6.262 Discrete Stochastic Processes, Spring 2009
Problem Set 7 — Solutions
due: Wednesday, April 1, 2009

Problem M

a The corresponding chain is the following

b The meaning of the states 0,1,2 is the following:

0: no symbol yet received (start state) or most recent symbol was 0
1: most recent symbol was 1

2: the pair (1,1) has occurred.
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¢ Consider first the (0,1) case. The simplified chain yields the following system of equations

vo = 1+ p1vg+ povy
vy = 1+ pov1 + prvg
Vg2 = O,

where vy, v1, v9 are the expected first-occurrence times from the respective states 0,1, 2. Solv-
ing the above equations results in vg = 1/(pop1), as previously obtained using renewal theory.
In particular, letting pg = p1 = 0.5, the expected time to first occurrence of (0,1) is 4 symbols.

Similarly, for (1,1) we have

vo = 1+ povo+ p1v1
vy = 1+ povo+ p1v2
V2 = 0,

which yields vo = (1 + p1)/p?. When pg = p; = 0.5 the expected time to first occurrence of
(1,1) is 6.

The two answers are different when pg = p1 = 0.5 because the chains differ at state 1. In
particular, although in both chains a ‘1’ leads to a transition into the final state, a ‘O’ pushes
the second chain back into the starting state (state 0), while the first chain remains in the
intermediary state (state 1). It follows that it takes on average longer to observe a (1,1) than
it does to observe a (0,1). (Does this argument hold when py # p17?)

Exercise 4.1

a Forr=1,2,3,... and any state ¢, notice that
Pi>PX1=Xo=...=X,=1|Xo=1) = (Pu)".

In other words, the probability of returning to ¢ in r steps is at least the probability of having
made r self-transitions. If P;; > 0, it follows that Pj; > 0 for all r > 1.

Recalling that the period of any state j, d(j), is the greatest common divisor of the set
{n | P}; > 0}, it follows that the period of state i is the greatest common divisor of the set of
positive integers. Thus, d(i) = 1. By Theorem 4.2, all states in a given class have the same
period, which yields that the class containing state i is aperiodic. (Did we need to assume
here that the class containing i is recurrent?)

The result of this exercise gives one an easy check for aperiodicity: if any state in a class has
a self-loop, then the class is aperiodic.



Exercise 4.5

[P] is doubly stochastic if both [P] and [P]? are stochastic. This is just a different way of saying
that all the rows and all the columns of [P] must sum to one (and all entries are nonnegative). To
find the steady state distribution we are looking for the solution of the equation 7P = 7. Since [P]”

is stochastic, [P]”e = e, where e = (11...1)T. Taking transposes of both sides we get e’ [P] = €7,

so el is a left eigenvector of [P] associated with A = 1. Corollary 4.3 guarantees that for a finite
state ergodic chain, this left eigenvector is unique within a scale factor, so scaling e’ to become a

probability vector, we obtain = = [1/J,1/J,...,1/J].

Exercise 4.6

a First, when p =1, g =7 = ..., mp_o = 0 and 71 = 1 since k — 1 is the only recurrent
state. Similarly, for p =0, m = ..., m,_1 = 0 and 79 = 1. For p € (0,1), the corresponding
steady-state equations become

m = (1—-pm+(1—pm
™ = pro+ (1 —p)m
T = pmi+(1—p)ms

Thk—1 = PTk—2 + PTf—1.

It follows immediately that m = p/(1 — p)mo = pmp. Substituting, we obtain that
Wi:piﬂo, i:1,...,]€—1.

Finally, since mg + 71 + ...+ mx_1 = 1, it follows that
1 1—p

:1+p—|—...+pk—1 1= pF

o

b Sketching the steady-state probabilities for different p, we obtain



7 p=0.5

;= (0.5)'m,
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c If p<1,limgoom =0foralli=1,2,...and limy_,o mo = 1. If p =0, limy_. o, m; = 0 for all
1, but the distribution remains uniform for all finite k. If p > 1, limy_,, m; = 0 for all ¢, but
the limiting state escapes out to infinity. (In other words, for large k, the probability mass is
concentrated at state k — 1.)

