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Defining the p-dimensional vector random sequence X[n] = (X[n],...,X[n-p+1]]T,
and coefficient matrix

ay ag ap

15 =20 0 0
AC=SIROF=3 3§

g 0

0 0 1 0

we have

X[n] = AX[n — 1] + bW(n].
Thus X[n] is a vector Markov random sequence with b = [b, 0,...,0]7. Such a vector
transformation of a scalar equation is called a state-variable representation [6-8].

6.7 CONVERGENCE OF RANDOM SEQUENCES

Some nonstationary random sequences may converge to a limit as the sequence index goes
to infinity. This asymptotic behavior is evidenced in probability theory by convergence of
the fraction of successes in an infinite Bernoulli sequence, where the relevant theorems are
called the laws of large numbers. Also, when we study the convergence of random processes in
Chapter 8 we will sometimes make a sequence of finer and finer approximations to the output
of arandom system at a given time, say, to , that is, ¥,, (to). The index n then defines a random
sequence, which should converge in some sense to the true output. In this section we will look
at several types of convergence for random sequences, that is, sequences of random variables.

We start by reviewing the concept of convergence for deterministic sequences. Let z,
be a sequence of complex (or real) numbers; then convergence is defined as follows.

Definition 6.7-1 A sequence of complex (or real) numbers z, converges to the
complex (or real) number  if given any & > 0, there exists an integer ng such that whenever
n > ng, we have

|z, —z|<e. W

Note that in this definition the value 7y may depend on the value €; that is, when € is
made smaller then most likely ng will need to be made larger. Sometimes this dependence
is formalized by writing ng(€) in place of ng in this definition. This is often written as

lim z, =z oras Tp, — T as N — 00.
n—oo

A practical problem with this definition is that one must have the limit z to test
for convergence. For simple cases one can often guess what the limit is and then use the
definition to verify that this limit indeed exists. Fortunately, for more complex situations
there is an alternative in the Cauchy criterion for convergence, which we state as a theorem
without proof.

Theorem 6.7-1 (Cauchy criterion [6-5].) A sequence of complex (or real) numbers
xp converges to a limit if and only if (iff)

|zn — Zm| — 0 as both n and m — co.
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The reason that this works for complex (or real) numbers is that the set of all complex (or
real) numbers is complete, meaning that it contains all its limit points. For example, the
set {0 < ¢ < 1} = (0,1) is not complete, but the set {0 < = < 1} = [0,1] is complete
because sequences ,, in these sets and tending to 0 or 1 have a limit point in the set [0,1]
but have no limit point in the set (0,1). In fact, the set of all complex (or real) numbers
is complete as well as n-dimensional linear vector spaces over both the real and complex
number fields. Thus the Cauchy criterion for convergence applies in these cases also. For
more on numerical convergence see [6-5].

Convergence for functions is defined using the concept of convergence of sequences of
numbers. We say the sequence of functions f,(z) converges to the function f(z) if the
corresponding sequence of numbers converges for each z. It is stated more formally in the
following definition.

Definition 6.7-2 The sequence of functions f,(z) converges (pointwise) to the func-
tion f(x) if for each zg the sequence of complex numbers f,(zq) converges to f(zo). M

The Cauchy criterion for convergence applies to pointwise convergence of functions
if the set of functions under consideration is complete. The set of continuous functions
is not complete because a sequence of continuous functions may converge to a discontin-
uous function (cf. item (d) in Example 6.7-1). However, the set of bounded functions is
complete [6-5].

The following are some examples of convergent sequences of numbers and functions.
We leave the demonstration of these results as exercises for the reader.

Example 6.7-1
(Some convergent sequences.)

(a) 2, =(1—-1/n)a+ (1/n)b— a as n — co.
(b) z, =sin(w+e ™) — sinw as n — co.
(¢) fa(z) = sin[(w + 1/n)z] — sin(wz), as n — oo for any (fixed) z.

—n2£
(d) falz)= {e a8 tf‘gi z Z g} — u(—x), as n — oo for any (fixed) .

The reader should note that in the convergence of the functions in (c) and (d), the variable
is held constant as the limit is being taken. The limit is then repeated for each such  value
to find the limiting function.

Since a random variable is a function, a sequence of random variables (also called a
random sequence) is a sequence of functions. Thus we can define the first and strongest
type of convergence for random variables.

