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Abstract

We define a duality between Gaussian multiple-access channels and Gaussian broadcast channels. The dual
channels we consider have the same channel gains and the same noise power at all receivers. We show that the
capacity region of a broadcast channel (both constant and fading) can be written in terms of the capacity region of
the dual multiple-access channel, and vice versa. We can use this result to find the capacity region of the MAC if
the capacity region of only the broadcast channel is known, and vice versa. For fading channels we show duality
under ergodic capacity, but duality also holds for different capacity definitions for fading channels such as outage
capacity and minimum rate capacity. Using duality, many results known for only one of the two channels can be

extended to the dual channel as well.
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I. INTRODUCTION

The Gaussian multiple-access channel (MAC) and the Gaussian broadcast channel (BC) have been
studied extensively over the years, but no relationship between the two channels has previously been
discovered. In this paper we show that the scalar Gaussian MAC and BC are duals of each other and as
a result the capacity regions of the BC and the MAC with the same channel gains (i.e. the channel gain
of receiver j in the BC equals the channel gain of transmitter 5 in the MAC) and the same noise power at
every receiver (i.e. the receiver in the MAC and each receiver in the BC have the same noise power) are
very closely related.

The Gaussian MAC and the Gaussian BC have two fundamental differences. In the MAC, each trans-
mitter has an individual power constraint, whereas in the BC there is only a single power constraint on
the transmitter. In addition, signal and interference come from different transmitters in the MAC and
are therefore multiplied by different channel gains (known as the near-far effect) before being received,
whereas in the BC the entire received signal comes from the same source and therefore has the same
channel gain.

Though the channels differ in some fundamental aspects, there is a striking similarity between the cod-
ing/decoding scheme used to achieve the capacity of the Gaussian MAC and BC. In the MAC, each user
transmits Gaussian codewords which are scaled by the channel and then “added” in the air. Decoding is

done using successive decoding with interference cancellation, in which one user’s codeword is decoded
LA similar duality is established between the multiple-input, multiple-output (MIMO) MAC and BC in [1,2]. This result is
briefly discussed in Section VIII-A
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and then subtracted from the received signal, then the next user is decoded and subtracted out, etc. For
the Gaussian BC, superposition coding is optimal. Superposition coding, which involves superimposing
information for stronger receivers on top of information intended for weaker users, is optimal in general
for degraded broadcast channels, and is therefore optimal for the Gaussian BC which is a degraded broad-
cast channel. In the Gaussian BC, superposition coding simplifies to transmitting the sum of independent
Gaussian codewords (one codeword per user). The receivers also perform successive decoding with in-
terference cancellation, with the caveat that each user can only decode and subtract out the codewords of
users with smaller channel gains than themselves. In both the MAC and BC, the received signal is a sum
of Gaussian codewords and successive decoding with interference cancellation is performed. The simi-
larity in the encoding/decoding process for the Gaussian MAC and BC hints at the relationship between
the channels.

We first show that the capacity region of a K-user Gaussian MAC is a subset of the capacity region of
the dual Gaussian BC with power constraint equal to the sum of the MAC power constraints. This result
holds for a constant (AWGN) or fading channel and is the fundamental relationship between the capacity
regions of the dual channels. Building on this relationship, we derive an expression for the capacity region
of the BC in terms of the dual MAC which shows that the BC capacity region is equal to the union of
dual MAC capacity regions over all power constraint vectors such that their sum is equal to the BC power
constraint. If we let Cgco(P; h) represent the BC capacity region and Cpsac (P4, - - . , Px; h) represent

the MAC capacity region, this can be stated as:

Cpc(P;h) = U Cyvac(Py,... ,Pk;h).
{P}Y: TL, =P
This leads to the conclusion that the uplink (MAC) and downlink (BC) channels differ only due to the
fact that power constraints are placed on each transmitter in the MAC instead of on all transmitters.
We also find an expression for the capacity region of the MAC in terms of the capacity region of
the dual BC which shows that the MAC capacity region is equal to an intersection of dual BC capacity

regions. Using the same notation as above, this can be expressed as:

K J—
Cuac(Py,...,Px;h)= ) Cso (Z ~veih, ... a\/aKhK> -

{a:}E 1 2i>0 i=1
In addition to the constant AWGN channel, we consider flat-fading channels with perfect channel state
information (CSI) at all transmitters and receivers. We show that the duality which holds for constant

channels also holds for ergodic capacity of fading channels. In addition we show that duality holds for
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a number of different capacity definitions, namely outage capacity and minimum rate capacity. Though
the ergodic capacity regions [3] [4] and outage capacity regions [5] [6] of both the MAC and BC have
previously been found, the duality ties these previously independent results together. Minimum rate
capacity has only been found for the BC [7], but using duality we can find the minimum rate capacity
of the MAC as well. It appears to be very challenging to characterize the minimum rate capacity of the
MAC directly because it is a combination of ergodic and zero-outage capacity, but duality provides a
nice way of avoiding this difficulty by using the solution to the dual channel instead. We also consider
frequency-selective channels (channels with inter-symbol interference, or I1SI) and we show that duality
holds for the BC and MAC with ISI as well.

The remainder of this paper is organized as follows. In Section Il we describe the dual Gaussian BC
and MAC. In Section Il we show that the constant Gaussian BC and MAC are duals. In Section IV we
extend the results on constant channels to fading channels and show that the fading BC and MAC are
also duals with respect to ergodic capacity. In Sections V and VI we show duality also holds for outage
and minimum rate capacity, respectively. Frequency-selective channels are examined in Section VII. We

consider some extensions of this duality in Section VI, followed by our conclusions.

Il. SYSTEM MODEL

The notation used in this paper is as follows: Boldface is used to denote vectors. Eyy is used to denote
expectation over the random variable H and lower case h denotes a realization of H. For vectors h and
a, we use ach and ¢ to refer to component-wise multiplication and division. Additionally, inequalities
with respect to vectors are also component-wise.

We consider two different discrete time systems as shown in Fig. 1, where 4 denotes the time index. The
system to the left is a broadcast channel: a one-to-many system, where the transmitter sends independent
information to each receiver by broadcasting signal X ] to K different receivers simultaneously. Each
receiver is assumed to suffer from flat-fading, i.e. the desired signal X[:] is multiplied by a possibly
time-varying channel gain? h;[i] , and white Gaussian noise n;[i] is added to the received signal. We let
h[i] = (hi[i], ... , hk|[i]) denote the vector of channel gains at time :.

The system to the right is a multiple access channel: a many-to-one system, where K independent
transmitters each sends a signal X;[4] to a single receiver. The received signal is the sum of the K

transmitted signals (each scaled by the channel gain) and additive Gaussian noise n|z].
2In general the channel gain may be complex, but assuming perfect phase information at the receivers, without loss of gener-

ality we consider real channel gains only.
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Fig. 1. System Models
Mathematically, the two systems can be described as:
K
BC: Y;[i] = h;[i] X [i] + n;]i] MAC: YT[i] = Y h;li) X;[i] + nli].
j=1

Notice that the noise power of each receiver in the BC and the single receiver in the MAC is equal to o 2.
Also note that the term h;[4] is the channel gain of receiver j in the BC (downlink) and of transmitter j in
the MAC (uplink). We call this BC the dual of the MAC, and vice versa.

We consider two different models in this paper: constant and time-varying channel gains. In the con-
stant channel, the channel gains h;[i] are constant for all 4 and these values are assumed to be known
at all the transmitters and the receivers in the MAC and BC. In the fading channel, the channel gains
(H1[d], ... ,Hg]t]) are a jointly stationary and ergodic random process. The dual fading channels actu-
ally need to only have the same fading distribution (as opposed to having the same instantaneous channel
gains) because the realization of the fading process does not affect the ergodic capacity region. In this
paper we assume perfect CSl at all transmitters and receivers, i.e. that all transmitters and receivers know
h[:] perfectly at time 4.

The dual channels we consider are not only interesting from a conceptual standpoint, but in fact they
also resemble a time-division duplexed (TDD) cellular system quite well. In such a system, the channel
gains on the uplink and downlink are identical, assuming that the channels are not changing too rapidly.
The assumption of equal noise power at all mobiles (i.e. receivers in the MAC) is also quite realistic,

but the noise power at the base station (i.e. the receiver in the BC) may or may not be equal to the noise

DRAFT



power at the mobiles.

I11. DUALITY OF THE CONSTANT MAC AND BC

Before establishing the duality of the constant MAC and BC, we first formally define the capacity

regions of both channels.

A. Capacity Region of the Multiple-Access Channel

From [8], the capacity region of a Gaussian multiple-access channel with channel gains h = (h1, ... , hk)
and power constraints P = (Py, ... , Pg) is
_ 1 1 _
Cuac(P;h) =S R:) R; < glog |1+ EZh]?Pj vSCc{l,...,K} ;. @)
JES jes

The capacity region of the constant MAC is a K-dimensional polyhedron, and successive decoding with
interference cancellation can achieve all corner points of the capacity region [8]. Every decoding order
corresponds to a different corner point of the capacity region, and consequently there are K'! corner points
in the capacity region. Given a decoding order (7 (1), 7(2),... ,w(K)) in which User 7(1) is decoded
first, User =(2) is decoded second, etc., the rates of the corresponding corner point are:
1 hfr P ‘
Ry = 5 log <1 o Zli(j)ﬂ h(;r)(i)?w(i)) ji=1,...,K. 2)

We will use this form of the rates throughout this paper. The capacity region of the MAC is in fact equal to

the convex hull of these K! corner points and other smaller rate points corresponding to the rate equations
in (2) but with the powers of any subset of users set to zero.
B. Capacity Region of the Broadcast Channel

From [8], the capacity region of a Gaussian broadcast channel with channel gains h = (h1,... ,hk)

and power constraint P is

Cpo(P;h) {R R, < 11 <1 i ) =1 K} ®)
BC\L; = vy s S log + J=14..,
2 o2+ h3 Yok, PE1[hy, > hy)

over all power allocations such that Zf: 1 PJB = P. Additionally, any rate vector taking the form of (3)
with equality lies on the boundary of the capacity region.
Any set of rates in the capacity region is achievable by successive decoding with interference cancel-

lation, in which users decode and subtract out signals intended for other users before decoding their own
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signal. To achieve the boundary points of the BC capacity region, the signals are encoded such that the
strongest user can decode all users’ signals, the second strongest user can decode all users’ signals except
for the strongest user’s signal , etc. The “strongest” user refers to the user with the largest channel gain
magnitude, or the largest value of h2.

Though successive decoding can achieve any point in the broadcast channel capacity region, we will
find it convenient to consider rate vectors (some of which may lie in the interior of the capacity region)
achieved by use of “dirty-paper coding” to simplify the MAC-BC duality. As seen in [9], the capacity
region of the broadcast channel is also achievable via “dirty-paper coding”, in which the transmitter
essentially “pre-subtracts” (similar to pre-coding) certain users’ codewords (instead of receivers decoding
and subtracting out other users’ signals). When using this technique, the codeword of the weakest user
is first selected. Then the codeword of the next weakest user is selected, but since the weakest user’s
codeword is already known, it can be pre-subtracted (using dirty paper coding [10] or coding for known
interference techniques [11]) such that the second receiver does not experience any interference from the
signal intended for the weakest user. Using this procedure for all users, it is clear that the strongest user is
the last user to be encoded and his encoding will be done with knowledge of all other users’ codewords.
This allows the codewords of all other users to be pre-subtracted at the transmitter so that the strongest
receiver experiences no interference (similar to the user who is decoded last in successive decoding). This
technique is optimal when the strongest user is encoded last. This optimal strongest-user-last encoding
order for dirty paper coding is the same as the optimal decoding order used in successive decoding. which
is the same order as is used in successive decoding.

