theory, i.e., probabilities
of highly unlikely everts.

We assumethroughout this section that X has a momert generating function g(r) =
E'eX = €7* dFx(x), and that g(r) is Pnite in some open interval around r = 0.
As pointed out in Chapter 1, X must then have momerts of all orders and the tails of
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its distribution function Fx(x) must decay at least exponertially in x asx — —oo and as
X — +00. Note that € is increasingin r for x > 0, sothat if '0°° €*dF x(x) blows up for
somer, > 0, it remainsinpbnite for all r > r.. Similarly, for x < 0, € is increasingin —r,
sothat if 'm<0 €7dF x(x) blows up at somer_ < 0, it is inPnite for all r < r_. Thusif r_
and r are the smallest and largest values such that g(r) is Pnite for r_ < r < r_, then
g(r) is inbnite forr > r and for r < r_. The end points r_ and r_ can ead be Pnite or
inPnite, and the valuesg(r,) and g(r_) can ead be Pnite or inPnite.

Note that if X is boundedin the sensethat P{X < —B} = 0Oand P {X > B} = 0for some
B < oo, then g(r) exists for all r. Such rvOsare said to have finite support and include all
discrete rvOswith a bnite set of possiblevalues. Another simple exampleis that if X is a
non-negative rv with Fx(x) = 1 —exp(—! x) for x > 0, thenr = ! . Similarly, if X is a
negative rv with Fx = exp(" x) for x < 0, then r_ = —". Exercise 7.25 provides further
examplesof these possibilities.

The momernt generating function of S, = X1 + ...+ X,, is given by

E[exp(rS,)] = E[exp(r(X1+ ...+ X,)]
{Elexp(rX)I}" = {g(r)}". (7.15)

It follows that gs,(r) is Pnite in the sameinterval (r_,r) asg(r).

s, (r)

First we look at the probability, P {S,, > ! }, that the nth step of the random walk satisbes
S, > ! for somethreshold! > 0. We could actually bnd the distribution of S,, either by

convolving the density of X with itself n times or by going through the transform domain.

This would not give us much insight, however, and would be computationally tedious for

large n. Instead, we explore the exponertial, or Cherno!, bound, (1.38). For any r > 0, in

the region where g(r) is Pnite, i.e., for 0 <r < r, we have

P{S,>!}>gs, (e = [g(r)]"e "™ (7.16)

It is cornveniert to rewrite (7.16) in terms of the semi-invariant moment generating function
#(r) = In[g(r)].

P{S,>"!} <expn#(r)—r!]; anyr, 0<r<ry (7.17)
The Prst two derivativesof # with respect to r are given by

ey = 9(r). ey - 9(NG"(r) —[g'(n)°
s FOE T e

Recall from (1.32) that g/(0) = E[X] and g’(0) = E'X 2 Substituting this into (7.18), we
can evaluate #/(0) ad #”(0) as

(7.18)

#(0)= X = E[X]; #'(0) = $%. (7.19)

The fact that #”(0) is the secondcertral momert of X is why # is called a semi-invariant
momert generating function. Unfortunately, the higher-order derivativesof #, evaluated at
r = 0, are not equal to the higher-order certral momerts.
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Over the rangeof r whereg(r) < oo, it is shown in Exercise7.26that #”(r) > 0, with strict
inequality exceptin the very special (and uninteresting) casewhere X is deterministic. If X
is deterministic, then S,, is also and there is no point to consideringa probabilistic model.
We thus assumein what follows that X is non-deterministic and thus #”(r) > 0 for all r
betweenr _ and r Figure 7.3 sketches#(r) assumingthat X < Oandr, = oo

\o r

#(r)

slope = E[X]

Figure 7.3: Semi-invariant momert generating function #(r) for a rv X sud that
E[X] < 0Oandr, = oco. Note that #(r) is tangernt to the line of slope E[X] < O at 0
and has a positive secondderivative everywhere.

We can now minimize the exponert in (7.17) over r > 0. For simplicity, Prst assumethat
r. = oo. Since#”(r) > 0, the exponert is minimized by setting its derivative equal to 0.
The minimum (if it exists) occurs at the r, say r, for which #(r) = ! /n. As seenfrom
Figure 7.3, this is satisPedwith r > 0 only if ! /n > X. Thus

!/, -0
P{S,>!} < exp n ff(ro) —ro#(r,) where#'(r,) = ! /n > E[X] (7.20)

#(ro)

= | _
exp ! #/(l’o) lo

(7.21)

The brst of theseinequalities shovshow P {S,, > ! } decreaseexponertially with n for bxed
I'/n = #(r,) and the secondshows how it decreasesvith ! for the sameratio ! /n = #/(r,).

We now give a graphical interpretation in Figure 7.4 of what these exponerts mean, and
return subsequetly to discusswhether! /n = #/(r) actually hasa solution.

0 r o re To — v(fﬁ}(n/ a)

=" slope= #(ro) = ! /n

1)~ ra/n R——r

7(7‘0) - ’r‘oa/n _____ Pt

Figure 7.4: Graphical minimization of #(r) — (! /n)r. For any r, #(r) — (! /n)r is
found by drawing a line of slope (! /n) from the point (r,#(r)) to the vertical axis. The
minimum occurs when the line of slope ! /n is tangent to the curve.

The function #(r) has a strictly positive secondderivative, and thus any tangert to the
function must lie below the function everywhere except at the point of tangency The
particular tangert shown is tangert at the point r = r, where #(r) = ! /n. Thus this
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tangert line hasslope! /n = #(r,) and meetsthe vertical axis at the point #(r,) —r,#'(r,).
As illustrated, this vertical axis intercept is smallerthan #(r) — (! /n )r for any other choice
of r. This is the exponert in (7.20). This exponert is negative and shows that for a bxed
ratio ! /n, P{S, >! } decas exponertially in n.

