6.262: Discrete Stochastic Processes
Lecture - Hypothesis testing & Kolmogorov,
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Hypothesis testing

Assume a probability space with a binary hy-
pothesis H = {Hgp,H1}, PMF {pg,p1}, and a ran-
dom vector Y described by a density f(Y|H).

Given a sample value of Y, we choose a sample
value of H to satisfy some criterion.

The rule for choosing is called a statistical test
(test for short).

A test is identified by the set A of sample val-
ues of Y for which H; is chosen.

Ps{e | Ho} = Py{Y € A|Hg}
Py{e | H1} P4{Y € A° | Hy}
Py{e} poPa{Y € A|Hgo} + p1Pa{¥Y € A°| H1}



Minimizing error probability is easy. For any
given y, choose max of P{Hg |y} and P {H; |y}

P{Hi |y} _p1 f(y[H1)
P{Ho |y} po f(¥|Hop)

H
f(y | Ho) P1
This is the MAP test and also a threshold test
Th.
>n ; choose H;
A(Y) <n ; choose Hg
=n ; don’t care, choose either
P,{e | Ho} = P{A(Y) >n|Hg}

Py{e | H1} P{A(Y) <n|Hi}



The max reward problem is just as easy.

riP{H1 |y} _ rip1 f(y |[H1)
roP{Ho [ ¥} ropo f(¥|Ho)
Use a threshold test with n = rgpg/r1p1-

Threshold tests are so fundamental that a ‘suf-
ficient statistic’ is defined as any function of y
from which A(y) can be calculated.

Since sufficient statistics are usually one di-
mensional, this is important in terms of pro-
cessing.



Denote Py{e | H;} as gy(i), ¢ = 0,1. Every test
A corresponds to two error probabilities ¢4(0)
and ¢4(1). For a threshold test at n, replace A
with 7.

Thm: On a graph plotting (g4(1),9q4(0)) for
different A, all points are NE of a straight line

of slope —n through the point (g,(1),¢,(0)).

1
qa(i) = Pa{e | Ho}
q(1) + ng,(0) 034(0),q4(1))
(L) —————~ I~.slope —n
|




Pa{e} = p,qa(0) 4+ p,qa(1)

Proof:

= p,(194(0) + qa(1))

1 > Py{e}
qa(1) + nga(0) = p,(nqa(0) + qa(1))
q,(1) + ng,(0) \ (4.4(0), qa(1))
()|~ ~._slope —n
|
qn(O) 1

The theorem is valid for all n, 0 < n < oc.
Thus for all tests A (g4(0),q94(1)) lies above
the convex hull of the straight lines of slopes

—n through ¢,(1) + 7g,(0).



an(1) + ng,(0)
\ncreasing n
“

@) —— = — — — |
QUQO) 1
qn(0) = Pyl{e|Hpo} = P{A(Y) >n|Hg}
(1) = Pp{e|H1} = P{A(Y) <n|Hy}

As 7 increases, ¢;(0) decreases and g,(1) in-
creases.

The straight line for each n is tangent to the
parametric function (g,(0),g,(1)) of 7.



qa(i) = Pa{e | Ho}
q;(1) + 1ng,(0)
\ncreasing n
\\\

@) —— — — — — |

Since the tangents all lie below the curve, the
curve iIs convex.

This curve is called the error curve for the de-
tection problem.

The threshold tests (¢4(0),q4(1) lie on the curve,
all other tests (¢4(0),q4(1) lie above the curve.

It iIs hard to imagine reasons for using non-
threshold tests.



&ncreasing N

minmax test

L [slope
|

QU(O) 1
The Neyman Pearson test A minimizes g4(1)
for some required value of ¢4(0).

Thus it chooses 7 to satisfy ¢g,(1) = ¢»(1) and
uses the threshold test 7.

The minmax test minimizes the larger of g4(1)
and ¢4(0)



Large deviations for hypothesis tests

Let Y be IID conditional on Hy and also IID
condtional on H;. Then

fQyH1) _ ¢ Inf(yz'||‘|1)
fQy|Ho) = f(yi|Ho)

In(A(y)) =In

Sy | Hy)
z; = 1n
f(yi | Ho)
A threshold test compares } ', z; with In(n) =
In(po/p1)-

Conditional on Hy, make error if _; Z,L-O > In(n)
where Z9, 1 <i <n are IID conditional on Hg.
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Exponential bound for ¥; Z9

In {/f(y | Hp) exp [rln ;Ez : :;;] dy}
= in{ [ 777 (y | HO)f"(y | Hy) dy}

At r =1, this is In([ f(y | H1) dy) = O.

Yo(r)

O T
|
|
° ——
o(r) — raln(o)/m

qo(n) < expn[yo(rg) — o In(n)/n]
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Exponential bound for ; 7}

fly | Hy)
In {/f(y | H1)exp [SIn fQy | Ho)] }
— In {/f_s(y | Ho) f15(y | Hl)dy}

At s = —1, this is In([ f(y | Ho)dy) = 0. Note:
v1(s) = vo(r—1).

v1(s)

O T
|
|
o) — roin ()

q1(n) < expn [yo(ro) + (1—=ro) In(n)/n]
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2o(r) — rIn(n)/n

These are the exponents for the two Kkinds of
errors. This can be viewed as a large deviation
form of Neyman Pearson. Choose one expo-
nent and the other is given by the inverted
see-saw above.

The a priori probabilities are usually not im-
portant here.
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This large deviation hypothesis testing prob-
lem screams for a variable number of trials.

We have two coupled random walks, one based
on Hp and one on H;.

We use two thresholds, a« > 0 and g < 0. Note
that E[Z |Hg] <0 and E[Z | H{] > 0.

Thus crossing « is a rare event given the ran-
dom walk with Hy and crossing 3 is rare given
H;.

Since r* =1 for the Hgy walk, P{e| Hg} < e .

This I1s not surprising since ) ; 7, = a means
In[P{e|H1}/P{e| Hp} =« for pg = 1/2.

Also, P{e | Hj} < é€°.
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The coupling between errors given Hy and er-
rors given Hg is weaker here than for fixed n.

Increasing a lowers P {e¢ | Hy} exponentially and
increases E[N | H{] ~ o 1E[Z | H{].

Decreasing g lowers P {e | H1} exponentially and
increases E [N | Hy]l = 57 1E [Z | Hy].
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Kolmgorov martingale inequality

Thm: Let {Z,; n > 1} be a non-negative sub-
martingale. Then for any positive integer m
and any a > 0,

E [Zm]

P<max Zi2a>< : (1)
1<i<m a

If we replace the max with Z,,, this is the lowly
but useful Markov inequality.

Proof. Let N be the stopping time defined as
the smallest n < m such that Z,, > a.
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N i1s minimum n <m such that 7, > a.

If Z,, <a for all n < m, then N = m. Thus the
process must stop by time m, and Zy > a Iiff
Zn > a for some n < m. Thus

E[Z
P(max Zn2a>:P{ZNZa}§ [Zn]
1<n<m a

Since the process must be stopped by time m,
we have Zy = Z7,.

E[Z}] < E[Zn], sO the right hand side above is

less than or equal to E [Z,,] /a, completing the
proof.
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