Definition 6.7-3  (Sure convergence.) The random sequence X [n] converges surely to
the random variable X if the sequence of functions X [n, ¢] converges to the function X (¢)
asn—ooforall(e. W
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As a reminder, the functions X ({) are not arbitrary. They are random variables and
thus satisfy the condition that the set {¢: X({) < z} C % for all z, that is, that this set
be an event for all values of z. This is in fact necessary for the calculation of probability
since the probability measure P is only defined for events. Such functions X are more
generally called measurable functions and in a course on real analysis it is shown that the
space of measurable functions is complete [6-1]. If we have a Cauchy sequence of measurable
functions (random variables), then one can show that the limit function exists and is also
measurable (a random variable). Thus the Cauchy convergence criterion also applies for
random variables.

Most of the time we are not interested in precisely defining random variables for sets
in Q of probability zero because it is thought that these events will never occur. In this
case, we can weaken the concept of sure convergence to the still very strong concept of
almost-sure convergence.

Definition 6.7-4 (Almost-sure convergence.) The random sequence X [n] converges
almost surely to the random variable X if the sequence of functions X|[n, (] converges for
all ¢ € § except possibly on a set of probability zero. W

This is the strongest type of convergence normally used in probability theory. It is also
called probability-1 convergence. It is sometimes written

P{ 1im X[n,¢]=X()} =1,

meaning simply that there is a set A such that P[A] = 1 and X[n] converges to X for all

¢ € A. In particular A 2 {¢: lim;,—, o X[n, (] = X({)}. Here the set A€ is the probability-zero
set mentioned in this definition. As shorthand notation we also use

X[n] > X as. and X[n]—>X  prl,

where the abbreviation “a.s.” stands for almost surely, and “pr.1” stands for probability one.

An example of probability-1 convergence is the Strong Law of Large Numbers to be
proved in the next section. Three examples of random sequences are next evaluated for
possible convergence.

Example 6.7-2
(Convergence of random sequences.) For each of the following three random sequences, we
assume that the probability space (2,.% P) has sample space @ = [0,1]. % is the family
of Borel subsets of 2 and the probability measure P is Lebesgue measure, which on a real
interval (a, b], is just its length I, that is,

l(a,b]2b—a forb>a.

(a) X[n,¢]=nc.
(b) X[n,(] = sin(n().
(¢) X[n,¢] = exp[-n?(¢ — 7))-
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Figure 6.7-1 Plot of sequence (c) X[n,(] versus ¢ for @ =[0,1] forn=1,...,4.

The sequence in (a) clearly diverges to +oco for any ¢ # 0. Thus this random sequence
does not converge. The sequence in (b) does not diverge, but it oscillates between —1 and
+1 except for the one point ¢ = 0. Thus this random sequence does not converge either.

Considering the random sequence in (c), the graph in Figure 6.7-1 shows that this
sequence converges as follows:

; ocofor (=0
Jim Xln,¢] ={ 0 forg> 0"

Thus we can say that the random sequence converges to the (degenerate) random
variable X = 0 with probability-1. We simply take A = (0,1] and note that P[A] =1 and
that X[n, (] ~ 0 for every ¢ in A for sufficiently large n. We write X[n] — 0 a.s. However
X|[n] clearly does not converge surely to zero.

Thus far we have been discussing pointwise convergence of sequences of functions and
random sequences. This is similar to considering a space of bounded functions & with the
norm

1flloo £ sup |f ()|

When we write f, — f in the function space B, we mean that ||fr — f|loo = sup, |fa(z) —
f(z)| — 0, giving us pointwise convergence. The space of continuous bounded functions is
denoted Lo, and is known to be complete ([6-1], p. 115).

TThe supremum or sup operator is similar to the max operator. The supremum of a set of numbers is
the smallest number greater than or equal to each number in the set, for example, sup{0 < = < 1} = 1.
Note the difficulty with max in this example since 1 is not included in the open interval (0, 1), thus the max
does not exist here!
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Another type of function space of great practical interest uses the energy norm (cf.

Eq. 4.4-6): s
a2 ([ fPds)

The space of integrable (measurable) functions with finite energy norm is denoted L2. When
we say a sequence of functions converges in L?, that is, ||f, — f||2 — 0, we mean that

( [ f |fn(z) = f(a:)|2dx) e

This space of integrable functions is also complete [6-1]. A corresponding concept for random
sequences is given by mean-square convergence.