Our primary interest is in the probability that S, exceedsa positive threshold, ! > 0,
but it can be seenthat both the algebraic and graphical argumerts above apply wheneer
I > nE[X]. SinceE[X]< 0, we might alsobe interestedin the probability that S,, exceeds
the mean by someamount, while also being negative.

Figure 7.4 alsogivesa geometricinterpretation of (7.23) for the case! > 0. The exponert in
I is givenby (7.23) to ber, — (n/! )#(r,). The negative of this is seento be the horizontal
axis intercept of the tangent to #(r) at r,, and thus this intercept givesthe exponertial
decey rate of P{S,, >! } in ! for bxed! /n.

It isinteresting to obsene what happensto (7.23) asn is changedwhile holding ! > 0 bxed.
This is an important question for threshold crossings,sinceit provides an upper bound on
crossinga bxed! for dilerent valuesof n. For the ! and n illustrated in Figure 7.4, note
that asn increaseswith bxed! , the slope of the tangent decreasesmoving the horizontal
axis intercept to the right, i.e., increasingthe exponertial decay rate in ! .

Conversely as n is decreased,the intercept movesto the left, decreasingthe exponertial
decay rate. Note, however, that when the slope increasesto the point where the intercept
reaches the point where #(r) = O, i.e., the point labelled r* in Figure 7.4, then further
reductionsin n movethe tangert point to where#(r) is positive. At this point, the intercept
starts to move to the right again. This meansthat for all n, an upper boundto P{S, >! }
is given by

P{S,>!} <exp(—r*!) for arbitrary ! > 0, n > 1. (7.22)

We now must return to the question of whether the equation ! /n = #/(r) has a solution.
From the assumptionthat E[X]< 0, we know that #'(0) < 0. We have not yet shovn why
#(r) should becomepositive asr increases.To seethis in the simplest case,assumethat X
is discrete and assumethat X takeson positive values (if X were a non-positive rv, there
would be no point to discussingthe probability of crossinga positive threshold).

Let Xmax be the largest such value. Then g(r) = ¥ 2 P(X)E" > p(Xmax) € mx, It follows
that #(r) > rxXmax + IN(P(Xmax)). Since# has a positive secondderivative, it follows that
#(r) must be increasing with r and must approac X, in the limit asr — oo. Thus
I'/n = #(r) hasa solution whenewer ! /n < X;,4,. It is alsoclearthat P{S, >"! } = 0 for
I'/n > Xpax. Thus#(r) = !'/n has a solution over the range of interest. One can extend
this argumert to the casewhere X has an arbitrary distribution function with negative
mean.

Although we have only established(7.20, 7.23, 7.22) as upper bounds, Exercise 7.28 showns
that for any bxedratio a= ! /n, and any %> 0, there is an ng(% sud that for all n > ng(%,
P{S, >n(! —%} > exp{—n[ra—#(r) + %} wherer satispes#(r) = a. This meansthat
for bxeda = ! /n, (7.20) is exponertially tight, i.e., P {S, > na} decas exponertially with
increasingn at the asymptotic rate —ra+ #(r) wherer satisPes#'(r) = a.
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The above discussionhas treated only the casewherer, = oo. Figure 5 illustrates the
minimization of (7.17) for the casewherer < oco. We have assumedthat #(r) < O for
r < r, sincethe previous argumert appliesif #(r) crossed at somer* <r,.

0 r r“=rs r* — ’y(r*)(n/a)

v(r) = ro/n V(T P #(r )

A/(r*) — T*Oé/n o

Figure 7.5: Graphical minimization of #(r) — (! /n)r for the casewherer, < oco. As
before,for any r < r., #(r) — r! /n is found by drawing a line of slope (! /n)) from the
point (r,#(r)) to the vertical axis. The minimum occurs when the line of slope! /n is
tangert to the curve or when it touchesthe curveat r = r*.

To include this case,(7.20) is generalizedto

/I, -
exp n #(r,) — = if '/n=#(r,) forr,<ry
P{S,>1}< I 1# $ 2"

exp n lim #(r) —I= otherwise.
re(r—,ry)—ry n

(7.23)

If we extend the depnition of r* asthe supremum of r such that #(r) < 0,thenP {S, >! } >
exp(—r*!) still holds for arbitrary ! > 0, n > 1.

The next section establisheswaldOsdentit y, which shovs, amongother things, that if X <
0, then exp(—r*! ) is an upper bound (and a reasonableapproximation) to the probability
that the walk ever crossesa threshold at ! > 0. Note that we have alreadx found an upper
boundto P{S, >! } forany ! > 0,n > 1, but this newresult boundsP{  {S, >! }} for
any ! > 0.

Both the threshold-crossingboundsin this section and WaldOsdentit y in the next suggest
that for large n or large ! , the most important parameter of the 11D rvOsX making up the
walk is the positive root r* of #(r), rather the mean, variance, or other momerts of X ..

7.5 Wald’s identity and walks with 2 thresholds

Let {X;;i > 1} be IID random variables that are not identically zero and have a bnite
momert generating function g(r) in an open region (r_, ry) includingr = 0. Let! > 0
and " < O represen two thresholds, and let N denote the time at which the random walk
brst crosseseither the threshold at ! or the threshold at " (seeFigure 7.6). That is, N
takesonthe valuenif " < S; <! forl1<i < nandeitherS, >! orS, <". We brst
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Figure 7.6: Two samplepaths of a random walk with two thresholds. In the brst, the
threshold at ! is crossedat N = 5. In the second,the threshold at " is crossedat
N=4

show that N is actually a random variable, i.e., that a threshold is evertually crossedwith
probability 1.