Exercise 4.7

a The first Markov chain is symmetrical and hence the state labels can be rotated 4 distinct
ways without changing the graph. Thus, all steady state probabilities in the first chain are
equal and m; = 1/4 for 1 <i < 4. Alternatively, the P matrix, given by

0 P 0 1—p
| 1-»p 0 P 0
P= 0 1—-p O D ’
P 0 1—p 0

is doubly stochastic (from Ex. 4.5), so m; = 1/4 for 1 <14 < 4 is a left eigenvector with unity
eigenvalue.

For the second chain, writing out the steady equations, we obtain that 75 = m4/2 and m =
74/2. Furthermore, mg = 75, 17 = 7, etc., so that m; = my/2 for all i # 4,1 < i < 9. Since
> ;T =1, we obtain m4 = 0.2 and m; = 0.1 for i #4,1 <7 <9.

b For the first chain, P4 = 2p(1 — p); this corresponds to the walks (1,2,1) and (1,4,1) each of
which have probability (conditional on starting in 1) of p(1 — p). Similarly P2 = 2p(1 — p)
for 1 < i < 4. Now starting from Xg = 1, after 2 steps X must be either 1 or 3, and
PL = p? + (1 — p)?. Similarly, P§ = P2, = P4 = p?> + (1 — p)2. All other two step
transitions, specifically all two step transitions from even to odd or odd to even states, have
zero probability.



The first chain, with two step transitions, has two recurrent classes, (1,3) and (2,4). The
steady state solution for the first recurrent class is 71 = w3 = 1/2 and the steady state solu-
tion for the second recurrent class is mo = m4 = 1/2. Letting a be the probability of starting in
class (1,3) and 1 — a in class (2,4), the entire class of steady state solutions is 73 = 73 = a/2
and my = m4 = (1 — a)1/2 for any a,0 < a < 1 (or equivalently letting b = a/2 we have
m =73 =band my = my = 1/2 — b for any b,0 < b < 1/2). Note that these solutions can
also be obtained directly by solving the steady state equations.

For the second chain, P% = P2, = 1/2 and P& = P}, = P}, = P% = P2 = P4 = 1. Finally,
PL =P} =P} = P325 = 1/2 and all other two step transitions (including all those from
even to odd or odd to even states) have zero probability.

Similarly the second chain has two recurrent classes, the even states and the odd states.
The steady state solution for the odd class is m; = 0.2 for odd 7,1 < i < 9, and for the
even class is m4 = 0.4 and my = mg = wg = 0.2. Now, let b be the probability that the
chain starts in the even class and 1 — b the probability that it starts in the odd class.
Then, the entire class of steady state solutions is w4 = (0.4)b,m = 16 = g = (0.2)b and
T =mg =m5 =7 = mg = (0.2)(1 —b), for any 0 < b < 1.

The steady state probabilities are not unique because the above chains have multiple recurrent
classes and hence depending on where the chain starts these probabilities would differ.

For each two-step chain, the odd and even class are each recurrent and aperiodic. For the
first chain, lim,, s P2” = 1/2 for i, j both odd or both even. For chain 2, lim,, . P2” =0.2
for 7,7 both odd or both even with j # 4. For j = 4 and i even, lim,_, P2” =0.4.

The point here is that for a Markov chain with several recurrent classes, solving the steady-
state equations yields averaged steady-state probabilities, weighted by the probability of end-
ing up in each recurrent class. In contrast, the entries of lim, .o P} corresponding to each
recurrent class yield correct steady-state probabilities, conditioned on having started in that
particular class.



Prof. Wyatt’s Detailed Solutions for Problems 6 and 7

Problem 6 (Exercise 5.1)

We are given a Markov chain with states 0 < i < J < o and the equations

FO=P

J
F(N=P, + > PF,(n-1), n>2 (5.4)
=0
]

k
k#j

which the quantities F;(n) must satisfy. We will establish by induction (though the text does this part briefly)
that for each i, j € [0, ---, J], the limits lim F; (n) = F;(o0) exist and satisfy

Fi (o0) = R + i PeFy (0). (5.5)

While the solutions to eq. (5.4) are unique given the B;'s, the difficulty with equations (5.5) is that, for any
Markov chain and for any choice of j° > 0, one solution to (5.5) is Fir =1 Vi e [0, ---,J] (even if the all the

states are transient, and this solution is therefore definitely wrong). So (5.5) has both the correct values of
F,; (0) and possible false values as solutions.