The rates achieved by dirty-paper coding (abbreviated as DPC) and successive decoding are identi-
cal when the optimal strongest-user-last encoding/decoding order is used. The two schemes do differ,
however, when sub-optimal decoding/encoding orders are used. Though using a sub-optimal decod-
ing/encoding order is strictly sub-optimal in the sense that the rates achievable are strictly in the interior
of the capacity region, we will find it convenient to consider such points when establishing the duality be-
tween the MAC and BC. Since the signals are “pre-subtracted” at the transmitter when using dirty-paper
coding, any encoding order can be used without changing the structure of the rate equations. With succes-
sive decoding, however, when a sub-optimal decoding order is used it must be ensured that all users who
are supposed to decode and subtract out a certain user’s signal are actually able to do so. This in fact limits
the rates achievable using successive decoding with a sub-optimal decoding order. For this reason, we

will consider the rates achieved by using a sub-optimal encoding order with dirty paper coding (instead of

DRAFT



BC Capacity Region

Suboptimal DPC
Rate Region
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Fig. 2. Capacity region and suboptimal encoding order DPC rate region for BC with h2 > h3.

successive decoding) and we will soon see that these sub-optimal points correspond to boundary points
of the dual MAC capacity region. In Fig. 2, the capacity region of a broadcast channel in which h2 > h2
is shown. The suboptimal region corresponding to the rates achieved under DPC when the weaker of
the two users is encoded last is also shown in the figure. This suboptimal region is seen to be consider-
ably smaller than the actual capacity region, but the reasons for considering such a region will become
clear in Section I11-C. The successive decoding region corresponding to the suboptimal weakest-user-last
decoding order is even smaller than the suboptimal DPC region.

Assuming encoding order (w(1),n(2),...,n(K)) in which the codeword of User «(1) is encoded

first, the rates achieved in the BC are:

1 h2(')PB( )
RE . :—log<1+ ) T i (4)
m(5) ZK

Clearly these rates are achievable and thus are in the BC capacity region. In fact, any rates of the form
of (4) for any encoding order 7(-) and any power allocation such that Efil PB =Pliein Cpc(P;h).
Notice that the rate equations in (4) are almost identical to the rate equations along the boundary of the
capacity region, the only difference being the order of encoding/decoding and the subsequent interfer-
ence at each receiver. Additionally, notice the similarity between the above rate equations and the rate

equations for the successive decoding corner points of the MAC in (2).

C. Subset Relationship between MAC and BC

We now establish the fundamental relationship between the capacity region of the dual MAC and BC.
We later use the ideas of this result to characterize the capacity region of the BC in terms of the dual MAC
capacity region.

Theorem 1: The capacity region of a constant Gaussian MAC with power constraints P = (P4, ... , Pk)
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is a subset of the capacity region of the dual BC with power constraint P =1 - P:
Crmac(P;h) C Cpc(1-Psh). )

Furthermore, the boundaries of the two regions intersect at exactly one point if the channel gains of all K
users are distinct (b7 # h? for all i # j).

Proof: Due to the convexity of the BC capacity region and because the MAC capacity region is
equal to the convex hull of successive decoding points in the form of (2), it suffices to show that every
successive decoding point in the MAC is also in the dual BC capacity region. We will show that every
corner point of the MAC capacity region is achievable in the dual BC using the same sum power and dirty
paper coding (which implies it is also achievable using standard successive decoding) using an encoding
order in the BC which is opposite the decoding order used in the MAC.

Let us consider the successive decoding point of the MAC with power constraints (P, ... , PM)
corresponding to decoding order (m(1),... ,w(K)) for some permutation 7(-) of (1,... , K). The rate

of User () in the MAC at this successive decoding point is

2
RY Liog <1 N ha B 7r(]) )
(g pM :
2 2+ 3 f i=j+1 7r(z) Pl

Assuming that the opposite encoding order is used in the BC (i.e. User 7(1) encoded last, etc.), the rate

of User 7 (5) in the dual BC when powers (PZ, ... , PB) are used is

R - log < + m(j) 7r(]) )
7"(]) 2 j—1;9
0%+ 12y 2t ey Priay

By defining A; and B; as

j—1
_ -2 2 B
Aj ="+ i) D Prlyy Bi=0"+ Z iy Petiy ©)
i:l —]+1

we can rewrite the rates in the MAC and BC as

1 h2 ) Prt 1 hezi) P
RM . = —log <1+ 2T = —log |1+ LT @)
w(7) K .
T2 o2+ isin i(i)P%') 2 B;
1 hw() w() 1 R Prti
Rf.:—log(1+ d:_ T = —log|1+ 2T, (8)
: B
If we define Pw(j) as
A;
B M .
Pﬂ,(]) P(])B J—]_,...,K (9)
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clearly we will have Rf(].) = R%.) for all j. From (9) it is clear that P> > 0 for all users, and in
. K K
Appendix A we show that 3., PM =377 | PP.
We will refer to the mapping described in (9) as the MAC-BC transformation. From the mapping in
(9), itis not clear that the transformations can actually be performed because it seems as if calculating the
broadcast powers depends on other broadcast powers. However, the transformation is indeed constructive

and to compute the BC powers, the transformations must be performed in numerical order, starting with

user 7(1):
2
pB - pM o
) ) o? + ZK hrr(z Prr( )
Py = Pry ot L
™ - ™ o2 K 2
+izs ey Pry
o2+ h2 S K1 pB
B _ M n(K) &i=1 " (i)
Prky = Prix 3 :

g

Notice that Pfil) depends only on the MAC powers, PB 7 (2) depends on the MAC powers and Pfil), etc.
Since this transformation works for any decoding order in the MAC, all successive decoding points
in the MAC are achievable in the dual BC using the same sum power. Thus we get Carac(P;h) C
Cpc(1-P;h).
It only remains to show that the MAC and dual BC capacity region boundaries meet at exactly one
point. Consider the MAC successive decoding point corresponding to the permutation =(.) such that

> h2 for:i = 1,...,K — 1, or decoding in order of decreasing channel gains (i.e. weakest

(e m(i+1
use(r)last). if W)e apply the MAC-BC transformation (9), we will find BC powers (P2, ... ,Pf) such
that ZiK:1 PiB = ZiK:1 PZ.M and the same rates are achieved using the opposite decoding order (i.e.
strongest user last). From the definition of Cgco(P; k), the rate vector is therefore on the boundary of
C’BC(E;K;1 PB; h). Therefore, the MAC and BC boundaries intersect at this point. In fact, if the channel
gains of all K users are distinct, this is the only point where the boundaries of the two regions meet 3. All
other corner points of the MAC capacity region lie strictly in the interior of the dual BC capacity region.
The proof of this is in Appendix B. |

Fig. 3 shows the relationship between the capacity regions of the dual MAC and BC described in
Theorem 1 for a 2-user channel. Notice that the MAC capacity region lies within the dual BC capacity

region and the boundaries of the two capacity regions meet at the corner point of the MAC where the

3If all channel gains are not distinct, then the MAC and BC boundaries will meet along a hyperplane.
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BC Boundary
MAC Boundary

Suboptimal DPC
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Ry

Fig. 3. Capacity regions for a constant MAC and its dual BC with h2 > h2.

weaker user (User 2 in the figure) is decoded last. The suboptimal BC region is also shown here to
illustrate the purpose of considering suboptimal encoding orders in the BC. The corner point of the MAC
capacity region achieved by decoding the stronger user last is exactly equal to the rate vector achieved
in the broadcast channel when using dirty-paper coding with the sub-optimal (weaker user last) encoding
order. This is apparent in the figure because the boundary of the suboptimal BC region coincides exactly
with the second corner point of the MAC capacity region.

If the power constraints (P, ... , Px) were varied but their sum Zf‘;l P; was kept constant, the result
would be a different MAC capacity region that intersects the dual BC boundary at a different point. This
is the main idea behind the characterization of the BC capacity region in terms of the dual MAC capacity

region.

D. Multiple-Access Channel To Broadcast Channel

In this section we show that the capacity region of a Gaussian BC can be characterized in terms of
capacity regions of the dual MAC.
Theorem 2: The capacity region of a constant Gaussian BC with power constraint P is equal to the

union of capacity regions of the dual MAC with power constraints (P4, ... , Px) such that Zle P; = P:

Coe(P;h)= |  Cumac(P;h). (10)
{P: 1.P=P}
Proof: From Theorem 1, we have Cpc(1-P;h) O Carac(P;h), which implies Cgo(P;h) 2

Up. 1.p=p} Cac(P; h). It thus remains to show that this inequality also holds in the opposite direc-
tion, or that Cpc(P; h) C Up: 1.p=p} Cmac(P; h). We will do this by using the transformations in
(9) in the opposite direction to get MAC powers from BC powers (termed the BC-MAC transformation).
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BC Capacity Region

= 7 MAC Capacity Regions

| LN

Fig. 4. Constant BC capacity in terms of the dual MAC

The boundary of the BC capacity region is achieved by successive decoding in order of increasing
channel gains. If 7r(.) is the permutation such that hi(i) > h721-(i+1) fori =1,...,K — 1, then the rate
equations in (8) correspond to the rates on the boundary of the BC capacity region. By using the opposite
decoding order in the MAC (i.e. decoding in order of decreasing channel gains) and by using MAC

powers according to the BC-MAC transformation
B;
M _ pB Pi . K
Prr(j)_P‘n-(j)Ajv .7_1’"-7 (11)

the same rates can be achieved in the BC and MAC using the same sum power (since Zj”i 1 PJM =
Z;‘il PJB by Appendix A). Therefore any point on the boundary of the BC capacity region is in the
capacity region of the dual MAC with power constraints (P4, ... , Px) as defined by the BC-MAC trans-
formation. This implies that any point on the boundary of the BC capacity region lies in Cps ac(P; h) for
some P suchthatl. P = P. [ |

The power transformations introduced in (9) and (11) are the key to establishing the relationship be-
tween the MAC and BC. The transformations show that any rates achievable in the BC are also achievable
in the MAC using the same sum power, and vice versa.

Theorem 2 is illustrated in Fig. 4, where Cprac (P, P — Pi; h, ha) is plotted for different values of
P;. The BC capacity region boundary is shown in bold in the figure. Notice that each MAC capacity
region boundary touches the BC capacity region boundary at a different point.

If we carefully examine the union expression in the characterization of the BC in terms of the dual
MAC in (10), it is easy to see that the union of MAC’s is nothing more than the capacity region of the

MAC with a sum power constraint P = Zfil instead of individual power constraints (P, ... , Pk).
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This is the channel where the transmitters are not allowed to transmit cooperatively (i.e each transmitter
encodes its data independently) but the transmitters are allowed to draw from a common power source
(i.e. the sum of the transmit power is bounded instead of individual bounds on transmit power). Therefore,
Theorem 2 implies that the capacity region of the MAC with sum power constraint P equals the capacity
region of the dual BC with power constraint P.

Though the capacity regions of the sum power constraint uplink (MAC) and downlink (BC) are equiv-
alent, the optimal decoding orders on the downlink and uplink are the opposite of each other. From the
BC-MAC transformations and from Theorem 1, we discover that boundary points of the BC capacity
region are achievable in the MAC using successive decoding in order of decreasing channel gains. In the
BC, it is optimal to give maximum priority to the strongest user, whereas in the sum power MAC, it is
optimal to give priority to the weakest user.

This is easy to understand if we consider a simple two-user MAC where h? > h3. The first user to be
decoded will be at a disadvantage because he will experience interference from the other user. However,
this allows the second user to be decoded without any interference from the first. Therefore, choosing the
correct decoding order is a balance between harming the first user to be decoded and helping the second
user. If the weaker user, User 2 in this example, is decoded first, then total interference seen by User
2 would be noise power plus interference from User 1, or h2P;. Since h? > h3, this interference term
could be very large relative to the signal of User 2, which is only h2P». This could severely limit the rate
of User 2. It would allow User 1 to be decoded without any interference, but since the interference due to
the weaker user is not very strong, there is not much to be gained from decoding the weaker user first. If
instead User 1 was decoded first in the MAC, the interference from User 2 would not be as large relative
to User 1’s signal because h? > h2. Therefore decoding User 1 first would not significantly reduce
the rate of User 1, but it would significantly increase the rate achievable by the weaker user since the
strong interference term will have been removed from the received signal by the time User 2 is decoded.
Therefore it intuitively makes sense to decode stronger users before weaker users when considering uplink
capacity with a sum power constraint.

