6.262: Discrete Stochastic Processes
Lecture - Review for Quiz 4/6/09

The Basics: Let there be a sample space, a
set of events (with axioms), and a probability
measure on the events (with axioms).

In practice, there is a basic countable set of
rv’s that are IID, Markov, etc.

A sample point is then a collection of sample
values, one for each rv.

There are often uncountable sets of rv’s, e.g.,
{N(t); t > 0}, but they are defined in terms of
the basic countable set.



For a sequence of IID rv’'s, X1, X5,... (Pois-
son and renewal processes), the laws of large
numbers specify long term behavior.

The sample (time) average is S, /n, S, = X1 +
... Xp. It is a rv of mean X and variance o2 /n.
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The weak LLN: If E[|X]] < oo, then

lim P{ Sn

n—aoo

X‘>e}—0 for every ¢ > 0.

This says that P{%gx} approaches a unit
step at X as n — o (Convergence in proba-
bility and in distribution).

The strong LLN: If E [|X]|] < oo, then

lim &:Y W.P.1

n—aeo n

This says that, except for a set of sample
points of zero probability, all sample sequences
have a limiting time average equal to X.

Essentially lim f(S,/n) — f(X) W.P.1.



There are many extensions of the weak law
telling how fast the convergence is. The most
useful result about convergence speed is the
central limit theorem. If 0% < oo, then

S, —nX y 1 N
im |p!2n—_" <y =/ exp | 2| dz.
n—:0o0 \/HO' —oco V27 2
Equivalently,
, Sn — _ yo Y 1 —z?
Iim [P{—— X < ~*—— — exp | ——| dux.
n—00 {n _\/ﬁ} —00 V2T p( 2 ) *

In other words, S,/n converges to X with 1/\/n
and becomes Gaussian as an extra benefit.



Arrival processes

Def: AN arrival process is an increasing se-
quence of rv'’s, 0 < 57 < So < ---. The interar-
rival times are X; =S5y and X; = 65,—5;,_1, 1 > 1.
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An arrival process can model arrivals to a queue,
departures from a queue, locations of breaks
in an oil line, etc.
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The process can be specified by the joint dis-
tribution of either the arrival epochs or the
interarrival times.

The counting process, {N(t); t > 0}, for each ¢,
IS the number of arrivals up to and including ¢,
I.e., N(t) = max{n : S, <t}. For every n, t,

{Sn <t} = {N(t) > n}

Note that S,, = min{t: N(t) > n}, so that {N(¢); t >
0} specifies {S,; n > 0}.



Def: A renewal process is an arrival process
for which the interarrival rv’'s are IID. A Pois-
son process is a renewal process for which the
interarrival rv’s are exponential.

Def: A memoryless rv IS a nonnegative non-
deterministic rv for which

P{X >t+ax}=P{X >z}P{X >t} for all z,t > 0.

This says that P{X >t4+x | X >t} = P{X > z}.
If X is the time until an arrival, and the arrival
has not happened by t, the remaining distribu-
tion is the original distribution.

The exponential is the only memoryless rv.



Thm: Given a Poisson process of rate )\, the
interval from any given ¢ > 0 until the first ar-
rival after tis a rv Z; with Fy (z) = 1 —exp[-Az].
Z1 is independent of all N(r) for <.

Z 1S also independent of future interarrival In-
tervals, say 7Z», Z3,.... These form the interar-
rival intervals of a PP starting at ¢.

The corresponding counting process is {N(t,7); T >
t} where N(t,7) = N(7) — N(t) has the same dis-
tribution as N(r —t).

This i1s called the stationary increment prop-
erty.



Def: The independent increment property for
a counting process is that for all 0 < t1 <ty <
-tr, the rv's N(t1),[N(t1,t2)], ..., [N(t,—_1,tn)]
are independent.

Thm: PP’s have both the stationary and in-
dependent increment properties.

PP’s can be defined by the stationary and in-
dependent increment properties plus either the
Poisson PMF for N(t) or

P {N(t,t+5) - 1} = A6+ 0(8)
P {N(t,t—l—(S) > 1} 0(5).



T he probability distributions

fsi....5,(51,--.,8n) = A"exp(—=Asp) for0<sy <---<sp
The intermediate arrival epochs are equally
likely to be anywhere ordered. Integrating,

A Llexp(=At)
fs,(t) = 1)

The probability of arrival n in (¢t,t+ ) is
P{N(t) =n-1}Xd = dfs,(t) + o(5)

P{N(®) =n-1} = fsg(t)

(M) Lexp(=)\t)
(n—1)!

At)"exp(—At _
PNy (n) = (A1) n!p( ) Poisson

Erlang

10



Combining and splitting

If N1(t),No(t),...,Nr(t) are independent PP’'s
of rates \q1,... ,\,then N(t) = > ; N;(t) is a Pois-
son process of rate > ; A;.

Two views: 1) Look at arrival epochs, as gen-
erated, from each process, then combine all
arrivals into one process.

(2) Look at combined sequence of arrival epochs,
then allocate each arrival to a sub process by
a sequence of IID rv’s with PMF X;/5: ;.