We are asked to show that for any choice of j e [0, ---, J], the actual values of Fij* (o0) constitute the smallest

nonnegative solution vector for (5.5) in the sense that, if {x;, Vi e [0, ---, J]}is also a nonnegative solution to
(5.5), i.e., if for some j >0,

J
X =P. + > RX,foralli >0, (5.1-1)
k=0

kj"

then Fijx(oo) <x,Vi € [0, ---, J]. We proceed by induction on n.

n=1

To start the induction, note that for n = 1, since the B;'s and x’s are nonnegative,



J
F.)=P. <P.+> RX =X, Viel0-1J] (5.1-2)

n=2

Similarly, for n = 2, since eq. (5.1-2) shows that ij*(l) < X, Vk € [0, ---, J], we have (using (5.4)) that

J

J
F)=P. <F.( =P +>RF.() < P.+>PRx =X, Viel0 1] (5.1-3)
k=0

k™ K
k=0
kj" ke

This establishes that F..(2) < x; Vi, i €10, - J]

Induction step on n

We now assume, for any choiceof n > 2 and j < [0, ---, J], that Fij*(n) <X Viel0-J]

as shown above for n = 2. Since Fij* (n) =Fi,-* (n+1) - fi,-* (n+) < Fij* (n+1), we have

J J
Fr() < F.(n+1) =P + I;PikFik* ()< P, + l;,Pikxk = X, Vi € [0, -, J]. (5.1-4)
kj" kj"

Since one set of values for {x., Vi € [0, ---, J]} that satisfies eq. (1) is {x, =1, Vi € [0, .-+, J]}, we know that
for any choice of j~ and any value of i, the sequence Fij*(n), n=1,2, --- is monotone nondecreasing, and

bounded above by 1, so limF; (n) exists. Let Fi,-* (o0) denote lim Fij,(n). Since

F.(n) < x, vn>0,Vi e [0, -+, J], we conclude that F,.(0) < x,Vi,jo > 0.

=

Problem 7 (Exercise 5.2)

a) We want to show that the probabilities of ever passing to (or, for i = 0, returning to) state 0 from any initial
state i are

Fon(0) = 21 P), 520
o) =[@-P)/7. | >l
Fo() = [0 P)T i = 1



forany p > 1/2. (This guarantees that state O is transient for p > %2 and recurrent for p = %. By Theorem 5.1, it

further guarantees that the entire chain is transient for %2 < p <1 and that the entire chain is recurrent for p = %.
The theorem tells us nothing for p = 1 because the chain does not form a single class in that case, but it is
obviously transient when p = 1 as well.)

From the results of Exercise 5.1, we know that to verify the proposed solutions (5.2-1) are correct we have to

verify that (i) these values satisfy eq. (5.5), and (ii) they are the smallest solution in the sense that every
nonnegative set of numbers {x, 0 < i}that satisfies (5.5) has F,(«) < x forany choice of i > 0. Since this

is a birth-death Markov chain, egs. (5.5) take the form:

Foo () = (L= p) + pF, ()
Flo (0)=(1-p)+ szo ()

Fio(oo) =(1-p) F(H)O (0) + pF(M)O(oo), > 2. (5.2-2)

We check by substitution that the solutions (5.2-1) satisfy equations (5.2-2):

mn:o,ayp)z(ym+pﬁL96]

for i =1, [(MP)/= (W) + p [P

fori > 2, [4- '%]‘ = @pr®- '%]”ﬂo[(l‘ ‘%] (5.2-3)