Lemma 7.1. N is a random variable (i.e., lim, o P{N >m} = 0) and N has finite
moments of all orders.

Proof: SinceX isnot identically 0, thereis somen for which either P {S,, < —! + "} > Oor
forwhichP{S, >! —"}> 0. Forany suchn, let %= max[P{S, <-! +"}, P{S, >! —"}].
For any integerk > 1, giventhat N > n(k — 1), and given any value of S,,;,_1) in (*,!), a
threshold will be crossedby time nk with probability at least % Thus,

P{N >nk |N > n(k—-1)} >1-— %,

Itterating onk,
P{N > nk} < (1-%".

This shows that N is Pnite with probability 1 and that P{N > |} goesto O at least geo-
metrically in j. It follows that gy(r) is bnite in a region around r = 0, and thus that N
has momerts of all orders. O

Theorem 7.2 (Wald’s identity). Let {X;; i > 1} be IID and let #(r) = In{E" &% } be
the semi-invariant moment generating function of each X;. Assume #(r) is finite in an
open interval (r—,ry) withr_ < 0<ry. Foreachn > 1, letS, = X1+ ...+ X,. Let! >0
and " < 0 be arbitrary real numbers, and let N be the smallest n for which either S, > !
orS, <". Then for allt € (r_,ry),

Elexp(rSy — N#(r))]=1 (7.24)
We brst show how to useand interpret this theorem, and then proveit through a sequenceof

lemmas. WaldOsdentit y can be thought of asa generatingfunction form of WaldOgquality
as establishedin Theorem 3.3. First note that the trial N at which a threshold is crossed
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in the theorem is a stopping time in the terminalogy of Chapter 3. Also, if we take the
derivative with respect to r of both sidesof (7.24), we get

E'Sy — N#(r) exp{rSy — N#(r)}] = O.
Setting r = 0 and recalling that #(0) = 0 and #(0) = X, this becomeswaldOsquality,
E[Sn]= E[N]X (7.25)

Note that this derivation of WaldOsquality is restricted to a random walk with two thresh-
olds (and this automatically satispeghe constraint in WaldOquality that E[N] < cc). The
result in Chapter 3 was more general,applying to any stopping time suc that E[N] < oc.

The secondderivative of (7.24) with respectto r is
E'"(Sy — N#(r)2 — N#'(r) exp{rSy — N#(r)} = 0.

At r = 0, this is
5 6
E S3 —2NSy+ N2X~ = —E[N]$% (7.26)

This equation is often di"cult to usebecauseof the crossterm betweenSy and N, but its
main application comesin the casewhere X = 0. In this case,WaldOsquality provides no
information about E[N], but (7.26) simplibPesto

E'S? = E[N] $2. (7.27)

Example 7.5.1 (Simple random walks again). Asanexample,considerthe simpleran-
dom walk of Section7.1.1with P{X =1} = P{X= —1} = 1/2, and assumethat ! > 0 and

" < 0 areintegers. Since S,, takeson only integer valuesand changesonly by +1, it takes
on the value! or " before exceedingeither of thesevalues. Thus Sy = ! or Sy = ". Let

0. denote P {Sy = ! }. The expected value of Sy isthen ! g, + " (1 — @,). From WaldOs
equality, E[Sy] = 0, so

= 1= — (7.28)
From (7.27),
EIN]$% = E'S% =120, + "2(1 — qn) (7.29)
Using the value of g, from (7.28) and recognizingthat $% = 1,
E[N]= —"1/$%=—"1. (7.30)

As a sanity ched, note that if | and " are ead multiplied by somelarge constart k, then
E[N] increasesby k®. Since$Z = n, we would expect S, to Buctuate with increasingn
with typical valuesgrowing as+/n, and thusit is reasonablefor the time to reac a threshold
to increasewith the squareof the distanceto the threshold.

We also notice that if " is decreasedioward —oo, while holding ! constart, then g, — 1
and E[N] — oo, which helps explain the possibility of winning one coin with probability 1
in a coin tossing game, assumingwe have an inPnite capital to risk and an inpnite time to
wait.
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For more generalrandom walks with X = 0, there is usually an overshoot whenthe threshold
is crossed.If the magnitudesof ! and" are large relative to the range of X, howewer, it is
often reasonableto ignore the overshoots, and then —" ! /$ 3, becomesa good approximation
to E[N]. If onewants to include the overshoot, then the alect of the overshaot must be
taken into accourt both in (7.28) and (7.29).

We next apply WaldOsdentity to upper bound P {Sy > ! } for the casewhere X < 0.

Corollary 7.1. Under the conditions of 7.2, assume that #(r) has a root at r* > 0. Then

P{Sy >"!} <exp(—r*!) (7.31)

Proof: WaldOsdentity, with r = r*, reducesto E [exp(r*Sy)] = 1. We can expressthis as
P{Sy >! }E[exp(r*Sy) | Sy >!]+ P{Sy <" }E[exp(r*Sy) |Sxy <"]1=1 (7.32)
Sincethe secondterm on the left is non-negative,
P{Sy >! }E[exp(r"'Sy) [Sy >!]<1 (7.33)
Giventhat Sy >!, we seethat exp(r*Sy) > exp(r*!). Thus
P{Sy>!}exp(r'l) <1 (7.34)
which is equivalent to (7.31). O

This bound is valid for all " < 0, and thus is also valid in the limit " — —oc (seeExer-
cise 7.31 for a more careful demonstration that (7.31) is valid without a lower threshold).
Equation (7.31) is also valid for the caseof Figure 7.5, where#(r) < O for all r € (0,r).