Definition 6.7-5 (Mean-square convergence.) A random sequence X [n] converges in
the mean-square sense to the random variable X if E{|X[n] — X|>} - 0asn —co. W

This type of convergence depends only on the second-order properties of the random
variables and is thus often easier to calculate than a.s. convergence. A second benefit of the
mean-square type of convergence is that it is closely related to the physical concept of power.
If X[n] converges to X in the mean-square sense, then we can expect that the variance of

the error €[n] 2x [n] — X will be small for large n. If we look back at Example 6.7-2c, we
can see that this random sequence does not converge in the mean-square sense, so that the
error variance or power as defined here would not ever be expected to be small. To see this,
consider possible mean-square convergence to zero (since X [n] — 0 a.s.),

E{|X[n] - 0]} = B{X[n]’}

1
= / exp(—2n%¢) exp 2nd(
0

1
= exp(2n) /ﬂ exp(—2n°¢)d¢

1 — exp(—2n?)

) ]—»oo as n — o0,

= exp(2n) [
hence X [n] does not converge in the mean-square sense to 0.

Still another type of convergence that we will consider is called convergence in proba-
bility. It is weaker than probability-1 convergence and also weaker than mean-square conver-
gence. This is the type of convergence displayed in the Weak Laws of Large Numbers to be
discussed in the next section. It is defined as follows:

Definition 6.7-6  (Convergence in probability.) Given the random sequence X [n] and
the limiting random variable X, we say that X [n] converges in probability to X if for every
>0,

lim P[|X[n]-X|>¢]=0. W

n—oo
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We sometimes write X [n] — X (p), where (p) denotes the type of convergence. Also conver-
gence in probability is sometimes called p-convergence.

One can use Chebyshev’s inequality (Theorem 4.4-1), P[|Y| > €] < E[|Y|?]/e% fore > 0,
to show that mean-square convergence implies convergence in probability. For example, let

Y&X [n] — X; then the preceding inequality becomes
P(|X[n] - X| > €] < E [|X[n] — X|?] /€.

Now mean-square convergence implies that the right-hand side goes to zero as n — oo, for
any fixed € > 0, which implies that the left-hand side must also go to zero which is the
definition of convergence in probability. Thus we have proved the following result.

Theorem 6.7-2 Convergence of a random sequence in the mean-square sense implies
convergence in probability. W

The relation between convergence with probability-1 and convergence in probability is
more subtle. The main difference between them can be seen by noting that the former talks
about the probability of the limit while the latter talks about the limit of the probability.
Further insight can be gained by noting that a.s. convergence is concerned with convergence
of the entire sample sequences while p-convergence is concerned only with the convergence
of the random variable at an individual n. That is to say, a.s. convergence is concerned with
the joint events at an infinite number of times, while p-convergence is concerned with the
simple event at time n, albeit large. One can prove the following theorem.

Theorem 6.7-3 Convergence with probability-1 implies convergence in proba-
bility.

Proof (Adapted from Gnedenko [6-6].) Let X[n] — X a.s. and define the set A,

oo oo oo
A2 N U N &IXR+m. - XQ)l <1/k}.

k=1n=1m=1
Then it must be that P[A] = 1. To see this we note that A is the set of ¢ such that starting
at some n and for all later n we have | X [n, (] — X (¢)| < 1/k and furthermore this must hold
for all k > 0. Thus A is precisely the set of ¢ on which X|[n, (] is convergent. So P[A] must
be one. Eventually for n large enough and 1/k small enough we get | X|[n,¢] — X()| < &,
and the error stays this small for all larger n. Thus

00 00

U m{[X[n+m]—X|<e}]=l for all € > 0,

n=1m=1

/&

which implies by the continuity of probability,

lim P
n—oo

ﬁ{tX[n+m]—X1<e}]=l for all € > 0,

m=1
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which in turn implies the greatly weakened result
nlingo Pl X[n+m]-X|<eg =1 for all € > 0, (6.7-1)

which is equivalent to the definition of p-convergence. W

Because of the gross weakening of the a.s. condition, that is, the enlargement of the set A
in the foregoing proof, it can be seen that p-convergence does not imply a.s. convergence.
We note in particular that Equation 6.7-1 may well be true even though no single sample
sequence stays close to X for all n4+m > n. This is in fact the key difference between these
two types of convergence.

Example 6.7-3
Define a random pulse sequence X [n] on n > 0 as follows: Set X[0] = 1. Then for the nezt
two points set exactly one of the X [n]’s to 1, the other to 0, equally likely. For the next three
points set exactly one of the X[n]’s to 1 equally likely and set the others to 0. Continue this
procedure for the newst four points, setting exactly one of the X |[n]’s to 1 equally likely, and
so forth. A sample function would look like Figure 6.7-2.