To check that (5.2-1) gives the smallest nonnegative solution set for (5.2-2), note first that if p = 1, the solutions
(5.2-1) are all zero and are therefore certainly the smallest. Next we will show that for 1/2 < p <1, every

solution {x;, i = 0} of (5.2-2) (with x substituted for F,,(c0) ) can be characterized as a strictly monotone
increasing function of the value chosen for x,. We solve (5.2-2) for x, and x,:

_X%-(A-p)
& p
Xo_(l_p)_l_
Cox-tp o p P e
i p p p’

If we perturb X, from the value 2(1-p) in (5.2-1) to another value x, +& = 2(1-p) + &, the resulting changes
inx, and x, are



£

5)(2 = p2 , (52-4)

We note that for ¢ <0 and 1/2 <p <1, 06X, < dx, <0. To establish by induction that for £ <0 and
1/2 <p<1, Xy <X <0, 1 >0,we solve (5.2-2) (with X substituted for F,(x)):

% — (- p)x(i—l)
p 1

X opy = i > 2, (5.2-5)

and assume ox; < oX;, <0. Then forp <1,

(i-1)

0% — (1= P)OXiy _ O% (1= Pp)d¥
p P

OX gy = = 0% <0. (5.2-6)

Since for p > %, limF,,(«) = 0, and since ox; grows more negative with i fore < 0, we see that decreasing x,
I—>00

below 2(1-p) by setting ¢ <0 causes x; to eventually become negative, so the solution (5.2-1) for which x, =
2(1-p) is the smallest nonnegative solution for 1/2 <p < 1.Forp=1/2, F,(«) =1, Vi > 0, so a stronger
growth condition on the negative 5, 's is needed. For p = %, egs. (5.2-4) and (5.2-5) take the specific form

O0X, =2¢
OX, = dg = 20X,
ox. —(1/2)ox,
SX gy = — A/ 2)0% = 20%; - OX gy, | 2 2, (5.2-7)

1/2

These equations have the solution

oX =1ox, Vi = 1.

Therefore, for p = %, a perturbation of x, from the value 2(1-p) in (5.2-10 to a smaller value 2(1-p) - ¢ causes
a perturbation in x. from1to 1 - 2ie, which is negative for all i > (1/2¢). Therefore the solution (5.2-1) with
X, = 2(1-p) is the smallest nonnegative solution for p = 1/2 as well.



Using the results from Problem 5.1, this guarantees that (5.2-1) gives the correct solution for
Fo(), Vi > 0, for1/2 <p <L1. N

b) Starting in any given state j >0 and considering some state i < j, truncating the chain at state j in order to
obtain an equivalent finite-state chain yields a single recurrent class. It follows that there is an eventual return to
state j and F; () =1.

If on the other hand i > j, we can consider a truncated chain with states 0,1,..., j—1 removed. Noticing that the
probabilistic description of the chain does not change by making j into a starting state conditioned on having

started in i > j, we obtain Fj+i,j(oo):(1_ij :

Finally, from state j, the first transition goes to j—1 with probability 1— p and to j+1 with probability p . If
the first transition from j isto j—1, considering again a finite-state chain truncated at state j shows that there
is an eventual return to state j. If, on the other hand, the first transition from j isto j+1, looking at the first
returnto j, we can consider a truncated chain with states 0,1,..., j—1 removed. Noticing that the probabilistic
description of the chain does not change by making j into a starting state conditioned on having transitioned to

j+1, we obtain F;,, () :l—Tp. Putting the two cases together, F; () = (1- p) + pl_Tp: 2(1-p)=Fy(o).

N

Since the equivalent finite-state chain with K states has a single recurrent class, we have that Fij(K)(oo) =1 for
all i, j. Note that lim F," =1 forall i, j, which does not equal F, () for the countable birth-death chain.

Point being: beware of describing the behavior of a countable chain by a limiting behavior of a truncated chain,
as the limit need not be continuous.

For the case p=1/2, we have F () =1 forall i. In other words, no matter how far from O we start, we

return to it eventually with probability 1, even if it takes a very long time. Letting state i be associated with
having lost a total of i—1dollars at some point in the game and state 0 be associated with being 1 dollar ahead,
we see that eventually (i.e. with probability 1), we will be 1 dollar ahead no matter where we started.



