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MARTINGALES

Definition: A martingale {Zn ;N> 1} Is a stochastic process with the properties that
E[Zn]]< oo for all n and

E[Zn|zn—1 =In-1.4n2=In-2s--, L1 = Zl]: Zn-1

forall n>1and all z;,25,...,2,_1.

The condition EHZn|]< oo is a technical condition that is needed in proofs but not usually
critical in applications.

The martingale condition is usually stated as E[Zn|Zn_1,...,Zl]= Zn_1.

In general E[Zn|Zn_1,...,Zl:| is a rv that is a function of Z,_1,...,Z4, and for a martingale,
this function is just Z,_1.
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Specifically, each sample point specifies a sample value z,_1 for Z,_1, a sample value
Zn_o for Z,_5, etc. and thus each sample point with sample values Z,_1,...,Z1 specifies a

value E[Zn|Zn_1 =Zn_1,.--, 41 = Zl].

This mapping from sample points to real values is the random variable

E[Zn]Zn-1.--.21]
Example1:  Let {Sn ;N> 1} be a RW with E[X]=0. Then

E{Sn‘ sn_l,...,sﬂz E[sn_1+ Xn sn_l,...,sl}zsn_l

so a zero mean RW is a martingale (and also has the Markov property).

Example 1": Let {Sn; n> l} be a RW with E[X]=X #0. Then {Zn ;n > 1}, where

Z,=Sp—nX, is a martingale since

E[zn‘zn_l,...,zl}=E[(sn—nY)‘zn_l,...,zl} -
X)+S_,—~(n-1)X ‘zn_l,...,zl}:zn_l
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Example 2:  (Product martingales) Let {Xi 1> l} be IID with mean 1.
Let Z,= Xan_l- - Xl' . Then {Zn ;N2> l} is a martingale (and again
also has the Markov property) because

E{zn‘zn_l,...,zl}: E[xnzn_l‘zn_l,...,zﬂ =

E[xn‘zn_l,...,zl}E[zn_l‘zn_l,...,zl}= Z 4

If X, is 0 or 2, each with probability 1/2, then Z,, is 2" with probability 2.

E[Z,]=1foralln>1, but lim,_,, Z, =0 WPL.
Thus: 1=lim,_, . E|lZp]#Ellim,_,,Z|=0..
Example 2": (Product martingales) Let {Xi 1> 1} be IID with mean X 0.
Letwy = Mot Xt Xn Fag Ty
(X)N X X

Then Wp;n>1 is a martingale.
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Definition: The Wald martingale

Let {Xi 1> O}be IID,y/(r):InE[erx } Sp=X;+...+Xp. Let {Zn 'n> 1} be the random process

1

Z, =exp[rS, —ny(r)]

rXi
(Zn=TT;4expPIrXp —1(r]=TT.4 GW) )
Ele ]

This is a Martingale (and again also has the Markov property) since
E|Zq[Z, 2y |- E{[exp[rsn -0y 0Z g .,zl}
= E{exp[rX, - y(n)]exp[rS, , - (n =Dy (N]| Z, 1....Zy]

=[9(n)/9(N]E[Z0] 20022 ] =20
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Example 3: (Branching process) Let the nonnegative, integer-valued iid random
variables {Yk " k,n>1} represent the number of offspring of individual k in the nth

generation. Let E[Y, ]=Y.

Then the number of individuals Xn+1 in the (n+1) st generation is given by

Xn
Xn+1=k§1Yk,n '

the initial population is XO =1, then the sequence of random variables

Ly = %)[h, n>1

Is @ martingale (and again also has the Markov property), since

ElZ a2 = 2o dy =gl = ElZ, 4120 =2n] =
[ﬁil n = (\);)n —7,] = E[Zn¥|zn:zn] -
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Lemma: |If {Zn ‘N> 1} is a martingale, then

E[Zn|Zi,Zi_1,...,Zl]:Zi foralln>i>1.
Proof: True by definition of a martingale for n= 1+1. Take n=1+2. Suppose densities
exist. Let Z' =(Z;,Zi_1,...,Z1). Then

E[Zi+2| 7' =7 ]: IZHZ Ziy2 fzi+2|zi (Zi+2 | Zi)

= Ziof B,
Ziy10.Zi41 I+2 Zi+ZZi+1|Z

~i+1 -
SIS R BT OED
J‘Zi+212i+1 i+2 Zi+2|Z'+ 1+2 Zi+1|ZI 1+1

= Zi 1 f _i (Z; |Zi)—— Zi
_[ A+l Zi 4|7 (|+1 |
More compactly,

efo 2 Ea s |2 [ B2 [0 2 F 2

Iterating this proves the lemma. In the same way, E[Zn]: E[Zl] foralln>1.

i (Zi+2 Zis1] Zi)
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Submartingales and Supermartingales

Definition: A stochastic process {Zn ;N> 1} is a submartingale if EﬂZn|]< o foralln>1
and if E|Z,|Zn-1,Zn-2,.... Z4 |2 Zn 1.