The exponertial bound in (7.22) ShONi that P{S, > !} <exp(—r*!) for eah n; (7.31) is
stronger than this. It showvsthat P{  {S,>"!}} > exp(—r*!). This also holds in the
limit " — —oo.

When Corollary 7.1is applied to the G/G/1 queuein Theorem 7.1, (7.31) is referred to as
the Kingman Bound.

Corollary 7.2 (Kingman Bound). Let {X;;i > 1} and {Y;; 1 > 0} be the interarrival
intervals and service times of a G/G/1 queue that is empty at time 0 when customer 0
arrives. Let {U; = Yj_1 — X4, i > 1}, and let #(r) = IN[E'e€Y" be the semi-invariant
moment generating function of each U;. Assume that #(r) has a root at r* > 0. Then W,
the waiting time of the nth arrival and W, the steady state waiting time, satisfy

P{W, >!} <P{W>!}<exp(—-r*) ; for all! > 0 (7.35)

In most applications, a positive threshold crossingfor a random walk with a negative drift
corresponds to some exceptional, and usually undesirable, circumstance (for example an
error in the hypothesistesting problem or an overf3ov in the G/G/1 queue). Thus an upper
bound sud as (7.31) provides an assuranceof a certain level of performanceand is often
more useful than either an approximation or an exact expressionthat is very di"cult to
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evaluate. For a random walk with X > 0, the exceptional circumstance is P{Sy <"}.
This can be analyzedby changing the sign of X and " and using the results for a negative
expected value. These exponertial boundsdo not work for X = 0, and we will not analyze
that casehere.

Note that (7.31) is an upper bound because prst, the elect of the secondthreshold in (7.32)
wassetto 0, and, second,the overshot in the threshold crossingat ! wassetto 0 in going
from (7.33) to (7.34). It is easyto accourt for the secondthreshold by recognizing that
P{Sy <"} =1—-P{Sy >!}. Then (7.32) can be solved, getting

1—-E[exp(r*S,) | Sy <"]
E[exp(r*Sy) | Sy >!]1— E[exp(r*Sy) | Sy <"1

Accounting for the overshoots is much more di"cult. For the caseof the simple random
walk, overshaots never occur sincethe random walk always changesin unit steps. Thus, for
I and" integers,wehave E[exp(r*Sy) | Sy <"1= exp(r*")andE[exp(r*Sy) | Sy >!]=
exp(r*!). Substituting this in (7.36) yields the exact solution

exp(—r*!)[1 —exp(r*)]
1—exp—r (! —")]

Solving the equation #(r*) = 0 for the simple random walk with probabilities p and g
yields r* = In(g/p). This is alsovalid if X takeson the three values —1, 0, and +1 with
p=P{X=1},g= P{X=-1},and1—-p—-q= P{X = 0}. It can be seenthat if !

and —" are large positive integers, then the simple bound of (7.31) is almost exact for this
example. Equation (7.37) is sometimestakenasan approximation for (7.36). Unfortunately,
for many applications, the overshmts are more signiPcart than the elect of the opposite
threshold so that (7.37) is only negligibly better than 7.31) as an approximation, and has
the disadvantage of not being a bound.

P{Sn)>!}= (7.36)

P{Sy>!}= (7.37)

If P{Sy >"! } must actually be calculated, then the overshoots in (7.36) must be takeninto
accourt. Seechapter 12 of [9] for a treatment of overshoots.

7.5.1 Joint distribution of N and barrier

Next welookat P {N >n, Sy >! }, whereagainwe assumethat X < 0andthat #(r*) = 0
for somer* > 0. For any r in the region where #(r) < 0 (i.e., for 0 <r < r*), we have
—N#(r) > —n#(r) for N > n. Thus, from the Wald identit y, we have

1>E[explrSy —N#(r)] [N >n,Sy >!]P{N >n, SN >!}
>explr! —n#(r)JP{N >n,Sy >!}
P{N >n,Sy >!} <exp[-r! + n#(r)]; allrsudhthat 0<r <r* (7.38)
Under our assumptionthat X < 0, we have #(r) < 0in the range0 <r < r*, and (7.38) is
valid for all r in this range. To obtain the tightest bound of this form, we should minimize

the right hand side of (7.38). This is the same minimization (except for the constraint
r <r*) asin Figure 7.4, and the result, if ! /n < #/(r*), is

P{N >n,Sy >!} <exp[—r,! + n#(r,)] (7.39)
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where r, satispes#(r,) = ! /n. This is the sameas the bound on P{S, >! } in (7.20)
exceptthat r <r*in (7.39).

For the special casedescribed in Figure 7.5where#(r) < Ofor all r < r,, (7.39) is modibed
in the sameway asusedin (?7).

The bound in 7.39) is strictly tighter than the bound P {Sy <!} > exp(—r*!') if I /n <
#(r*). For agivenvalue of | , debPnen* = ! /#'(r*). We can then rewrite (7.39) as

§ exp[n#(r,) —r,! ] forn>n* !'/n = #(r,)
P{N>nSy=>!}<, (7.40)
exp[—r*!] n <n*

The interpretation of (7.40) is that n* is an estimate of the typical value of N given that
the threshold at ! is crossed.For n greater than this typical value, (7.40) provides a tighter
bound on P{N >n,Sy >!} than the bound on P{Sy >!} in (7.31), whereas(7.40)
providqs nothing newgpr n < n*. In section 7.8, we shall derive the slightly stronger result
that P sup;>,, S; >! is alsoupper bounded by the right hand side of (7.40).