In the broadcast channel, on the other hand, the strongest user is optimally decoded last because the
strongest user is able to decode all other users’ signals due to the degraded nature of the channel. In other
words, any signal that can be decoded by a user can also be decoded by any stronger user due to the
degraded structure. Therefore, not decoding the strongest user last in the BC is akin to throwing away

information that the strongest user has about signals of weaker users.
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Broadcast Channel Multiple-Access Channel

Fig. 5. Scaled dual channels

E. Broadcast Channel to Multiple Access Channel

In this section we show that the capacity region of the MAC can be characterized in terms of the
capacity region of the dual BC. In order to derive this relationship, we make use of a concept called
channel scaling. Since hf and P; always appear as a product in the constant MAC capacity expressions
(1), we can arbitrarily scale h? by a constant and scale P; by the inverse of the constant and still get the

same capacity region. Specifically,

1 1
Cvmac(P;h) = R:ZRj§§log 1—|—;Zh§Pj VS c{1,...,K}
jES jES

1 1 P;
= : < Zlog |14 — )2 (=L c{1,....K
R ;R]_2og +02j625(,/—a1h]) (aj) vSc{l,... K}

P
= CMAc(E;\/ah) Ya > 0. (12)

The scaled dual channels are shown in Fig. 5. The scaling of the channel and the power constraints
clearly negate each other in the multiple-access channel. However, the dual scaled BC is affected by
channel scaling and the capacity region of the scaled BC is a function of « since channel scaling affects
the power constraint as well as the channel gains of each user relative to all other users.

By applying Theorem 1 to the scaled MAC and the scaled BC, we get Casac(E; /ah) C Cpe(1-E; \/ah)
for all o > 0. Since scaling does not affect the MAC capacity region (12), we find that the unscaled MAC

capacity region is a subset of the scaled BC capacity region for all scalings:
P
Cvmac(P;h) C CBC(I'E§ Vah) Va>0 (13)
and the boundaries of the MAC capacity region and each scaled BC capacity region intersect. In fact,
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Cmac(P;h) and Cpe(1-£; \/ah) intersect at the corner point of the MAC corresponding to decoding
in decreasing order of scaled gains a,-h%, opposite the optimal decoding order of the scaled BC.

In order to characterize the capacity region of the MAC in terms of the BC, we first establish a general
theorem (Theorem 3 below) which characterizes individual transmit power constraint rate regions of
a Gaussian multiple-access channel in terms of sum transmit power constraint rate regions. Since the
capacity region of the K-user constant MAC is a relatively simple K-dimensional polyhedron, it is quite
straightforward using the definitions of the BC and MAC capacity regions to prove that the constant
MAC capacity region can be obtained from the capacity region of its dual BC. However, we present a
more general theorem here which is also applicable to the more challenging fading channel setting. For
the same reasons, our definition below considers a somewhat general notion of a rate region in order to
establish a theorem that can be applied to the capacity region of the constant MAC, the ergodic capacity
region of the flat-fading MAC, the outage and minimum rate capacity regions of the flat-fading MAC,
and the capacity region of the frequency-selective MAC. Before our theorems, we first define the notion
of a rate region and the conditions that the rate regions must satisfy in order for the theorems to hold.

Definition 1: Let a K-dimensional rate vector be written as R = (Ry,... , Rx) where R; is the rate
of transmitter j over a given channel to a receiver. Let P = (P4y,... , Px) be the vector of transmit
power constraints and let &« = (o, ... ,ax) be a vector of scaling constants. We define a rate region
R(P) as a mapping from a power constraint vector P to a set in R’f which satisfies the conditions stated
in Definition 2 below. The a-scaled version of the channel is the channel in which the channel gain from
transmitter 5 to the receiver is scaled by ,/a;. We denote the rate region of the scaled channel as Rq (P).

Definition 2: We consider K-dimensional rate regions R(P) C Rff that satisfy the following condi-
tions:

R(P)=Ra(E)Va>0,P>0.
S = {(R,P)|P € R¥, R € R(P)} is a convex set.

Forall P € R, R(P) is a closed, convex region.

o M w0 npoE

R(P) is monotonically increasing, or Py > P, implies R(P;) 2 R(Pz).

If (R1,...,RK) € R(Py,Ps,...,Pxk), then (0,Ra,... ,Rr) € R(0,Ps,...,Px). This condition
must hold for all K transmitters.

6. If R € R(P), then R’ < R implies R' € R(P).

7. R(P) is unbounded in every direction as P increases, or V3, maxpg eg(p) It = coas P, — oo.

8. R(P) isfinite for all P > 0.
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These conditions on the rate region R(P) are very general and are satisfied by nearly any capacity
region or rate region. Finally, we define the notion of a sum power constraint rate region.

Definition 3: For any scaling a,we define the sum power constraint rate region R ( Psym ) as:

RE™ (Pyum) 2 U Ra(P). (14)
{P| PeRK, 1.P<Psum}
Having established these definitions, we now state a theorem about rate regions and channel scaling.

Theorem 3: Any rate region R(P) satisfying the conditions of Definition 2 is equal to the intersection
over all strictly positive scalings of the sum power constraint rate regions for any strictly positive power
constraint vector P:

_ Qo Reum (15) . (15)
Proof: Appendix D contains the proof of a multi-receiver generalization (Theorem 14) of this result,
but the proof applies to the MAC if we set N, the number of receivers, to 1. |

Applying Theorem 3 to the capacity region of the constant MAC, we can use the fact that the sum
power constraint MAC is equal to the capacity region of the dual BC to characterize the individual power
constraint MAC in terms of the scaled dual BC.

Theorem 4: The capacity region of a constant Gaussian MAC is equal to the intersection of the capacity

regions of the scaled dual BC over all possible channel scalings:

Crac(P;h) = ﬂ Cro(1-— \F h). (16)

Proof: To prove this theorem, we first mvoke Theorem 3 to establish

Cuac(P;h) = () Citao(1 f h). (17)

a>0
In Appendix C we show that the region Carac (P; h) satisfies the conditions of Definition 2, as required

by Theorem 3. By Theorem 2, we have

Cro(ivat) = ) Cuac(P;vah) (18)

for all @ > 0. Due to the fact that Cysac(P;+/ah) is an increasing function of power, we can equiv-
alently write the union over all power vectors that do not exceed the sum power constraint (instead of

meeting the constraint exactly). From Definition 3, we then see that
sum P P
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Fig. 6. Constant MAC capacity in terms of the dual BC

forall o > 0. By substituting Cpc(1-£; \/ah) for C347,(1-2; \/ah) in (17), we get the desired result.
[ |
Theorem 4 is illustrated for a 2-user channel in Fig. 6. Although we consider channel scaling of all K

users in Theorem 3, scaling K — 1 users is sufficient because scaling by a = (a1,... ,ax-1,aK) is

equivalent to scaling by (;’—;{, ... ,"‘g};l ,1). We therefore let aa = 1 and only let «; (denoted by « in
the figure) vary. In the figure we plot CBC(% + Py;\/ahq, he) for arange of values of « > 0. Note that
since the constant MAC region is a pentagon, the BC channel characterized by a = (hs/h1)? and the
limit of the BC channels as o — 0 and a — oo are sufficient to form the pentagon. When o = (ha/h1)?,
the channel gains of both users are the same and the BC capacity region is bounded by a straight line
segment because the capacity region can be achieved by time-sharing between single-user transmission.
This line segment corresponds exactly with the forty-five degree line bounding the MAC capacity region.

As a — 0, the total transmit power % + P, tends to infinity but the channel gain of User 1 goes to zero.
h2Py

o2

These effects negate each other and cause Ry — log(1 + ) and Ry — oo. As a — oo, the total

amount of power converges to P, and the channel gain of User 1 becomes infinite. This causes R1 — oo

h2P,
o2

and Ry — log(1 +

). These two limiting capacity regions bound the vertical and horizontal line
segments, respectively, of the MAC capacity region.

Additionally, by Theorem 1, all scaled BC capacity regions except the channel corresponding to o =
(ha /hl)2 intersect the MAC at exactly one of the two corner points of the MAC region. In fact, all scaled
BC capacity regions with a > (ha/h1)? intersect the MAC at the point where user 2 is decoded last in
the MAC (i.e. upper left corner), and all scaled BC capacity regions with o < (ha/h1)? intersect the

MAC at the corner point where user 1 is decoded last (i.e. lower right corner).
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A general K -user constant MAC capacity region is the intersection of 2% — 1 hyperplanes (each cor-
responding to a different subset of {1,... , K'}). Therefore, in general, only 2% — 1 different scaled BC
capacity regions are needed to get the MAC capacity region®. One of these regions corresponds to « such
that c;h? = ajh]z for all 4, j. The other necessary scalings correspond to limiting capacity regions as one

or more of the components of « are taken to infinity.

IV. DUALITY OF THE FADING MAC AND BC

We now move on to the flat-fading BC and MAC and show that duality holds for the ergodic capacity
regions (subject to an average power constraint) of the dual flat-fading MAC and BC, assuming perfect
channel state information (CSI) at all transmitters and receivers. We will soon see that establishing duality
for the flat-fading MAC and BC is very similar to the process we used for the constant versions of the
channel. We again use the idea of the MAC-BC and BC-MAC transformations, but we have to perform
these transformations on a per fading state basis. Before discussing duality, we first formally define the

ergodic capacity regions of the fading MAC and BC.

A. Ergodic Capacity Region of the Multiple-Access Channel

We define a power policy Pasac over all possible fading states as a function that maps from a joint
fading state h = (hy,... ,hxk) to the transmitted power PJM(h) for each user. Let Faqac denote the
set of all power policies satisfying the K individual average power constraints: Fajac = {Pmac :
Ex[PM(h)] <P; 1<j<K}

From Theorem 2.1 of [4], the ergodic capacity region of the multiple-access channel with perfect CSI

and power constraints P = (P;,... , Pg) is:
Cuac(P;H) = |J  Cuac(Pumaci H) (20)
PrmacE€EFmac
where
Cvac(Pyvac; H) = (21)
1 1
R:Y R;<Em 5 log [ 1+ Fth.P;W(h) VS c{l,...,K}}. (22)
j€S jes

Each power policy Parac corresponds to a pentagon shaped region Carac(Puac; H), similar to the
form of the constant MAC capacity region. By taking the union over all power policies, the ergodic ca-

pacity region is seen to have a curved boundary [4]. The optimal MAC power policies are the policies that

“Theorem 4 can alternatively be derived based on this idea.
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achieve points on the boundary of Cps4c (P4, ... , Px; H) and every point on the boundary is achieved
using a different optimal power policy.

The pentagon Carac(Puac; H) is the capacity region when powers are allocated according to power
policy Parac. The corner points of Carac(Parac; H) correspond to successive decoding with a fixed
decoding order in all fading states. Alternatively, the same power policy can be used but with a different
decoding order in every fading state. Let 75 (.) be the decoding order used in fading state k. In fading
state h, User 7 (1) is decoded first, etc. To denote the place in the decoding order of User k we use the

notation rr;, ' (k). Then the rates

are also in Carac(Parac; H) for any decoding order function 7y, where the instantaneous rates R;.Vf(h, PM(h),m(h))

are defined as®

1 h2PM ()
R;M(h,PM(h),ﬂ'(h)) =3 log | 1+ ?J

=1,... ,K. (24)
M 2 M v J L
o? + Zk:r,jl(j)ﬂ h""h(k)Pﬂ'h(k) (R)

The fact that these rate vectors are in Carac (Parac; H) can be verified by noticing that the inequalities
in the definition of Car ac(Parac; H) are satisfied in every fading state (because the “rates” in each fading

state are defined by these inequalities). Equivalently,

1 1
> R} (h,PM(h),n(h)) < Slog [ 1+ ?th-PjM(h) VS c{l,...,K}, Vh (25
JES jes

and therefore the inequalities are satisfied with the expectation over H as in (21). If 7y is constant for all
fading states, then the rates in (23) correspond to one of the K! corner points of Caprac(Pumac; H). If
g, IS not constant for all fading states, then the rates in (23) lie in the convex hull of the K! corner points.

