Wald's Identity

Let Xi be iid and y(r)= In{E[erX 1}. Assume y(r) converges in an open interval around
0. Let >0 and <0 be two arbitrary numbers and let N be the smallest n for which
either S, > a or S, < B. For any r where y(r) converges

E{exp[rSy — Ny(n]} =1

To begin deciphering the algebra, note that

E{exp rSn} E{erxl....erxn} B (E[erx])n »

E{exp[rsn —ny(l’)]} = exp[ny(r)] = enInE[rX] o (E[erx ])n o




One Threshold Bound

When E[X]< 0 and we are interested in crossing a threshold at «, let £ be negative
and choose r in Wald's identity as the positive root r* of y(r).

Then y(r*)=0 and E{exp *S — Ny(r } E[ *SN] 1.

Writing this out by separating the case Sy > & from Sy < /3, and letting q, = P(Sy = @),
1 E[ r SN ‘SN a]qa + E[ r SN ‘SN IB](l_qa)

Approximating bound: 1> E[er*SN \ Sy 2 a]qa >exp(r*a)q, SO

P(Sy 2a)=0q, <exp(-r*a)

This is true for all £ <0, and as

B — —, itimplies that p{(max Sn)2a}ﬁer*“_

n



1=E[e™*"[Sy 2 aq, + E[e™ Sy < B|(1-q,)

In the limitas f— -, 1=q, E[er*SN Sy = a]