We next develop an almost identical upper boundto P{N <n, Sy >! } by usingthe Wald
identity forr > r*. Here#(r) > 0, so —N#(r) > —n#(r) for N < n. It follows that

1>E[exp[rSy —N#(r)] |N <n,S, >!]P{N <n,Sy >!}
>explr! —n#(r)] P{N <n,Sy>"!}
P{N <n,Sy >!} <exp[-r! + n#(r)] (7.41)

Optimizing over r as before (except recognizingthat r > r*), we get
§ exp[n#(r,) —ro! ] forn< n*, !'/n = #(r,)
P{N<nSy>!}<, (7.42)

exp[—r*!] n>n*

This strengthensthe interpretation of n* asthe typical value of N conditional on crossing
the threshold at ! . That is, (7.42) providesinformation on the lower tail of the distribution
of N (conditional on Sy <!)), whereas(7.40) provides information on the upper tail.

7.5.2 Proof of Wald’s identity

We prove WaldOsdentit y with three lemmas, of which the brst (Lemma 7.2) is a truncated
version of the bnal result.

Lemma 7.2. Under the conditions of Theorem7.2, let m be a positive integer and let N, =
min[N, m]. Then forr € (r_,ry), E[exp{rSy,, — Ny, #(r)}] = 1.

+
roof: Let I, = 1for N > n and I, = O otherwise. Then N,, = " I, and Sy, =
n=1 m
m , Xypl,. Ny, is a stopping rule for {X;; i > 1} (seesection3.4), and L,, is independert
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of X,,. Thus
7 8.m . 9:
Elexp{rSn,, —N»#(r)}] = E exp (rXnln) = (I.#(r))
n=1 n=1 .,
7 :
%
= E exp{ll,(rX, — #(r)) }
n=1

The expected value of a product of random variables, E[Y1Y2] can be expressedas
Evi[Y1Ey,[Ya | Y1]]
, and similarly the product above can be expandedas
Ex, 1, [8Xp{I1(rX1 — #(r)) }Ex,p,[exp{la(rxs — #(r)) } - - -
Ex,.,, [eXp{In(r Xm —#) | X1, oo, X—, Ity oo L] -] (7.43)
Considerthe pnal term above. We look at this separately for the casel,, = 0 and I,,, = 1.
Elexp{L,(r X, —#()} | X1,... , Ln-1,L,, = 0 = E[exp(0)] = 1

Elexp{L (rX,, —#(r)} | X1,... L1, L = 1] = Elexp(rX,, —#(r)) | X1,... ,Ln_1]
= E[exp(rX.,, —#(r))]= 1

wherethe next to last stepfollows sinceX ,,, isindependert of Iy,... ,I,, andof X1,...X,,_1.
The last step follows from the debnition of #(r).

Similarly, for each n, 1 < n < m, we have
Elexp{L,(r X, —#( )} | X1, ., Xp-1,04,...,I,4]= 1 (7.44)

Substituting (7.44) with n = m into (7.43), and repeating this successiely forn = m — 1,
m — 2, down to n = 1, we get E [exp(rSy,, — N, #(r))] = 1, completing the proof. O

Lemma 7.3. Under the conditions of Theorem7.2, E[exp(r Sy — N#(r))] < 1, with equality
if

nltnmE[exp{rSm —m#(r)}|N>m]P{N>m}=0 (7.45)

Proof: Expanding E [exp(r Sy,, — N,,#(r))] by successiely conditioning on N = n for eath
n,1<n<m, weget

1 = E[exp(rSy,, — N, #(r))]
= " E[exp(rS,—n#(r)) | N=n]+
n=1
+E[exp(rS,,—m#(r)) [N > m]P{N > m} (7.46)

Sincethe pnalterm in (7.46) is non-negative,

e < -
EexprS,—n#(r) [IN=n P{N=n}<1 (7.47)

n=1
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Sincem > 1 is arbitrary and all terms in the sum are non-negative, we can take the limit,
lim E[exp(rS, —n#(r)) IN =]P{N = n} <1 (7.48)
n=1
From (7.46), we seethat this is satispedwith equality if (7.45) is satisbed. We now expand
E[exp{rSy — N#(r)}] in the sameway, getting

'm

E[exp(rSy — N#(r))] = n!mnoo E[exp(rS, — n#(r)) [N = n] P{N = n} (7.49)
n=1

From (7.48), we know that the limit existsand alsothat E [exp{rSy — N#(r)}] < 1. Equal-
ity holds if (7.48) is satisbedwith equality, i.e., if (7.45) is satisbed. O

To completethe proof of Theorem 7.2, we must show that (7.45) is satisped. The following
lemmahelpsestablishthis result. Its proofis tedious, and Exercise7.35providesa somewhat
simpler but slightly lessgeneralproof.

Lemma 7.4. For any givent € (r_,ry), there is a &> 0 such that

Elexp(rS,) [N =n]>&  foralln>1 such that P{N = n}>0 (7.50)
Proof*: Considerr > O initially . GivenN = n, wehave S, = S,_1+ X,,,and" < S, _4!.
If X is boundedfrom below, i.e., if there is someB sudc that Fx(B) = 0,then S, > " + B,
and E[exp(rS, | N = n] > exp(r(* + B)) > 0. This satisbes(7.50) for &= exp(r(" + B)).