Due to the convexity of Carac(Paurac; H) and from the definition of Casac(P; H), we see that
Cuac(P; H) is equal to the convex hull of all rate vectors in the form of (23) over all power policies
satisfying the power constraints and all fixed decoding order functions. The convex hull operation (i.e.
time-sharing) is not needed between different power policies [4], but it may be needed between different
fixed decoding orders and the same power policy to achieve points on the boundary of Cas ac(Parac; H)

for some specific power policy®. We have also verified that the rates corresponding to non-fixed decoding
Though the idea of instantaneous rates are not needed to define ergodic capacity, they are introduced for simplicity of notation

and will be explicitly used in later sections on outage and minimum rate capacity.
5Time-sharing between different fixed decoding orders is only necessary when there is a non-zero probability of the fading

gains of two users being equal [4].
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order functions also lie in the capacity region, which will be of use to us later when establishing duality.

B. Ergodic Capacity Region of the Broadcast Channel

We define a power policy Ppc over all possible fading states as a function over all joint fading
states that maps from a joint fading state b = (h1,... ,hx) to the transmitted power PJB (h) for each
user. Let Fpc denote the set of all power policies satisfying the average power constraint: Fgo =
{Psc : B[y )~y PP(h)] < P}. Here the expectation is taken over the joint fading distribution
H = (Hy,...,Hg). From Theorem 1 of [3], the ergodic capacity region of the BC with perfect CSI

and power constraint P is the union over all power policies in Fpc:

Cao(P;H)= |J Csc(Pao;H) (26)
PecEFBC
where
Cho(Poci H) =  R: R; <Epr | “log [1+ nF(h) (27)
; = 1y < —lo >
BOU"BO I 2 R K PR > B2
j=1,...,K}.

The optimal power policies are the policies that achieve points on the boundary of Czc (P; H) and every
boundary point of Cgc(P; H) is achieved using a different optimal power policy.

Successive decoding can be used in each fading state to achieve any point in the ergodic capacity region.
Though the optimal decoding order in the BC is strongest user last (i.e. the strongest user decodes and
subtracts out all other signals before decoding his own) in every fading state, a different (and sub-optimal)
encoding order can be used in combination with dirty paper coding in each fading state as described for
the constant channel in (4). We consider sub-optimal encoding orders because any decoding order is
possible in the MAC (since there is no single decoding order which is always optimal for the MAC, as
there is for the BC) and allowing for any encoding order in the dual BC helps in establishing the duality
between the MAC and BC. Let 7, (.) be the encoding order used in fading state k. In fading state h, User
(1) is encoded first, etc. We use the inverse notation 7, ' (k) (i.e. 7 (m7, ' (k)) = k) to denote the place

in the encoding order of User k. Then the rates
R; <Eg [R}(h,PP(h),x(h)], j=1,... K (28)

are achievable using power policy PjB (h) and thus are in Cpc(P; H) where the instantaneous rates
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B B :
R} (h, P®(h),n(h)) are defined as

2pB
h2PF (h)
K
2+ 1 Yt ()41 Py ()

R} (h, PP(h),(h)) = %log (1+ ) , j=1,....,K. (29

This can easily be seen by the following: By keeping the sum power in each fading state constant but
reallocating the power between the users and performing successive decoding with the optimum decoding
order in each state, the same instantaneous rates can be achieved (and possibly strictly exceeded) for every
user in each fading state. Therefore it follows that the same average rates can also be achieved by use of
successive decoding and some different power policy in the form of (27).

If the encoding order function in each state goes from the weakest to strongest user (i.e. if the encoding
order function satisfies the condition that 7, ' (i) > 7}, (k) implies A2 > h2 for all fading states and all
1, k,) then the encoding order is optimal. Therefore the optimal rates defined in (27) can also be expressed

in the form of the capacity definition in (28).

C. Subset Relationship of the Fading MAC and BC

We now show that the ergodic capacity region of the MAC lies within the ergodic capacity region of
the dual BC.
Theorem 5: The ergodic capacity region of a flat-fading Gaussian MAC with power constraints P =

(Py,..., Pg) isasubset of the ergodic capacity region of the dual BC with power constraint P = 1. P:

CMAc(ﬁ; H)C CBC(I-ﬁ; H). (30)
Proof: The main idea of this proof is to show that for every MAC power policy there is an equivalent
BC power policy derived by using the MAC-BC transformation in every fading state. Any boundary point

of Carac(P; H) is achievable by time-sharing between rate points of the form of (23):

R =E 1 log |1+ ME ) ji=1...,K. (31
j _ H + K 2 M = gy .
2 0%+ DGy e1 Pty Py ()

Let us first consider points in the MAC that are achieved without time-sharing, or rates of the form

of (31) for some power policy satisfying the power constraints and decoding order function. We wish
to show that this same rate is achievable in the dual BC using the same sum power. By applying the
MAC-BC transformation in each fading state, we can find a BC power policy with the same sum power
and a decoding order function (which will be opposite the MAC decoding order function) such that the

“instantaneous” rates in the form of (28) of every user are the same as in the MAC.
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Fig. 7. Capacity regions for the dual fading MAC and BC

If power policy PJM(h) and decoding order function 7, (.) are used in the MAC, then the instantaneous

rates Rj-”(h, PM(h),n(h)) defined in (23) can be achieved. If we define a BC power policy by

Aj(h,7g) .
B _ DM ) .
Py iy(h) = P )7B;(h77rh), j=1,...,K (32)

for all fading states h, then by our earlier results on the duality of the constant BC and MAC in Section 11
the same instantaneous rates can be achieved in the BC using the decoding order opposite of w4 (.) in every
fading state. Of course, this implies that the same average rates are achievable in the BC. Additionally,
the power policies will use the same sum power in each fading state, and therefore the same average sum
power, or Egy [Zle PJM(h)] =Eg [Ele PJB(h)]. Thus we see that for any power policy in the MAC,
there is a power policy in the BC with the same sum power that achieves the same average rates.

If we consider more general rate vectors in the MAC that are achieved by time-sharing between dif-
ferent power policies and decoding orders, we can find a dual BC power policy for each power policy
used in the MAC. The dual BC power policy will achieve the same instantaneous and average rates as
the MAC power policy, and time-sharing can also be performed in the BC to achieve the same overall
average rates as in the MAC. This completes the proof. |

We conjecture that the boundaries of the ergodic capacity region of the MAC and of the dual BC meet
at one point, as they do for the constant channel case (Theorem 1). We are able to show this for the K = 2
case, but not for arbitrary K. This point is further discussed in Section IV-F.

Fig. 7 illustrates the subset relationship established in Theorem 5 for the ergodic capacity regions of
the dual flat-fading MAC and BC for a 2-user channel. Due to the fading, the ergodic capacity region of
the MAC is bounded by straight line segments connected by a curved section as opposed to the pentagon-
like capacity region of the constant MAC. The BC and MAC intersect in the curved portion of the MAC

boundary.
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D. Multiple-Access Channel To Broadcast Channel

We now characterize the ergodic capacity region of the BC in terms of the dual MAC.

Theorem 6: The ergodic capacity region of a fading Gaussian BC with power constraint P is equal to
the union of ergodic capacity regions of the dual MAC with power constraints (Pi, ... , Px) such that
1.P =P:

Co(PiH) = | ] Cumac(P;H). (33)

1.P=P
Proof: We have already seen that Casac(P; H) C Cpc/(1-P; H) for all power constraints P. This

implies ;. p—p Crmac(P; H) C Cpe(P; H). Therefore it only remains to show that Cpc(P; H) is a
subset of the union of dual MAC capacity regions.
Any point in Cpc(P; H) is achievable by rates of the form:
2pB
hi Py (h)
2 2 K B
02+ 15 3 k= ()41 Py ()

for some power policy and the optimal decoding order function (i.e. strongest user last). For any BC

, j=1,... K (34)

1
R]'SEH ilog 1+

power policy, we can find a MAC power policy using the BC-MAC transformation and the opposite
decoding order (i.e. weakest user last) that achieves the same instantaneous rates (and average rates) as
in the BC, and that uses the same sum power. In other words, we can find a MAC power policy P]M(h)
that achieves the same rates as the BC such that Eg [Z;il PJM(h)] = Egyg [Zle PJB(h)]. If we let
P =FEg [PJM(h)] for all j, then this rate vector lies in Carac (P; H). Since this is true for any point in
Cpc(P; H), we get Cpo(P; H) C Uy 55 Cmac(P; H). [ |

Fig. 8(a) illustrates Theorem 6. As we saw for constant channels, we find that the ergodic capacity
region of the MAC with a sum power constraint P equals the ergodic capacity region of the dual BC with

power constraint P.

E. Broadcast Channel to Multiple Access Channel

In order to characterize the ergodic capacity region of the MAC in terms of the dual BC, we use channel
scaling again. Channel scaling by the factor /a for fading channels refers to the ergodic capacity of a
channel with power constraints 5 and the fading distribution defined as H = vaH. Itis easy to verify
that the channel scaling relationship in (13) also holds for fading channels, or that Cprac(P; H) =
Cvac(E;y/aH) for all a > 0. Combining this result with Theorem 5, we get Cprac(P; H) C
CBc(l-g; vaH) Ya > 0. Using Theorem 3, we can find an expression for the ergodic capacity region

of the MAC in terms of the dual BC.
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Fig. 8. Duality of the fading MAC and BC

Theorem 7: The ergodic capacity region of a fading MAC is equal to the intersection of the ergodic

capacity regions of the dual BC over all scalings:

Crrac(PiH) = () Coe(1-: yaH) (3)

Proof: The proof of this is identical to the p%?)? for the constant channel version of this in Theorem

4. The fact that the ergodic capacity region of the MAC satisfies the conditions of Theorem 3 can be
verified using the arguments used for the constant MAC capacity region in Appendix C. See Section IV-F
for a discussion of Theorem 3 as applied to ergodic capacity. |
Theorem 7 is illustrated in Figure 8(b). The MAC ergodic capacity region cannot be characterized by

a finite number of BC regions as it was for the constant MAC capacity region in Section I1I-E. The BC
capacity regions where ¢ — 0 and oo — oo still limit the vertical and horizontal line segments of the
MAC ergodic capacity region. The curved section of the MAC boundary, however, is intersected by many

different scaled BC ergodic capacity regions.

F. Convex Optimization Interpretation

If we consider the boundary points of Casac(P; H) from a convex optimization viewpoint, we can
gain some additional insight into the MAC-BC duality. In fact, the proof of Theorem 3 in Appendix
D is based on convex optimization. Since the region Cyr4c(P; H) is closed and convex, we can fully

characterize the region by the following convex maximization:

max pw-R suchthat: P <P (36)
ReCprac(P;H)
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over all non-negative priority vectors u = (u1,... ,ux) such that - 1 = 1. In [4] it is shown that
a rate vector is on the boundary surface of Cysac(P; H) if and only if it is the solution to the above
maximization for some . The optimization in (36) is shown in Figure 9 for a 2-user MAC capacity
region.