Obviously this random sequence is slowly converging to zero in some sense as n — .
In fact a simple calculation would show p-convergence and also m.s. convergence due to the
growing distance between pulses as n — oco. In fact at n ~ 1I2, the probability of a one
(pulse) is only 1/1. However, we do not have a.s. convergence, since every sample sequence
has ones appearing arbitrarily far out on the n axis. Thus no sample sequences converge to
Z€ro.

One final type of convergence that we consider is not a convergence for random variables
at alll Rather it is a type of convergence for distribution functions.

Definition 6.7-7 A random sequence X|[n] with probability distribution function
F,.(z) converges in distribution to the random variable X with probability distribution
function F(z) if

lim F,(z) = F(z)

Nn—00

at all = for which F is continuous. W

Note that in this definition we are not really saying anything about the random variables
themselves, just their probability distribution functions (PDFs). Convergence in distribution

x[n]

Figure 6.7-2 A sequence that is converging in probability but not with probability-1.
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Figure 6.7-3 Venn diagram illustrating relationships of various possible convergence modes for
random sequences.

just means that as n gets large the PDF's are converging or becoming alike. For example, the
sequence X [n] and the variable X can be jointly independent even though X[n] converges
to X in distribution. This is radically different from the four earlier types of convergence,
where as n gets large the random variables X [n] and X are becoming very dependent because
some type of “error” between them is going to zero. Convergence in distribution is the type
of convergence that occurs in the Central Limit Theorem (Section 4.7). The relationships
between these five types of convergence are shown diagrammatically in Figure 6.7-3, where
we have used the fact that p-convergence implies convergence in distribution, which is
shown below. Note that even sure convergence may not imply mean square convergence.
This because the integral of the square of the limiting random variable, with respect to the
probability measure, may diverge.

To see that p-convergence implies convergence in distribution, assume that the limiting
random variable X is continuous so that it has a pdf. First we consider the conditional
distribution function

Fxn)x (ylz) = P{X[n] < y|X = z}.

From the definition of p-convergence, it should be clear that

1@y = ar
FX[MIX(ny)_*{U‘,y(x’ as n — o0,
so that
Fxm)x¥lz) = u(y — ), except possibly at the one point y = z,
and hence
+o00
Fxn)(y) = P{X[n] <y} = Fxn)x (yl) fx (z)dz

+co
= [ uy-2)ix@s
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= f-i: fx(z)dz

= Fx(y),

as was to be shown. In the case where the limiting random variable X is not continuous,
we must exercise more care but the result is still true at all points = for which Fx(z) is
continuous. (See Problem 6.43.)

6.8 LAWS OF LARGE NUMBERS

The Laws of Large Numbers have to do with the convergence of a sequence of estimates
of the mean of a random variable. As such they concern the convergence of a random
sequence to a constant. The Weak Laws obtain convergence in probability, while the Strong
Laws yield convergence with probability-1. A version of the Weak Law has already been
demonstrated in Example 4.4-3. We restate it here for convenience.

Theorem 6.8-1 (Weak Law of Large Numbers.) Let X [n] be an independent random
sequence with mean px and variance 0'} defined for n > 1. Define another random
sequence as

px[n] £ 1/n) Y X[k]  forn>1.

Then fx[n] = pz (p) asn—oo. W

Remember, an independent random sequence is one whose terms are all jointly inde-
pendent. Another version of the Weak Law allows the random sequence to be of nonuniform
variance.

Theorem 6.8-2 (Weak Law—nonuniform variance.) Let X[n] be an independent
random sequence with constant mean pux and variance 0% [n] defined for n > 1. Then if

oo
Z(I%;[ir}]/n2 < 00,
n=1

fix[n] > px (p) asn—oco. W

Both of these theorems are also true for convergence with probability-1, in which case
they become Strong Laws. The theorems concerning convergence with probability-1 are
best derived using the concept of a Martingale sequence. By introducing this concept we
can also get another useful result called the Martingale convergence theorem, which is
helpful in estimation and decision/detection theory.

Definition 6.8-1 1A random sequence X [n] defined for n > 0 is called a Martingale
if the conditional expectation

E{X[n)|Xn-1],Xn-2],...,X[0]} =X[n—1] foralln>1. N

tThe material dealing with Martingale sequences can be omitted on a first reading.