If X is not boundedfrom below, let %= Fx (" —! ) (which is positive), and chooseB > —oo
sudch that Fx(B) < %2 Thus

P{X <B}<(L/2P{X <" —1}. (7.51)

Theevert {N=p, S,_1=s}occursonly for" < s< ! andcanbewritten as{N >n,S, 1 =
s,(X, <" —s X, >! —9s)}. Thus

P{X,<B |N=n,S,_1=s} = P{X,<B | ({X,<" —s} U{X,>! —s}),N >n,S,_1=s}

Sincethe event N > n is determined by S, S,, ... ,S,_1, we seethat X,, is independert of
the event {N >n,S,_; = s}.

P{X,<B|N=nS,_1=s}= P{X, <B |({X, <" —stU{X,>! —s)}  (7.52)

SinceB <" —I <" —s, the event {X,, <B} iscontainedin {X,, <" —sUX, >! —s},
o)

P{X,<B} __Pi{X,<B} _1

< = = = By
P{X,<B[N=n,S, =s} PX,<" —SUX,>! -8} “P{X,<" 1} 2

where the Pnal inequality comesfrom (7.51). This isvalid for all s," < s< !, soit follows
that P{X,, <B |N =n} <1/2. Since" < S,,_; for N = n, and sinceS,, = S,,_1 + X,,

P{S,<B+"

N=n}<P{X,B|N=n}<V2 (7.53)
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This impliesthat P{S,,> B +" |[N = n} >1/2,so
Elexp(rS,) [N = n]> (1/2)exp{r(B + ")} (7.54)

Choosing & equal to the right side of (7.54) completesthe proof for r < 0. Forr < 0, a
similar argumert appliesto the upper tail of X,,, completing the proof for all r € (r_, r).
L]

Proof of Theorem 7.2 (Wald’s Identity)*: From Lemma7.3, the proof will be complete
when we verify (7.45), i.e., lim,, . E[exp{rS,, — m#(r)} [N > m]P{N > m} = 0. Since
"< S, <! for N> m,it su"ces to shaw that lim,,_.. exp(—m#(r))P{N > m} = 0.
From (7.48),

lim Elexp(rS, —n#(r)) IN=n] P{N =n} <1 (7.55)
n=1
From Lemma 7.4, there is a &> 0, independert of n, suc that E[exp(rS,) |N = n] > &
Substituting this in 7.55) yields

77liLnoo & " exp(—n#(r))P{N = n} <1 (7.56)

n=1

This shaws that E[exp(—N#(r))] is bnite. Now let Y be the non-negative random variable
exp[—-N#(r)]. SinceY hasa Pnite expectation, (1.20) shaws that lim,_...yP {Y > y} = 0.
Taking y as exp[—n#(r)], we have lim, . exp[—n#(r)]P{N > n} = 0, completing the
proof. O

7.6 Exercises

Exercise 7.1. Considerthe simple random walk {S,; n > 1} of Example 7.1.1with S,, =
X1+ ...+ X,andP{X; =1} = p;, P{X;= -1} = 1—p; assumethat p< 1/ 2.

a) Show that P/ sup;>; S; > k0 =[P sup~; S > 10]’“ for any positive inteter k. Hint:
Giventhat the random walk ever reachesthe value 1, considera new random walk starting
at that time and explore the probability that the new walk ever reachesa value 1 greater
than its starting point.

/ 0
b) Find a quadratic equation for y = P sup,»; S; > 1 . Hint: explore ea of the two
possibilities immediately after the prst trial.

c)/ Show that th@ two roots of this quatratic equation are p/(1 — p) and 1. Argue that
P sup>;S; >k cannot be 1 and thus must be p/ (1 — p).

d) Show that p/(1 — p) = exp(—r*) wherer* is the unique positive root of g(r) = 1 and
whereg(r) = E & .
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Exercise 7.2. Considera G/G/1 queuewith IID arrivals {X;; i > 1}, IID FCFS service
times {Y;; i > 0}, and aninitial arrival to an empty systemat time 0. DePneU; = X, —Y,_;
for i > 1. Considera samplepath where (uy,...,ug) = (1, -2, 2, -1, 3,-2).

a) Let Z8 = Ug+ Ug_1 + ...+ Ug_;11. Find the waiting time in queuefor customer 6 as
the maximum of the ObaovardOrandom walk with elements 0,Z9,Z$,...,Z8; sketch this
random walk.

b) Find the waiting time in queuefor customersl to 5.

c) Which customersstart a busy period (i.e., arrive when the queueand sener are both
empty)? Verify that if Z9 maximizesthe random walk in part a), then a busy period starts
with arrival 6 —i.

d) Now considera forward randomwalk V,, = U; + ...+ U,. Sketch this walk for the sample
path above and show that the waiting time for ead customeris the dilerence betweentwo
appropriately chosenvaluesof this walk.

Exercise 7.3. A G/G/1 queuehasa deterministic servicetime of 2 and inter-arrival times
that are 3 with probability p and 1 with probability 1 — p.

a) Find the distribution of Wy, the wait in queueof the brst arrival after the beginning of
a busy period.

b) Find the distribution of W, the steady state wait in queue.

c) Repeat parts a) and b) if the servicetimes and inter-arrival times are exponertially
distributed with ratesp and ' respectively.