Since (36) is a convex problem, we know that the solution to the original optimization also max-
imizes the Lagrangian function u - R + Zfil X\i(P; — P;) for the optimal Lagrangian multipliers
A* = (A},...,A%). The optimal Lagrange multipliers A* can be interpreted as the power prices of
the K users, or alternatively A} is the sensitivity of the function p - R to a change in the power constraint
P;. For each non-negative priority vector u, there exists an optimum Lagrange multiplier X*. If for
some p we have \] = A\j = --- = A}, then each power constraint is equally “hard”. In other words,
each power constraint is equally restrictive, which implies that the solution is sum-power optimal in the
sense that having individual power constraints (Py,... , Px) is no more restrictive than having a sum
power constraint Zfil P;. Therefore, the maximum value of u - R in the sum power constraint MAC
capacity region and in the individual power constraint MAC capacity region are equal for any w such that
the optimal Lagrangian multipliers are all equal. Since the capacity regions of the sum power constraint
MAC and the dual BC are equivalent as established in Theorem 6, this implies that the boundaries of
the MAC (with individual power constraints) and the dual BC touch at any point on the MAC boundary
where A\] = A\j = --- = X%. Therefore, verifying that the MAC and BC capacity region boundaries
touch at least one once (as conjectured in Section 1V-D) is equivalent to showing that for some u, the
optimal Lagrangian multipliers are all equal.

The optimal Lagrange multipliers are also the key to establishing that the capacity region of the MAC
is equal to the intersection of all dual scaled BC capacity regions. The important observation to make
with regards to channel scaling is that if A* is the optimal Lagrange multiplier for some priority vector p
for the unscaled MAC, then )‘E is the optimal Lagrange multiplier for the MAC scaled by «. Therefore
we can scale the channel appropriately so that 2— are equal for all 4, which implies that the point is on the
boundaries of both the individual and sum power constraint MAC’s. Using this method, every point on
the boundary of Casac(P; H) can be shown to be on the boundary of the sum power MAC (and therefore
of the dual BC) for some scaling. The proof of Theorem 3 in Appendix D is based on this idea.

If we examine the points where the MAC and BC capacity region boundaries touch, we find that there
is also a fundamental relationship between the power policies used to achieve these points. The optimal

power policies (i.e. boundary achieving power policies) for the fading MAC and BC are established in
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[4] and [3] respectively. Given a priority vector g, it is possible to find the optimal power policy which
maximizes i - R in both the MAC and the BC. Due to the duality of these channels, it comes as no
surprise that the optimal power policies derived independently for the BC and MAC are related by the
MAC-BC (9) and BC-MAC (11) transformations at the points where the BC and MAC capacity region
boundaries touch. It is quite straightforward to verify that the optimal MAC power policies can be found

from knowledge of the optimal BC power policies, and vice-versa.

G. Decoding Order

The duality of the flat-fading MAC and BC leads to some interesting observations about the optimum
decoding order in the BC. By the power transformations, any point on the boundary of the BC ergodic
capacity region is also on the boundary of the MAC ergodic capacity region for some set of power con-
straints whose sum equals the BC power constraint. Additionally, it is easy to show from the proof of
Theorem 3 that the MAC and BC ergodic capacity regions are “tangential” at the point where the bound-
aries touch in the sense that the weighted rate sum p - R at the intersection point is equal to the maximum
of - RinCarac(P; H) and in Cpe(P; H) for the same p.

From results on the ergodic capacity region of the MAC [4,12], it is known to be optimal to decode
users in order of increasing priority. In other words, in order to maximize p1 Ry + poRo With uy > o,
user 1 should be decoded last in the MAC in all fading states. Therefore, a fixed decoding order in all
fading states is optimal for the MAC. Suppose we consider a point on the boundary of the BC capacity
region which is also a boundary point of a dual MAC capacity region at the point where pu1 Ry + p2Ro
is maximized in the MAC with p; > pe. Then the optimum decoding order in the MAC to achieve
this point will decode user 1 last in every fading state. By the BC-MAC transformation, we can find a
BC power policy that achieves the same point. Curiously, the transformation tells us that the decoding

order should be reversed in the BC, or that user 1 should always be decoded first in the BC and user 2
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should always be decoded last. Therefore, by the transformations, we see that boundary points can be
achieved in the BC by decoding in order of decreasing priority. From basis results on the BC, however, it
is known that the strongest user should always be decoded last in the BC. This apparent inconsistency is
resolved by the fact that in optimal BC power policies only one of the two users transmits (which means
decoding order is irrelevant) in fading states in which this inconsistency arises. In other words, if user 1
has a stronger channel than user 2, then only user 1 receives data in the BC. Otherwise, we would have
an inconsistency with regards to the decoding order.

In summary, we have established that in the MAC it is optimal to decode users in order of increasing

priority, while in the BC it is optimal to decode users in order of decreasing priority.

H. Symmetric Channels

While duality holds for any joint fading distribution, we can make some particularly powerful state-
ments with regards to symmetric fading distributions. If the joint fading distribution is symmetric and all
K transmitters in the MAC have the same power constraint, then the optimal Lagrange multipliers corre-
sponding to the sum rate capacity of the MAC (the maximum of - Rwhere yy = po = -+ = ug = %)
are all equal by a symmetry argument. As discussed in Section IV-F, this implies that the unscaled MAC
and the unscaled BC (i.e. a = 1) ergodic capacity regions meet at the maximum sum rate point of their
capacities. In this scenario the optimal power policies in the dual channels are identical, since only the
user with the largest fading gain transmits in each fading state [3] [4]. The uplink is generally assumed
to be a more challenging transmission medium than the downlink in cellular-type systems, but this result
indicates that they are theoretically equivalent when the channel is symmetric.

For arbitrary non-symmetric fading distributions (even with symmetric power constraints), this fact is
not generally true. For an arbitrary fading distribution, the boundaries of the dual channels may meet at
a point where p - R is maximized for unequal values of g or possibly may not meet at all (for K > 2).
By the convexity of the BC and MAC capacity regions, either situation would imply that the sum rate

capacity of the uplink is smaller than the sum rate capacity of the downlink.

V. DUALITY OF OUTAGE CAPACITY

In this section we show that duality holds for outage capacity in addition to ergodic capacity. The
outage capacity region (denoted C$¥, (P, P°“t; H) and C%4 (P, P°“t; H)) is defined as the set of
rates that can be maintained for user j for a fraction P]f’“t of the time, or in all but P;’“t of the fading

states [5, 6]. Outage capacity is concerned with situations in which each user (in either the BC or MAC)
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desires a constant rate a certain percentage of the time. The zero-outage capacity [5,13]” is a special case
of outage capacity where a constant rate must be maintained in all fading states, or where P°%t = (.

There are two different notions of outage: common outage and individual outage. In common outage,
an outage is declared for all users simultaneously, so all transmission is stopped at certain times. With
individual outage, outages need not be declared simultaneously so users are allowed to declare outages
individually. We will state theorems for the more general individual outage scenario, but it is easy to see
that all theorems extend to common outage as well. In [5, 6] it is shown that superposition coding with
successive decoding achieves the outage capacity of the BC and successive decoding achieves the outage
capacity of the MAC. Due to this fact, we can use the BC-MAC and the MAC-BC power transformations
with outage capacity.

Any rate vector in the outage capacity region of the MAC or BC is achievable via some power policy
and decoding order function. With outage, we are concerned with the instantaneous rates achieved in
every fading state as opposed to the ergodic capacity region where we were concerned with the average
rates. For any power policy, the instantaneous rates in a fading state are a direct function of the power
allocated to each user in that specific fading state. By the BC-to-MAC and MAC-to-BC transformations,
we know that for any BC power policy, we can find a MAC power policy such that the same instantaneous
rates are achieved for all users in every fading state. This implies that the outage states (i.e. states where
the rates of certain users are zero) are also preserved by the transformation because no power is allocated
to users when they are in outage. We thus get the following theorem.

Theorem 8: For a fading Gaussian BC and the dual MAC, the outage capacity region of the MAC is a

subset of the outage capacity region of the BC for any outage vector P°ut:

C3t (P, PP H) C C34(1- P, P*", H) . (37)

Proof: A rate vector R is in the MAC outage region C$y% (P, P°“%; H) if and only if there

exists a power policy satisfying power constraints P and decoding order function w(h) (or a gener-

alized time-sharing strategy® between multiple power policies and decoding order functions) such that
Pr(RM(h, PM(h),n(h)) < R;] < P for all j [6].

Similarly, a rate vector R is in the BC outage region Cf;g(ﬁ, Pout, H) if and only if there exists a

power policy satisfying power constraint P and decoding order function 7 (k) (or a generalized time-share

" Zero-outage capacity is referred to as delay-limited capacity in [13].
8Here time-sharing represents a more generalized notion of time-sharing in each fading state as opposed to time-sharing

between two different power policies that are defined for all fading states. See [5] [6] for more details.
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strategy between multiple power policies and decoding order functions) such that Pr[RJB(h, PB(h),n(h)) <
R;] < Pg“ for all j [S].

Using the MAC-to-BC power transformation, for any MAC power policy PM (h) and decoding order
function 7 (h), there exists a BC power policy P (h) such that

RY(h, PY(h),n(h)) = R} (h, PP(h),7*(h)), j=1,...,K, (38)

where 7* (k) is opposite «(h) in every fading state and Eg [}, PM (k)] = Eg[Y 1, PP (h)]. Since
the instantaneous rates of every user are preserved by the transformations, the outage constraints will
also be satisfied in the BC. Rate vectors in the MAC outage region achievable by time-sharing between
multiple power policies and decoding order functions can be achieved in the dual BC by finding the
transformed BC power policy/decoding order function pair for each pair in the MAC and then time-
sharing between these policies. Therefore any rate vector in the MAC outage capacity region must also
be in the dual BC outage capacity region with the same outage constraint. |

As expected, we also find that the BC outage capacity region is equal to the union of the dual MAC
outage capacity regions over all MAC’s with the same sum power constraint.

Theorem 9: The outage capacity region of a constant Gaussian BC with power constraint P and outage
constraint P°%t is equal to the union of outage capacity regions of the dual MAC with outage constraint

P°¥t and power constraints (P, ... , Pg) such that Z;; P;=P:

CE&(P, P H)= |J Ciftho(P, P H). (39)
{P: 1.P=P}
Proof: This theorem follows in a straightforward manner from the BC-MAC and MAC-BC trans-

formations. For any MAC power policy, we can find a BC power policy using the same sum power which
achieves the same instantaneous rates in each fading state. Similarly, for any BC power policy we can
find an equivalent MAC power policy. |

Theorem 9 characterizes the outage capacity of the BC in terms of the outage capacity of the dual
MAC. We can also characterize the outage capacity of the MAC in terms of the outage capacity of the
scaled BC.

Theorem 10: The outage capacity region of a fading MAC channel is equal to the intersection of the
outage capacity regions of the scaled dual BC over all scalings:

P
Cifac(P, P H) = (1] CE&(1-—, P*; aH) (40)

a>0
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Proof: Using the arguments of Appendix C, we see that Theorem 3 can be applied. Thus the proof
follows that of Theorem 4. |
Though the outage capacity region has been characterized for both the BC and MAC [5, 6], the MAC
region can be quite difficult to find numerically. Duality, however, allows the region to easily be found
numerically via the dual BC outage capacity region.

As mentioned earlier, outage capacity with common outage also adheres to Theorems 8, 9, and 10. The

proofs of these theorems are identical to the proofs for independent outage.

VI. DUALITY OF MINIMUM RATE CAPACITY

Minimum rate capacity was first introduced for the fading broadcast channel in [7]. In this section we
will establish the duality of the minimum rate capacity regions of the MAC and BC and use this duality
to find the previously unknown minimum rate capacity region of the MAC.

In minimum rate capacity, long-term average rates are maximized subject to an average power con-
straint and an additional constraint that requires the instantaneous rates of all users to meet or exceed
the defined minimum rates in all fading states. Minimum rate capacity is essentially a combination of
zero-outage capacity (minimum rates are maintained in all fading states) and ergodic capacity (long-term
average rates in excess of the minimum rates are maximized).