This is the workhorse of Poisson type queueing
problems.
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Non-homogeneous Poisson processes

These are the same as Poisson processes ex-
cept the rate ) is a function of time, \(t).

p{fv’(t,t+5) =o} = 1—6X(1) + o(8)
P{N(t,t+5)=1} = SA(t) + o(6)
p{f\f(t,t+5)22} = 0o(9).

Independent increments but not stationary.

Partition with regions of equal area and use
Bernoulli approximation.

A(t)
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Conditional arrivals and order statistics

n!
fs(n)|N(t)(s(n) | n) = t_n forO<syi <---sp <t

forO< <t

t—T]”

P{S; > 7| N(t)=n} = [ t

forO< <t

t— 711"
P{S,<t—7|N#t)=n} = [ t ]
T he joint distribution of S¢,...,S, given N(t) =
n IS the same as the joint distribution of n
uniform rv’s that have been ordered.
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Renewal processes

Thm: For a renewal process (RP) with mean

inter-renewal interval X > 0,
N 1
(®) — W.P.1.

This also holds if X = .

In both cases, lim;_.., N(t) = co with probability
1.

There is also the elementary renewal theorem,
which says that
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Laplace transform provide a way to evaluate
E [M{] if the interarrival rv has a rational Laplace
transform. Then

E [XQ}
X2
where |lim;_.o,e(t) = 0.

E[N(t)]z%—l— _14e(t) fort>0

This says not only that E[N(¢)] /t goes to 1/X,
but also that there is a limiting offset

E [XQ]
X2
This is O if X is exponential.

—1
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Def: A stopping time J for a sequence of rv’s
X1,Xo,..., IS a positive integer valued rv such
that for each n > 1, the event {J > n} is statis-
tically independent of (Xy, X, 41,...).

Intuition: We observe X, X»>,.... Before ob-
servation X, we make a decision to continue
or to stop; this is independent of X,, X,,4,....
If we stop, then J < n. If we continue J > n.
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Thm: Let {X;;n > 1} beIID rv’'s, each of mean

X. If J is a stopping time for {X,;n > 1},

E[J]] <o, and S;= X1+ Xo+---+ X, then
E[S;] = XE[J]

For the application here where X,, and S, are
nonnegative rv’s , the restriction E[J] < o is
not necessary.

For cases where X is positive or negative, it is
necessary as shown by coin tossing game.
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Blackwell thm: If X is non-arithmetic, then for
any 6 > 0,

lim [m(t4+6) —m(t)] = L

t—00 = [X]
If the inter-renewal distribution is arithmetic
with span d, then for any integer n > 1

nd
E [X]

Jim [m(t + nd) — m(8)] =

18



Residual life
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The integral of Y(t) over ¢t is a sum of terms
X2/2.
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The time average value of Y (1) is

Jfi_ogY(r)dr E [XQ}

lim = W.P.1
t—o0 t 2E [X]
The time average duration is
t E | X2
_n X d
im Jr=0 X(m)dr _ x| W.P.1

t—o0 t E [X]

For PP, this is twice E [X]|. Big intervals con-
tribute in two ways to duration.
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Residual life and duration are examples of re-
newal reward functions.

In general R(Z(t), X (t)) specifies reward as func-
tion of location in the local renewal interval.

T hus reward over a renewal interval iIs

Sn Xn
Ry = / R(r—S8, _1,Xn) dr = / R(z, X)) dz
Sn_1 z=0

lim 1/t R(7) dr = E[;”] W.P.1

This also works as ensemble averages.
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Little’s theorem

This is little more than an accounting trick.
Consider an queueing system with arrivals and
departures where renewals occur on arrivals to
an empty system.

Consider L(t) = A(t) — D(t) as a renewal reward
function. Then L, =) W, also.

A(T)f— Wa——

PR VA
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Let L be the time average number in system,
1 t
L =—lim L(7)dr

t t—ooJO

A= lim 1A(t)

t—oo t

1 AQ)

t
= |im lim — W;
t—00 A(t) t—oo t ;

— T/x
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Delayed renewal processes

Often, something funny happens at the begin-
ning of a renewal process. The first renewal is
a little different from the others.

A delayed renewal process has interrenewal pe-
riods where X, Xo,... are independent rv’s,
and Xo,..., are IID.

The first renewal eventually occurs W.P.1, so
all the time average results about renewal pro-
cesses remain true.

The Blackwell and ensemble average results
remain valid also.
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Markov processes

An irreducible countable-state Markov chain
with transition probabilities {F;;; i, > 0} is pos-
itive recurrent if and only if there is a set of
numbers {m;; i > 0} satisfying

7'(']':2 Wipij for all j; 7Tj20; Z?szl (1)
t J

If such a solution exists, it is unique and =; > 0
for all 5. Furthermore, if such a solution exists
(i.e., if the chain is positive recurrent), then for
each 7,5, a delayed renewal counting process
{N;;(n)} exists counting the renewals into state
7 over the first n transitions of the chain.
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