Definition: A stochastic process {Zn ;N> 1} is a supermartingale if EHZn|]< o foralln>1
and if E[Z,|Zn-1,Zn_2,.... 24| Zy 1.

Sub and super are strange notation, but that's the convention.

Your winnings in a fair game form a martingale; your winnings at Las Vegas form a
supermartingale. By the same argument as before, forany n>1i>1,

E[Zn | Zi,Zi_q,..., Zl]z Z; (submartingale)

E[Zn|Zi : Zi_l,...,Zl]S Z; (supermartingale)
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Convex Functions and Jnson's Inequality

h(x) is a convex function of the real variable x if its tangents lie below the function, i.e., if
for each X4, thereis a "slope" csuch that

h(x1)+c(x—x1)<h(x) for all x.

A function is convex if its second derivative is non-negative, but it can also be convex if the
derivatives do not exist everywhere.

h(x) h(x ) +c(x-x, )

| ¢ = dh(x)/dx at x

|
ol

Jensen’s Inequality: If h(x) is convex and if X is a rv with E[X]< o, then

h(E[X]) < E[h(X)]
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Proof: For X1 = E[X], we have h(E[X])+c(x — E[(X)])< h(X) for all .
Thus, h(E[X])+c(X - E[(X)])< h(X).
Taking expected values, h(E[X]) < E[h(X)].
If X takes on values a and b with equal probability, and h is a convex function then

Jensen says that h(a/ 2+b/ 2)<h(@)/ 2+h(b) 2; i.e., the cord from h(a) to h(b) is

on top of the curve.

Theorem: If {Zn 'n> 1} is a martingale and h is convex, then {h(Zn ); n> 1} is a

submartingale.
Proof: EZ) Zn-1.--. Z1 |2 N(E[Za| Zn-1..... Z1 )= 1(Zn-1)

Examples: If {Zn ‘n> l} is a martingale, then ﬂZn|; n> l} is a submartingale,

2; n> 1) is a submartingale, and 3€Xp (rZ,, ); n > 1 is a submartingale.
n § & n 8
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Martingale
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Properties

Submartingale

E{Z,|Z,1... 2.} 22,

Forn>i1>1
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Supermartingale

E{Z,|Z,1.... 2.} <Z,,
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Example: Positive Product Martingales

Let {Xi o = 1} be positive IID random variables with mean 1. Let Z, = X, X, _;... X;. Then

{Zn , N2 1} is a martingale. Positive product martingales represent a class of fair games in

which a gambler bets 1 dollar, receives X, dollars after the first game, bets all his holdings

on the second game, and then continues the process. His fortune after n games is Z, > 0.

Inspired by Problem 1.26 in Gallager, we consider the random walk

Y,=In(Z,)=InX,+In X, +---+In X,.

n
Since the logarithm is a concave function, it follows from Jensen’s inequality that

E{In(X)}<In(E{X})=In(1)=0,

and {Y;;i 21} is a supermartingale. This inequality is strict if Var(X)>0, and we suppose
this is the case. By the strong law,
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lim_,, (%j: E{In(X)} <0, wp1,

so for any £ <0,

lim_, P{Y, <p}=lim__ P{In(Z,)<p}=lim_, P{Z <e’}=1
i.e., his fortune eventually shrinks out of sight w.p.1. We’ve seen an instance of this behavior
before in the binary product martingale, i.e., the “double or nothing” nonnegative product

martingale where P{X; =0} =P{X; =2} :%.

While he certainly loses in the long run, the gambler still might make money if he stops when

he is ahead, i.e., when his fortune Z, equals or exceeds e’ >1:

’

P {squn > a} <e "

n

where

Q) (F)=E{e™ | = E{X"},
so ' =1and

P{sup[Yn =In(Z,) |2 a} <e™
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P {sup Z, 2 e“} <e™”
ie., letting € =b>1,

P{supzn zb21}s%.

The likelihood of ever doubling your money in any fair game is at most %2. This is vastly
stronger than the Markov inequality, which states that for each k,

F>{zk 2b}s E{Zk}/bz%.
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