The minimum rate capacity is thus defined as the maximum ergodic capacity that can be obtained while
ensuring that a set of minimum rates R* = (R3,... , R} ) is maintained for all users in all fading states.
The minimum rate capacity of a fading broadcast channel with power constraint P and minimum rate

vector R* = (Ry, ... , Rk) is formally defined as [7, Theorem 1]:

cprP,R*) =4 |J Coe®)p [ {R>R"} (41)
PeFye

where Fj is the set of power policies satisfying the power constraint and the minimum rate constraints:

K
Fio ={Psc : Eu[>_ P (h)] < P and R} (h, P?(h),n(h)) > R} Vj, h} (42)
Jj=1

with (k) assumed to be the strongest-user-last decoding order in each fading state and Cpc(P) as
defined in (27). Since Cpc(P) extends from the corresponding optimal rate vector to the origin (i.e.
below the minimum rates), the intersection with the set { R > R*} is necessary to ensure that the average
rates are larger than the minimum rates. From this definition of the minimum rate capacity region, it is

easy to see that a rate vector R is in the minimum rate capacity region ng‘(?, R*; H) if and only if
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there exists a power policy that satisfies the power constraint P and the minimum rate constraints in every
fading state, such that R; < Eg [R]B(h, PB(h), w(h))] (where (k) is again assumed to be the optimal
decoding order) for all K users.

Clearly the minimum rate vector R* must be in the zero-outage capacity of the channel C%4 (P,0; H)
for the minimum rates to be achievable in all fading states®. Additionally, every minimum rate vector R*
defines a different minimum rate capacity region.

We can similarly define the minimum rate capacity region of a fading multiple-access channel as
the maximum ergodic capacity that can be obtained while ensuring that a set of minimum rates R* =

(R3, ..., Rj) are maintained for all users in all fading states. Formally, this becomes

cpin.(P,R*) = U  CumacP.x(h); () {R>R*} (43)
m(h), PEF )\ ac

where F 4 is defined analogous to Fp but Caprac(P,w(h) is taken to be the rectangular region
{R; < Eg [R;W(h,PM(h),w(h))] j =1,...,K} instead of the standard pentagon region defined
in Section IV-A. Notice that for the MAC we must also take the union over all decoding order func-
tions because it is not clear what the optimum decoding order should be in each fading state. As with
the minimum rate capacity region of the BC, it is clear that a rate vector R is in the minimum rate
capacity region }(};}{C(ﬁ, R*) if and only if there exists a power policy and decoding order function
that satisfy the power constraint P and the minimum rate constraints in every fading state, such that
R; < Eg [Rj.w (h, PM(R), x(R))| for all K users.

With this definition of the BC and MAC minimum rate capacity regions, it is easy to see that the min-
imum rate capacity regions are duals as well because the MAC-to-BC and BC-to-MAC transformations
preserve instantaneous rates. If a BC power policy satisfies the minimum rates in all fading states, then
the transformed MAC power policy will correspond to the same instantaneous rates and thus will satisfy
the minimum rates in all fading states. This statement clearly holds when going from a MAC power
policy to a BC power policy. We thus get the following two theorems, proofs of which are identical to the
proofs of Theorems 8 and 9.

Theorem 11: For a fading Gaussian BC and the dual MAC, the minimum rate capacity region of the

MAC is a subset of the minimum rate capacity region of the BC:

crin.(P,R* H) C Cp(1-P,R*; H) (44)

9This implies that the minimum rate capacity region is non-zero only for fading distributions with non-zero zero-outage

capacity regions.
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Fig. 10. MAC Minimum Rate (200 Kbps Min Rate), Ergodic, and Zero-Outage Capacity Regions
Theorem 12: The minimum rate capacity region of a fading Gaussian BC is given by:

CE&(P,R*H)= |J Ciiic(P,R* H). (45)
{P:1.P=P}
The most interesting application of duality to minimum rate capacity is characterizing the minimum

rate capacity region of the MAC via the dual BC. Directly finding the minimum rate capacity of the MAC
appears to be quite difficult, but duality allows us to do so directly from the dual BC.

Theorem 13: The minimum rate capacity region of a fading Gaussian MAC is given by:

CRifc(P, R H) = () CRE (1, R*; VaH), (46)
Proof: If we consider the MAC and BC micr:i>n(%um rate capacity regions as defined in (43) and (41)
without the intersection with the region { R > R*} so that the regions extend to the origin, then Theorem
3 can be applied (using the arguments of Appendix C). By using Theorem 12 and then performing the
intersection operation we get the desired result. |
The MAC minimum rate capacity region for a discrete fading distribution channel is plotted in Figure
10. In the figure, the MAC ergodic, zero-outage, and minimum rate capacity regions are all shown.
The corresponding dual BC capacity regions (ergodic, zero-outage, and minimum rate) are shown by the
dotted lines. The minimum rate capacity region is shown for symmetric minimum rates of 200 Kbps for
each user. In the figure, all three MAC capacity regions were calculated using duality, i.e. by taking the
intersection of scaled BC capacity regions. However, we show only the unscaled BC capacity regions in
the plot for simplicity.

Much of the intuition which applies to the BC minimum rate capacity region [7] also appears to extend
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to the MAC minimum rate capacity region. The MAC minimum rate capacity region lies between the
zero-outage and ergodic capacity regions because minimum rate capacity is a combination of zero-outage
and ergodic capacity. This also occurs for the BC minimum rate capacity region.

Notice that Theorems 12 and 13 are consistent with our results on the zero outage capacity of the
dual BC and MAC. By Theorem 9 we know that for any R* € C%4 (P H) there is a set of power
constraints P such that R* € C3y%,(P,0; H). Without this Theorem 12 would not be valid for all
R* € CZ4(P,0; H). In addition, by Theorem 10 we know that any R* € C$%, (P, 0; H) is also in
Cg4(1- ,0; vaH)Ya > 0. This result is necessary for Theorem 13 to be valid.

VIl. FREQUENCY SELECTIVE CHANNELS

Duality can also be shown to hold for frequency selective (I1SI) channels. We consider broadcast and
multiple-access channels with time-invariant, finite-length impulse responses and additive Gaussian noise

[14] [15]. The model we consider is:

BC: Y= kIX[i — k] +n;li] = Ryl %2l +nil] j=1,....K

™~ IML"
M) =

K
MAC: Yi] ZZ KXl — k] +nli] =

1 k=0 j=1

hjli] * z5[i]) + nfi]

where the finite-length impulse response of Receiver j in the BC and Transmitter 5 in the dual MAC is
{h;[i]}E . Here we assume that L is the maximum finite impulse response duration over all K channels.
Additionally, we assume the noise at each receiver to be stationary Gaussian noise with power o2 and no
correlation in time (i.e. white noise)*°.

The capacity region of the two-user broadcast channel with ISI is stated in [15, Equations 32-24] and
the capacity region of the two-user MAC with IS is stated in [14, Equation 9] 1. These definitions are
analogous to those given in (26) and (27) for the flat-fading BC and (20) and (21) for the flat-fading
MAC, with the exception that power policies for the frequency-selective channel are given with respect
to frequency (w) instead of the fading state (h).

By using the MAC-to-BC and BC-to-MAC transformations for each frequency (instead of for each
fading state), we see that the duality results developed in Section IV for the flat-fading MAC and BC

10Colored noise can be absorbed into the channel gain spectrum.
Hnterestingly, the authors of [14] used the concept of channel scaling in order to find the optimal power allocation policy of

the frequency-selective MAC. This turns out to be the same channel scaling which is used to characterize the MAC in terms of

the dual BC.
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also hold for the frequency-selective BC and MAC. In other words, the MAC capacity region with power
constraint P is a subset of the dual BC capacity region with power constraint 1- P (analogous to Theorem
5) and the BC capacity region with power constraint P is equal to the union of dual MAC capacity regions
over all power constraints P such that 1 - P = P (analogous to Theorem 6). Since the MAC capacity
region is closed and convex [14] and because it satisfies the channel scaling relationship defined in (12),
the MAC capacity region with ISl is equal to the intersection of the dual BC capacity region over all
possible scalings (analogous to Theorem 7). For the ISI channel, channel scaling by the factor /c refers

to multiplying impulse response h;[4] by the constant , /c;.

VIIl. EXTENSIONS

The focus of this paper has been to characterize the duality of the scalar Gaussian multiple-access and
broadcast channels. There are, however, many possible directions in which this notion of duality may
be extended. In this section we discuss a few possibilities for such extensions. It appears there are two
main directions in which duality may apply: a more general set of Gaussian channels, and non-Gaussian

channels.

A. Multiple-Antenna MAC and BC

In this paper we have focused on the scalar Gaussian MAC and BC, but the multiple-antenna (multiple-
input, multiple-output or MIMO) versions of the Gaussian MAC and BC are also of great interest. In a
related paper, we show that the multiple-input, multiple-output (MIMO) Gaussian BC and MAC are duals
[1]. Since the MIMO BC is a non-degraded broadcast channel, its capacity region is not known. However,
an achievable region for the MIMO BC based on dirty-paper coding [10] [16] is known. Additionally,
the capacity region of the MIMO MAC is known [17] [18] [19]. In [1] it is shown that the capacity
region of the MIMO MAC and the dirty-paper achievable region of the BC are duals, or that the MIMO
BC achievable region is equal to the union of the dual MIMO MAC capacity regions and the MIMO
MAC capacity region is equal to the intersection of the scaled MIMO BC achievable regions. The duality
between the dirty paper region and the MIMO MAC seems to indicate that the dirty paper region is
actually the capacity region of the MIMO, but the dirty paper region is known to be optimal only at the

sum rate point and the optimality of the full region is still an open question.
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X —> RX
RX =— TX

Fig. 11. Multi-Terminal Gaussian Network

B. Gaussian Multi-Terminal Networks

The Gaussian MAC and BC can be generalized to a model in which there are multiple transmitters
(similar to the MAC) and multiple receivers (similar to the BC) subject to additive Gaussian noise. Such
networks are referred to as Gaussian multi-terminal networks [8, Section 14.10]. In this section we
discuss networks in which nodes can either be transmitters or receivers, and not both simultaneously.
Though very few results are known about such general networks, it appears that duality may apply to
these networks as well.

In Figure 11, a three-transmitter, two receiver channel is shown, if transmission is considered from left-
to-right. We define the dual channel for this network as the channel associated with transmission from
right-to-left (i.e. two transmitters, three receivers) with the same channel gains h; ; between all nodes.
As before, we assume that every receiver suffers from Gaussian noise with the same power.

The dual broadcast and multiple-access channels can be seen as a specialization of multi-terminal
networks in which there is only a single node on the left. If transmission occurs from left to right, then
the channel is a two-user broadcast channel and if the nodes on the right transmit then the channel is a
two-user multiple access channel. Theorem 1 states that the capacity regions of the BC and the dual sum

power constraint MAC are the same. This is equivalent to stating that the capacity regions for left to
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right communication (BC) and right to left communication (MAC) are the same if the same sum transmit
power constraint is applied to both channels.

In the general multi-terminal setting we consider, any transmitter is allowed to communicate with
any receiver. In the channel shown in Figure 11, the capacity region is six-dimensional (because there
are six possible receiver-transmitter pairs). It is then tempting to conjecture that Theorem 1 extends to
general Gaussian multi-terminal networks, or that that the six-dimensional capacity region governing
transmission from left-to-right when sum power constraint P is imposed on the three transmitters on
the left is the same as the capacity region for transmission from right-to-left when the same sum power
constraint P is imposed on the two transmitters on the right. Unfortunately, this conjecture cannot be
confirmed since the capacity region of a general multi-terminal network is not known. One trivial case
for which duality holds is for completely symmetric channels in which the channels from left-to-right
and right-to-left are indistinguishable (An example of such a channel is the two-transmitter, two-receiver
channel considered in [20] in which the channel gains from X7 to Y; and from X5 to Y5 are 1 and the
gains from X to Y> and from X5 to Y7 are equal to a constant a).

If the nodes on the left and right were considered to be multiple-antennas of single users (i.e. a single
transmitter with 3 antennas communicating to a receiver with 2 antennas, or vice versa), then duality
holds due to the reciprocity of multiple-antenna Gaussian links [18]. By the reciprocity result we know
that the capacity of a channel with gain matrix H is equal to the capacity of the channel with gain matrix
equal to the transpose (or Hermitian transpose since conjugation of the channel matrix has no effect) of
H. This hints that some sort of left-right vs. right-left duality may hold, but this has yet to be confirmed.