Exercise 7.4. A salesexecutive hears that one of his salespeople is routing half of his
incoming salesto a competitor. In particular, arriving salesare known to be Poissonat rate
one per hour. According to the report (which we view as hypothesis1), eath secondarrival
is routed to the competition; thus under hypothesis1 the inter-arrival density for successful
salesis f (y|H1) = ye™¥; y > 0. The alternate hypothesis(Hy) is that the rumor is falseand
the inter-arrival density for successfukalesis f (y|Hp) = €7¥; y > 0. Assumethat, a priori,
the hypothesesare equally likely. The executive, a recert studernt of stochastic processes,
exploresvarious alternativ esfor choosing betweenthe hypotheses;he can only obsene the
times of successfulaleshowever.

a) Starting with a successfulsale at time 0, let S; be the arrival time of the it subse-
quert successfulsale. The executive obsenesS;, Sy, ..., S,(n > 1) and choosesthe maxi-
mum aposteriori probability hypothesisgiven this data. Find the joint probability density
f(S1,S2,...,Sy|H1) and f (Sy,...,S,|Ho) and give the decisionrule.

b) This is the sameas part a) exceptthat the systemis in steady state at time 0 (rather
than starting with a successfulsale). Find the density of S; (the time of the brst arrival
after time 0) conditional on Hy and on H;. What is the decisionrule now after observing
Si,...,Sh.

c¢) This isthe sameaspart b), exceptrather than observingn successfukales,the successful
salesup to somegiven time t are obsened. Find the probability, under ead hypothesis,
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that the brst successfulsale occursin (sq,s; + #], the secondin (s;,s2 + #],..., and the
last in (Sn (), Sn(r) + #] (assume# very small). What is the decisionrule now?

Exercise 7.5. For the hypothesistesting problem of section 7.3, assumethat there is a
cost Cy of choosing H; when Hy is correct, and a cost C; of choosingHy when H; is correct.
Find the test that minimizes the expected cost and expressit in the form of (7.12).

Exercise 7.6. a) For the hypothesis testing problem of section 7.3, assumethat Z; =

In[f (Y;|H1)/f (Y;|Ho)], as a random variable conditional on H;, i = 1,2, has a cortinuous
valued non-zeroprobability density. Show that, for any given! , a threshold test minimizes
P {error | Hyo}, under the constraint that P {error | H;} < !. Hint: Assumethat some

giventest is better than any threshold test, and shaw, asa cortradiction, that that test has
a smaller probability of error than the MAP test for the appropriate P {Hy}. (The test in
this problem is called the Neyman-Pearsontest)

b) Repeat part a) without the assumption that Z; has a corntinuous density. Hint: be
careful about the donOtcare casein (7.14).

Exercise 7.7. For ead of the following random variables, bnd the interval (r_,r,) over
which the momen generating function g(r) exists, and determine at which end points g(r)
exists. For parts a) and b) you should also bnd and sketch g(r). For part c), g(r) hasno
closedform.

a) Let a, b, be positive numbersand let X have the density
fx(x) = (2a) lexp(—ax); x > 0; fx(x)= (2b)~'exp(bx); x < 0
b) Let Y be a Gaussianrandom variable with meanm and variance $°.
c) Let Z be a non-negative random variable with density
f4(z) = k(1+ 2)"2 exp(—az); z>0

wherea> Oandk = [ oL+ z)? exp(—az)dz]~!. Hint: you canpndthe Laplacetransform
for f ; in Laplacetransform tables, but the result is not in closedform and is not much help.
Fortunately, there is no needto evaluate g(r) to Pndr_ or to Pnd whether r is Pnite.

Exercise 7.8. a) Assumethat the random variable X hasa momert generating function
gx(r) that is Pnite in the interval (r_,r;), r— < 0 < ry, and assumer_ < r < ry
throughout. For any Pnite constart c, expressthe momert generating function of X — c,
i.e., 9ix—c)(r) in terms of the momert generating function of X . Show that gE’Xfc)(r) > 0.

b) Shaw that gE’X_C)(r) = [g%(r) — 2cdy (r) + c*gx(r)]e "
c) Usea) and b) to shaw that g% (r)gx(r) — [dy(r)]?> > 0, and that #%(r) > 0.

d) Assumethat X is non-atomic, i.e., that there is no value of ¢ such that P {X = c} = 1.
Show that the inequality sign O> Omay be replacedby O> Oewerywherein a), b) and c).
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Exercise 7.9. Debne#(r) asin g(r) whereg(r) = E[exp(rX)]. Assumethat X is discrete
with possibleoutcomes{a;; i > 1}, let p; denote P {X = a;}, and assumethat g(r) exists
in someregion (r_,ry) around r = 0. For any givenr, r_ < r < r, debnea random
variable X, with the sameset of possibleoutcomes{a;; i > 1} as X, but with a probability
massfunction ¢g; = P {X, = a;} = p;expla;r —g(r)]. X, is not a function of X, and is not
evento be viewed asin the sameprobability spaceas X ; it is of interest simply becauseof
the behavior of its debPnedprobability massfunction. It is called a tilted random variable
relative to X, and this exercise,along with Exercise7.28 will justify our interest in it.

a) Verify that ¥ ;0= 1

b) Verify that E[X,] = ¥ ;a0 is equalto #/(r).

c) Verify that Var [X,] = ¥ ca2q; — (E[X,])? is equalto #(r).

d) Argue that #”(r) > 0 for all r such that g(r) exists, and that #”(r) > 0 if #/(0) > 0.

e) Give a similar debnition of X, for a random variable X with a density, and modify parts
a) to d) accordingly.