Though we are unable to verify an extension of Theorem 2 to multi-terminal networks, Theorem 3
(which characterizes a MAC rate region as an intersection of sum power constraint MAC rate regions)
does apply to rate regions of a multi-terminal network. Before stating the theorem, we first define the
notion of a rate region of a K-transmitter, N-receiver multi-terminal network.

Definition 4: Let a K N-dimensional rate vector be written as
R = (Rl’l, e 7R1,N7 Rg,l, “en 7R2’N, e 7RK,la “en 7RK,N)

where R; ; is the rate from transmitter 4 to receiver j. Let P = (Py,... , Px) be the vector of transmit
power constraints and let &« = (o, ... ,ax) be a vector of scaling constants. We define a rate region
R(P) as a mapping from a power constraint vector P to a set in R’JEN . The a-scaled version of the
multi-terminal channel is the multi-terminal channel in which the channel gain from transmitter 7 to each

receiver is scaled by ,/a;. We denote the rate region of the scaled channel as Rq (P).
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As with the MAC, we only consider rate regions which satisfy the conditions of Definition 2. Though
these conditions were developed for single-receiver systems, they apply to multi-receiver systems with
only one minor modification: in condition 7, we require that the capacity of every transmitter-receiver
link goes to infinity as the power constraint of the transmitter becomes large, or equivalently as P; — oo,
we have R; ; — for j = 1,... , N. Notice that these conditions are very minimal and would be expected
to be satisfied by any standard rate region definition. The sum power constraint region for multi-terminal
networks is defined by Definition 3. Having stated these definitions, we are able to state the theorem.

Theorem 14: Any rate region R(P) of a K-transmitter, N-receiver multi-terminal network satisfying
the conditions of Definition 2 is equal to the intersection over all strictly positive scalings of the sum
power constraint rate regions for any strictly positive power constraint vector P:

R(P)= () Ry (1-5) . (47)
a>0 «
Proof: See Appendix D. |

This theorem allows us to characterize an individual power constraint rate region in terms of a sum
power constraint region. In intuitive terms, Theorem 14 characterizes the individual power constraint
rate region of left-to-right communication in terms of the sum power constraint region of left-to-right
communication as well. With the MAC (i.e. N = 1), we were able to extend this further because the
sum power constraint MAC was shown to be equivalent to the dual BC (i.e. left-to-right and right-to-left
communication are equivalent). However, as discussed above, no such connection has been established

for general multi-terminal networks.

C. Duality of Non-Gaussian Channels

Although we have treated only Gaussian channels in this paper, it would be very interesting to see if
duality holds between general broadcast and multiple-access channels. Since there is no general theorem
on the capacity region of the non-degraded broadcast channel, such duality could be helpful in this respect.
However, formulating a dual channel for an arbitrary broadcast or multiple-access channel appears quite
difficult. It is entirely possible that duality only applies to Gaussian channels, in which case it would
be illuminating to determine what special properties of Gaussian channels allows duality to work. The
Gaussian channel seems to have a number of properties which appear to lead to duality. Among these
is the fact that successive interference cancellation is optimal for the BC and the MAC and the fact
that a Gaussian distribution is the capacity-achieving distribution for both channels. Though it may

appear unlikely, we still hold some hope hat duality exists for a broader class of broadcast/multiple-access
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channels than the Gaussian channels.

IX. CONCLUSION

We have defined a duality between the Gaussian MAC and BC by establishing fundamental relation-
ships between the capacity regions of the MAC and BC with the same channel gains and the same noise
power at all receivers. We first established that the MAC capacity region is a subset of the capacity region
of the dual BC with power constraints equal to the sum of the MAC power constraints. For constant chan-
nels, we also showed that these dual capacity regions intersect at exactly one point, namely the successive
decoding point on the boundary of the MAC where users are decoded in order of decreasing channel
gains. Interestingly, this is exactly opposite of the optimal decoding order used to achieve BC capacity.

Based on this result relating the capacity regions of the dual channels, we also found explicit expres-
sions characterizing the BC capacity region in terms of the capacity region of the dual MAC and vice
versa. We showed that the capacity region of the BC is equal to the union of the capacity regions of the
dual MAC, where the union is taken over all MAC power constraints which sum to equal the BC power
constraint. This result indicates that the capacity region of a multiple-access channel with a sum power
constraint instead of individual power constraints (but without any transmitter coordination) is equal to
the capacity region of the dual BC with the same power constraint. In establishing this equivalence, we
also found an explicit formula relating the power distribution in the BC and in the MAC to achieve the
same rate point.

Using the concept of channel scaling, we found that the MAC capacity region is equal to the intersec-
tion of dual BC capacity regions over all positive channel scalings. In doing so, we proved a more general
result that characterizes the individual transmit power constraint capacity of a multi-terminal Gaussian
network in terms of the sum transmit power constraint capacity of the same network, assuming some
basic conditions on the capacity region.

In addition to considering constant channels, we showed that duality extends to ergodic, outage, and
minimum rate capacity for flat-fading channels and to frequency-selective channels as well. Using duality,
results that are known for one of the two channels can often be extended to the dual channel, i.e. if the
Shannon capacity with certain constraints is known for the BC, then the capacity with the same constraints
can easily be found for the MAC as well. We in fact find the previously unknown minimum rate capacity
region of the MAC by using duality and known results on the minimum rate capacity region of the BC.

We also briefly discussed a number of intriguing extensions of duality, including multi-terminal Gaus-

sian networks and non-Gaussian channels. It remains to be seen if duality is a result of the special
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structure of the Gaussian MAC and BC or if it has any deeper information theoretic implications.
APPENDIX

A. Proof of Transformations

We show that if P} A; = P B; forall j, where A; and B; are defined as

7j—1 K
Aj=0c>+h}Y PP, Bj=0o>+ Y WP,
i=1 i=j+1

then YK PM = 5K PB. We do this by inductively showing that

J 2 J
S PP = % S PM. (48)
i—1 ]
For j = 1, this clearly holds by definition: Pf = % = g—jPlM. Assume (48) holds for j. We then

must show it holds for 5 + 1.

Jj+1

J
DL S
=1 =1
j M
. zJ:PB+Aj+1Pj+1
= g ———

Bj i

= Z PB ]+1( ’+ h?+1 i Pz'B)
Bj-l-l

2P jr1 T (PJA—{lhj—l—l + Bj1) Y1, PP

B.H—l
o?pM 1+ By Z
Bj
a’P, + o I, pM
Bjn
Z]+1 PM
Bji1

(add (a) above the equations to explain here). By using (48) for j = K and the fact that Bx = o2, we
get K, PP ="K PM as desired.

B. Proof of the MAC Decoding Order Lemma

We show that the constant MAC and BC capacity regions meet at exactly one point if all channel gains

are distinct. Alternatively, we show that every corner point other than the one corresponding to decoding
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in order of decreasing channel gains lies strictly in the interior of the dual BC capacity region. In this
proof we use the fact that the dual BC capacity region is equal to the sum power constraint MAC capacity
region (Theorem 1). We explicitly show that the sum power needed to achieve any strictly positive rate
vector R using the decoding order in which the weakest user is last is strictly less than the sum power
needed to achieve the same rate vector using any other decoding order at the receiver, assuming successive
decoding is used. This implies that points on the boundary of the sum power MAC cannot be achieved by
successive decoding with a decoding order other than the order of decreasing channel gains. Therefore
all corner points of the individual power constraint MAC other than the optimal decoding order point are
in the interior of the dual BC capacity region.

Assume a decoding order such that h? < h?- but User 7 is decoded directly before User 5. We will
show that the sum power needed to achieve any strictly positive rate vector is strictly less if the decoding
order of Users 4 and j is reversed, or if User 4 is decoded directly after User 5. Users i and 5 do not affect
users decoded after them because their signals are subtracted out, but they do contribute interference
hi P; + h3P; to all users decoded before them. All users which are decoded after Users i and j are seen

as interference to both Users ¢ and j. We denote this interference by . The rates of Users ¢ and j then are

1 h2P;
R, = =1 14—
7 5 0g< +h§P]+02+I)
;= —log|1 J
R 20g< +02+I>

if User 7 is decoded before User j. The power required by Users 4 and j to achieve their rates are

h2P; + 02+ 1 247
R=”—2(€2Ri—1), P; = g —; (eQRj_l)
and the sum of their powers is
241 241 241
P+ p=T TR 1) TN 2R gy TR 2R qy(2R ),
If User 4 is decoded directly after User j instead of before him, then the powers needed to achieve R; and
R;j are
e R e S G

and the sum power is

2 2 2
o°+1 , oc°+1 , o°+1 . 4
Pl P = T (@ 1)+ T @R - 1)+ T @ (e - 1)

i J J
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Clearly P, + P; — P/ — P} = ("Z{I - "2—?)(62& —1)(e*Ri —1) > 0since h? < h? and R;, R; > 0
by assumption. Therefore we have P; + P; > P! + ij. This fact means that Users ¢ and j can achieve
the same rates using less sum power by switching the decoding order of Users 4 and 5 and switching their
powers from P; and P; to P/ and P]f. The rates of users decoded after ¢ and ;5 are unaffected by such
a switch. However, as noted above, Users i and j do contribute interference to all users decoded before

them. If we expand the interference contribution of Users 4 and j, we find
hiP; + h3P; = (0 + I)(e2FitR) — 1) = 2P} + h3P).

so the rates of all users decoded earlier are unaffected. Therefore by switching the decoding order of
Users ¢ and j and changing the powers to P/ and ij (but not altering the rest of the decoding order or
power allocations), we can achieve the same set of rates for all K users using strictly less sum power.

If the decoding order is such that no user has a smaller gain than the next user being decoded (i.e. the
first user decoded has a larger channel gain than the second, the second has a larger channel gain than the

third, etc.), then the decoding order is optimum in the sum power sense.

C. \Verification of Rate Region Conditions

It only remains to show that capacity region of the constant MAC Cysac(P; h) meets the conditions
specified in Theorem 3. All conditions are satisfied by any reasonable definition of a capacity region, but
we explicitly verify them for this case.

1. The scaling property of Casac(P; h) is established in (12).

2. The set S is convex if forany z,y € Sand 6 € [0,1], 6z + (1 — )y € S. Letr € Cprac(P) and
t € Carac(Q). We wish to show that 67 + (1 —60)t € Carac (6P + (1 —6)Q). By time-sharing between
the schemes used to achieve r and ¢, we use power P + (1 — 8)@Q and achieve rate 7 + (1 — §)t, which
verifies the convexity of the set.

3. The region Cpsac(P; h) is closed by definition and is convex due to a time-sharing argument.

4. Cprac(P;h) is an increasing function of power because any rate achievable with a smaller power
constraint is also achievable with a larger power constraint because all power need not be used.

5. If some set of rates are achievable by transmitters 2 through K while transmitter 1 is also sending
information, then those same rates are achievable in the absence of transmitter 1’s signal because any
set of codebooks which work in the presence of interference will not perform worse in the absence of
interference is present.

6. If transmission is halted for some fraction of time, then any smaller rate vector can be achieved.
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7. Additional power allows for additional rate on any link by transmitting a codeword which can be
decoded (and thus subtracted off) by all K receivers, even when treating the rest of the received signal as
noise.

8. Carac(P;h) is bounded by the individual capacities of each link (i.e. each transmitter-receiver pair),

which are finite due to the basic properties of Gaussian channels.

D. Proof of Theorems 3 and 14

We wish to show that for any strictly positive? power constraint P = (P4, ... ,Pg) >0
— P
R — sum R
(P)= () R (1 a) : (49)
a>0

where the sum power constraint capacity region is defined as
RE¥™(Pyym ) 2 U Ra(P). (50)
{P| PeRX, 1.P<Psum}
Before beginning the proof, we first restate the conditions required of R(P):
. R(P) =Ra(E)Va>0,P>0.
. S ={(R,P)|P € R, R € R(P)} is aconvex set.

1

2

3. Forall P € RK, R(P) is a closed, convex region.

4. R(P) is monotonically increasing, or Py > P, implies R(Py) 2 R(Pz).
5

. If(Rl,la"' 7R1,N’R2,1’--- 7RK,N) S R(Pl,P27-" ,PK),then(O,... ’0,R2,1)--' 7RK,N) S R(O,P27"'

This condition must hold for all K transmitters.

6. If R € R(P), then R’ < R implies R' € R(P).

7. R(P) is unbounded in every direction as P increases, or Vi, j, maxg, .cg(p) Ri,j — 00 as P; — oo.
8. R(P) isfinite forall P > 0.

By condition 1, we know that scaling does not affect the individual power constraint capacity region,
or R(P) = Ra(g) Ya > 0. However, scaling does affect the sum power constraint capacity region,
and in general the sum power constraint capacity region is different for every scaling. Though the sum
power constraint capacity region is different for every scaling, we show that their intersection is equal to
the capacity region of the unscaled region R(P) with individual power constraints.

From the definition of the sum power constraint capacity region (50), it is clear that the sum power

constraint capacity region is larger than the individual power constraint capacity region, or R(P) C

121 the power constraint of some transmitter is zero, then we can eliminate the user and consider the K — 1 user problem.
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Rsu™(1-P). This also holds for scaled channels: Rq(1-£) C RE™(1-£) Va > 0. Since R(P)
Ra(g), we know that R(P) € R&*™(1-£) Vo > 0. Thisinturn impliesthat R(P) € Ny RE™ (1-2).

To complete the proof, we must show that this inequality also holds in the opposite direction.
Since R(P) is aclosed and convex region, it is completely characterized by the following maximization

[21, p. 135]
max p - R st. Re R(P) (51)

over non-negative priorities g = (p1.1,... , ux,n) such that g > 0and 1 - u = 1. We define the sum
priority of transmitter ¢ as u; = Zj-vzl pijfori=1,... K.

Since at least one component of g must be strictly positive for 1 - i = 1 to hold, we assume without
loss of generality that ux > 0. (We can simply renumber the users to ensure this condition holds).

For every p > 0, we will show?!3

max p-R > sup u-R. (52)

RER(P) Reﬂa>0 Rsaum (1?)
This implies R(P) 2 Ny RE™ (1-?) because R(P) is completely characterized by max p - R (51).
We will essentially show that for every p (or roughly every point on the boundary of R(P)) there exists
an a such that the boundaries of RS¥™ <1-§) and R(P) meet at the point where p - R is maximized!4

The optimization in (51) is equivalent to

max pu-R st. P=P. (53)

Since R(P) is monotonically increasing, we can equivalently perform the maximization in (53) with
constraint P < P:

max R st. P<P. 54

(R,P)eS“ - 54)

Consider the above maximization for some fixed . By the convexity of the set S and the convexity

of the power constraint, this is a convex optimization problem. Furthermore, the maximization takes

on some optimal value p* by the feasibility of the constraint set. The optimal value is finite due to the
13\\e take a sup instead of a max over the sum power constraint capacity region because we have not verified that it is a
closed region.
MFor p such that u; = 0 for some 4 there may be no o for which the boundaries of the RE*™ (1-?) and R(P) meet, but
there instead the boundaries become arbitrarily close as a approaches some limit. This was in fact seen in the constant channel

case where we took o to 0 and oo to bound the vertical segments of the MAC capacity region.
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assumption that R(P) is finite. The Lagrangian is formed by adding the weighted sum of the constraints

to the objective function:
L(R,P,)\):[II-R—Al(Pl—?1)—---—)\K(PK—?K) (55)
where the weights A = (\q,... , Ax) are the Lagrangian multipliers. The Lagrangian dual function is

g(A) = sup L(R,P,) (56)
(R,P)eS

and for any (R, P) € S satisfying P < P, we have u-R < g(\). Thisimplies p* < g(X) forany A > 0.
Notice that the supremum is taken over the entire set S without taking the power constraints into effect.
Additionally, the dual function g() is a convex function of A since g(A) is the pointwise supremum of
affine (and therefore convex) functions of A. This implies that the function g(\) is continuous because g
is defined over all A and any convex function is continuous on the relative interior of its domain [22].

By minimizing the dual function over all non-negative Lagrange multipliers, we get an upper bound d*

on the optimal value p*. Due to the convexity and feasibility of the problem, this bound is tight [22] [21]:

d* £ ming(\) £ g(A*) = p* 57
ming(A) = g(A%) =p (57)
where A* = (A7, ..., X}) are the optimum Lagrange multipliers which lead to d*. It can easily be shown

that g(A) = oo if any \; = oo, so we know A* is finite.

We now show that p; > 0 implies A7 > 0. Assume A; = 0. Since p; > 0, we know p; ; > 0 for
some receiver j. Choose P; = P; for all j # i and let P; be arbitrarily large. Additionally, choose all
rates to be zero except for R; ;. Due to the unbounded condition on R(P), letting P; be arbitrarily large
implies R; ; can be made arbitrarily large while still maintaining (R, P) € S. For this choice of (R, P),
we have L(R, P,\) = p; ;R; ;. This in turn implies g(A) = oco. Since p* = miny>g g(A) = g(A*) is
finite, we have A7 # 0.

We now show that p; = 0 implies A7 = 0. Without loss of generality, assume 1 = 0. Consider the
maximization of L(R, P, \). Forany (R, P) € S, define @ and T as

O Ry, k7é17 - P, k#1
0 k=1 b k=1
where b is any positive constant. Since u; = 0, we see that L(R, P,A) = L(Q, T, A) and condition 5

implies (Q,T) € S. Therefore we can equivalently perform the maximization of L assuming the rates
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from transmitter 1 are zero and over any P; > 0. Therefore we can decompose g(\) as

g(A) = sup p-R—X(P,—Py) - — Ag(Px — Pk)
P >0, ((0,... ,O,R271,... 7RK,N)a(07P27~-- ,PK))ES
= sup sup w-R— X\ (P, —Py) - — Ag(Pg — Pg)

P1>0 ((0,... ,0,R2,1,... ,RK7N),(O,P2,... ,PK))ES
= sup —)\1(P1 - Fl) +

P1>0
sup IJJ‘R—)\Q(PQ—FQ)—"'—AK(PK—FK)
((0,... ,O,Rg’l,... ,RKwN),(O,Pg,... ,PK))ES
= MPi+ sup p-R—X(P,— P3) —--- — Ag(Pk — Pk).

((0,...,0,R2,1,... ,RK,N),(0,P2,... ,Px ))ES

The Lagrangian variable A; only affects the first term \; Py, and therefore for any A\; > 0, we have
9(A1, A2,... , AKk) > g(0, A, ..., Ak). Since d* = miny>g g(A), this implies A} = 0.

Now consider the scaled MAC with «; defined as

Ak

SEOifAF >0
o; = A7 ’ (58)
c if Ay=0
for: = 1,..., K and where ¢ > 0 is some positive constant. Notice that a is an implicit function of ¢

by this definition. Since A7 > 0 due to the fact that ux > 0, we have o;; > 0 for all <. We will now
consider the sum power constraint capacity region of the scaled MAC with « as defined above. Consider

the following optimization on the scaled MAC:

P
supp- R st. Re RY™(1-—). (59)
R (81

By the definition of the sum power constraint capacity region, R € R:*™(1 - g) is equivalentto R €

R, (P) for any P satisfying1 - P <1- g. The above maximization (59) can thus be rewritten as

QI

sup p-R st.1.-P<1-
PcR}, RER«(P)

(60)

We denote the solution to this by d7,. Because there is a sum power constraint, there is only one Lagrange

multiplier and the Lagrangian therefore is:

Ho(R,P,v) = p-R—y(1-P—1-§) (61)
P P
= - R-v(Pl— )= - v(Pg ~ ) (62)
a1 aK
14 — v —
= pw-R— —(ayPy—Py)— - — —(axPx — Pk) (63)
o1 (074
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and the corresponding Lagrangian dual function is:

fa(v) = sup Hy(R,P,v). (64)
PcR}., RER(P)

Again, the dual function satisfies fo () > dZ, forall » > 0 (and in fact the minimum of the dual function

is equal to d?, by convexity). Due to the fact that Ry (P) = R(aP) and a > 0, we can simplify the dual

function as:
falv) = sup Hy(R,P,v) (65)
PcR}., RERa(P)
124 — v —

= sup p-R— —(a1P,— Py)—--- — —(ax Pk — Pk) (66)

PR}, RERo(P) a1 aK
124 — v —

= sup p-R— —(a1Py—Py)—---— —(ax Pk — Pk) (67)

aPcR),, RER(aP) X1 QK
v — v —

= sup p-R——(P,—P1)—---— —(Px— Pk) (68)

PER}., RER(P) a1 aK
124

— 69

9(2) (69)

where g is the Lagrangian dual function of the individual power constraint unscaled MAC (56).

If we evaluate the dual function with v = A%, we get

A Y- A
M) = g(ZE) = (2K ... 2K,
fa(Ak) g(a) g(al, ,aK)

Having established this, there are now two cases to consider: u; > 0 for all  and p; = 0 for some 3.

If ; > 0 for all 4, then a; = 3% for all i. Thus

faNi) = 9K, . B = g(\, ... A%) ="
Q ag

Since fo (A% ) is an upper bound to df,, we have d7, < p*. This implies

max p-R > sup ueR > sup neR (70)
RER(P) ReRg™(1-E) RE( o0 B™(1-5)
where the second inequality follows from R2*™(1 - g) 2 Naso B&™ (1-5).

If u; = 0 for some ¢, we must consider a-scalings for different values of ¢. Assume without loss
of generality that y; = O0fors = 1,... ,K and u; > 0for: = K +1,...,K. We established

earlier that p; = 0 implies \¥ = 0. Therefore, we have p* = g (A},..., X, Xiciq,---» A%) =
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g(0,...,0, X% q,. .-, A). Using the fact that fo(v) = g (%) Vo > 0, we have

f 0 = oK)

(04

ST ST . S
c’ ’c’aK+1’ ,CMK
A% A%

= g(%,...,TK,)\*K+1,...,)\}<).

Here fa (X} ) is a function of the constant ¢ because a depends on ¢, as defined in (58). For a fixed a
(i.e. a fixed ¢), the optimum value of the sum power constraint region satisfies d}, < fa(A%).

We now show the desired result by contradiction. Assume

sup p-R > max p-R, (71)
Rena>0 Rsaum(]_g) ReR(P)
or equivalently
sup p-R| = ( max u-R) +€ (72)
ReNgso Revm(1-2) ReR(P)

for some e > 0. Since R&™(1- £) 2 N0 R¥™ (1-B) Va > 0, (72) implies that for all & > 0

sup ueR > max p+R| +e (73)
Refoum(lg) RER(P)
This implies that forall a > 0, d, > p*+e=g(0,...,0, X% 4, ... , Xk) + €. However, earlier we es-
tablished thatdy, < g (’\TK, ,%,A}{H,... ,)\*K). Thus we have that g <’\TK, ,%,)\}{H,... ,)\}() >
g (0, ey 0, A g ,)\}{) + ¢ for all ¢. Since g is a convex function, the function g must lie beneath

the line between g (0,... ,0, X% ,... ,Ak)and g (1,...,1,X%,q,-.. ,A}). This contradicts

A* A* * * * *
g(TK,... ,7K,,\K+1,... ,,\K> >g(0,...,0, k415, Ak) +€ Ve> Ak (74)

Thus (71) must be false and therefore

max p-R > sup u-R (75)
RER(P) Reﬂa>0 Rsaum(]_g)

for all g such that p; = 0 for some 4.

We have now shown that the above relationship (75) holds for all x> 0 and the proof is complete.
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