Exercise 7.10. Assumethat X is discrete, with possiblevalues{a;; i > 1) and probabil-
ities P{X = a;} = p;. Let X, be the correspnding tilted random variable as debnedin
Exercise7.27. Let S, = X1 + ...+ X,, bethe sumof n 11D rvOswith the distribution of
X,andlet S,,r = Xy,ry ...+ X, bethe sumof n 11D tilted rvOswith the distribution of
X ,. Assumethat X < 0.

a) Show that P{S,, = v} = P{S, = v}explvr — n#(r)]. Hint: Prst shov that
P{Xir=vVi,o.. . Xpr = V=P {X1=vyq, ..., Xp= vy Fexplvr — n#(r)]

wherev=v;+ ...+ v,.
b) Find the meanand variance of S, ;- in terms of #(r).
c) Debnea = #(r) and $2 = #"(r). Show that P {|S,, —na| <$,} > 1/2. Usethis to
show that
= >
P v2n$,|S,—na| > (/2)exp[-r(an+ v2n $,) + n#(r)]

d) Usethis to shaw that for any %and for all su“ciently large n,

P{S,>n(a—%} > exp[—ran+ n#(r) —n% wherea= #/(r)

Exercise 7.11. a) Redraw Figure 7.3 for the caseX > 0.

b) Find the value of r > 0 that minimizes the right hand side of (7.17) and redraw Figure
7.4 to illustrate your solution. Hint: the nature of your answer will change depending on
the relationship between! /n and X..
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Exercise 7.12. Consider a random walk with thresholds! > 0, " < 0. We wish to bnd
P{Sx >"!} in the absenceof a lower threshold. Use the upper bound in (7.31) for the
probability that the random walk crossed before" .

a) Giventhat the random walk crosses' brst, Pnd an upper bound to the probability that
I is now crossedbefore a yet lower threshold at 2" is crossed.

b) Giventhat 2" is crossedbefore! , upperbound the probability that ! is crossedbefore
a threshold at 3" . Extending this argumert to successiely lower thresholds, Pnd an upper
bound to ead successie term, and bnd an upper bound on the overall probability that ! is
crossed.By observingthat " is arbitrary, shav that (7.31) is valid with no lower threshold.

Exercise 7.13. This exerciseveribesthat Corollary 7.1holdsin the situation where#(r) <
Oforall r € (r_,r;) and wherer* is takento ber, (seeFigure 7.4).

a) Show that for the situation above, exp(rSy) < exp(rSy — N#(r)) for all r € (0, r*).
b) Shaow that E[exp(rSy)] < 1for all r € (0,r%).

c) Shav that P{Sy >!} < exp(—r!) for all r € (0,r*). Hint: Follow the steps of the
proof of Corollary 7.1.

d) Show that P {Sy >! } <exp(—r*!).

Exercise 7.14. a) Use WaldOsquality to shaw that if X = 0, then E[Sy] = 0 whereN is
the time of threshold crossingwith onethreshold at ! > 0 and anotherat " < 0.

b) Obtain an expressionfor P {Sy >! }. Your expressionshould involve the expectedvalue
of Sy conditional on crossingthe individual thresholds (you neednot try to calculate these
expected values).

c) Evaluate your expressionfor the caseof a simple random walk.

d) Evaluate your expressionwhen X hasan exponertial density, fx(x) = aje M forx >0
and f x(x) = a;e** for x < 0 and wherea; and a, are chosensothat X = 0.

+
Exercise 7.15. A random walk {S,; n > 1}, with S, = f\il X; , has the following
probability density for X;

f x(x) = Pnish equation
a) Find the valuesof r for which g(r) = E[exp(rX)] = 1.

b) Let P, be the probability that the random walk ever crossesa threshold at ! for some
I > 0. Find an upper bound to P, of the form P, < e 4 whereA is a constart that does
not dependon ! ; evaluate A.

c¢) Find a lower bound to P, of the form P, > Be~*A where A is the sameasin part (b)
and B is a constart that doesnot depend on! . Hint:_ keepit simpleDyu are not expected
to bnd an elaborate bound. Also recall that E'e"5¥ = 1 whereN is a stopping time for
the random walk and g(r*) = 1.
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Exercise 7.16. Let {X,; n > 1} be a sequenceof |ID integer valued random variables
with the probability massfunction Px(k) = Q. Assumethat Q, > O for |k| > 10 and
Qi = O for |k| > 10. Let {S,; n > 1} be a random walk with S,, = X, + ...+ X,,. Let
' > 0and" < 0 be integer valued thresholds, let N be the smallest value of n for which
either S, > ! or S, <". Let {S}; n > 1} be the stopped random walk; i.e., S} = S, for
n<NandS;=Syforn>N. Let (;=P{Sy=1i}.

a) Considera Markov chain in which this stopped random walk is run repeatedly until the
point of stopping. That is, the Markov chain transition probabilities are givenby P;; = Q;_;
for" <i<!andP;y= 1fori <" andi >"!. All other transition probabilities are O
and the set of statesis the set of integers[—9+ ",9+ ! ]. Show that this Markov chain is
ergadic.

b) Let {(;} be the set of steady state probabilities for this Markov chain. Find the set of
probabilities {( *} for the stopping states of the stopped random walk in terms of {(;}.

c) Find E[Sy] and E[N] in terms of {(;}.

Exercise 7.17. Assumethat X < 0and shaw that the bnalterm in (7.46) is upper bounded
by exp[r! —r," + m#(r,) — m#(r)] wherer, minimizes g(r). Usethis to prove Lemma 7.4
forr # r,. Hint: UseP{S,, > "} to upper bound P {N > m} and recall that #(r) hasa
unigque minimum.

Exercise 7.18. a) Conditional on Hy for the hypothesis testing problem, consider the
random variables Z; = In[f (Y;|H1)/f (Y;|Ho)]. Shaw that r*, the positive solution to g(r) =
1, whereg(r) = E[exp(rZi)], is givenby r* = 1.

b) Assumingthat Y is a discrete random variable (under ead hypothesis), show that the
tilted random variable Z,. with r = 1 hasthe PMF Py (y|H,).



