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DATA TRANSMISSION OVER A DISCRETE CHANNEL WITH
FEEDBACK. RANDOM TRANSMISSION TIME

M. V. Burnashev . UDC 621.391.16:519.2

Asymptotically optimal limits are obtained for the mean transmission time for specified error
probability and number of possible messages. As a corollary of these results, the author gives
an optimum reliability function for the channel in question (with noiseless feedback and a Markov
instant of decision-making).

1. INTRODUCTION

There have been many studies of the optimum reliability function of a stationary memoryless channel
(see, e.g., [1, 2]). If, however, the transmission time is fixed, it is not possible to compute this function
even when there is noiseless feedback. For example, in the elementary case of a binary symmetrical channel
with noiseless feedback, the author of [2] was able to obtain only certain upper and lower bounds for this func-
tion. If the transmission time is random, i.e., the receiver himself determines (on the basis of the signals
he receives) whether to make a decision or to continue transmission, it turns out to be possible to solve this
problem in the general case of a stationary discrete memoryless channel with noiseless feedback. In this paper
we first obtain a lower limit for the mean decision-making time for any method of transmission with feedback
(not necessarily noiseless). Then we set up a transmission method using noiseless feedback for which the
mean transmission time coincides asymptotically with the limit in question for an error probability Pg — 0.
In particular, this makes it possible to compute the optimum reliability function of a discrete channel with
noiseless feedback.

2. STATEMENT OF THE PROBLEM AND FORMULATION OF MAIN RESULTS

To simplify our subsequent exposition, we will briefly describe the overall process of message trans-
mission over a stationary discrete memoryless channel involving feedback; it will be convenient to divide our
description into three sections: 1) communications channel; 2) method of transmission with feedback (encoding);
3) method of decision-making (decoding).

A more detailed description of the first two sections can be found in [3, 4].

1. Communications Channel

A stationary discrete"f memoryless channel OMLC) with a finite number of input symbols E4, ... , Ex
and output symbols Ey, . . ., E, is defined by the transition probability matrix # ={pj;}, i=1,... K. j=

1,...,1L, pij = 0, Z‘pi;;1 , where pij specifies the conditional probability that input-alphabet symbol E; will
oy

be converted to output-alphabet symbol fj as a result of transmission. We will assume that matrix % contains
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. no columns that consist entirely of zeros and that all the rows of the matrix differ. The meaning of these as-
sumptions is obvious, and we will not dwell on them.

2. Method of Transmission with Feedback

Assume that @, . .. , ®) is the set of possible messages at the transmitting end of the channel (N is the
overall number of messages). We denote the signal at the DMLC input at the i-th instant by ¢; and the signal
at the DMLC output. by ¢{. Signals £; and ¢; assume values from the alphabets {Ej} and {EJ} Similarly, we
denote the signal transmitted via the feedback channel at the i-th signal (after reception of {) by nj and the
signal received at the transmitting end of the DMLC, by 5j. We will assume for simplicity that n; and ni’
assume values from some large but finite alphabet Y!. We will also use the notation i

(Ei. .o B)=BEEY,  (8/, ..., L) =EPed™,
(Mo Mty -« o M) =€V (o), s ..o, ma') =R7RETH,

__The feedback channel is defined by a system of conditional probabilities P (n;17t™, 7'}) for all possible
i, nl"i, n'l. The main part of our subsequent exposition will relate to noiseless feedback channels. In this

case the system of conditional probabilities becomes particularly simple:

07 if n‘#ni’a

P i 1 i_.‘y- M= { ’
(n:m*=47") Lo me=nd

To specify a transmission method. we must specify the laws that the transmitter and receiver operate
under. In the most general case, we should specify at the transmitting end a set of conditional probabilities
P(¢; = Egl @4, 17, n'™) for all possible Ey, @, £, and 7™, defining the signal transmitted at the i-th
instant, i=1,2,... . Similarly, at the receiving end we should specify a set of conditional probabilities
P(nil €', 7' for all possible £'l; nf, and 7', that defines the mode of utilization of the feedback channel.

The fact that the feedback channel has no memory means that the condition (0= Ei,, .. . . Ejp). £ =
Ejy, - - - Ejp)): PE™IED, @, 007, 707 = PEDIEP) =pyj, - . . . iy, Is valid for all possible &%, 0.

o, 7, and 7L,

3. Method of Decision-Making

The general decision-making procedure can be described as follows. After receiving a signal ¢{, the
receiver determines himself, on the basis of the information available to him (i.e., the signals &{ and ),
whether to make a decision regarding the transmitted message or to continue transmission. The choice of
decision can be conveniently described by using the random variable g that assumes one of the N + 1 values
1...., N + 1. For this we specify at the receiving end of the DMLC a set of conditional probabilities P (g =
ml¢, gy form=1, ... . N + 1 and all possible £{, 1y If ¢ assumes the value m (m = N), then a decision
is made in favor of the m-th message and transmission ceases. If f assumes the value N + 1, then trans-
mission continues and for decision-making we employ the random variable ¢ whose distribution depends on
gvz and ;1_'1, etc. Thus, assume that g, &, ... is the sequence of random variables at the receiving end of
the DMLC. Each of the ¢ assumes one of N +1 values 1, ..., N + 1. At the receiving end of the DMLC we
specify a set of conditional probabilities P (g = m/F'K, 7'k form=1,... N+1 k=1,2 ... andall
possible £'k, ﬁ'k'I. If ¢, assumes the value m (m < N) and all the preceding ¢; (i < k) were equal to N + 1,
then a decision is made in favor of the m-th message. If ¢ assumes the value N +'1 and all preceding ¢j
values were equal to N + 1, then transmission continues. In other words, after the next received symbol 51'{
in sequence we randomly choose the value of ¢ at the receiving end of the DMLC and, depending on the g
value chosen, we make a decision regarding the transmitted message or continue the transmission. The dis-
tribution of ¢ depends only on the received signals E'K and signals 7'K~! transmitted over the feedback channel.

Now, after we have described the transmission method and decision-making procedure, let us determine
the corresponding error probability Pe. LetFKe g, F'ke &  nheyk™ pkeykt K=(q, ... g ezk
We denote by & the ensemble of all possible infinite sequences of values of {£. Similarly, we introduce the sets
Z,Y, Y, and Z. Consider the product of spaces &"x Y2 x zZ2=XRand & X Y x Z =X. We will denote
points of space X by x = (', 7', ©). It is clear that space XD corresponds to observations at the receiving end
of the DMLC over time n. Space X can be naturally partitioned into sets Xy, ... , Xn+. For this we assign to
set XN+ all points x for which r=@N+1.N+1 ...) ie., XN+ ={x+ &' 7, D:c=@N+1,N+1 ..}
Now we assign to set Xy (I = m =< N) those points x for which the first coordinate ¢ that is different from N + 1

251



‘assumes the value m, i.e., Xpm={x=(E" 7", 0): = N +1, L ,N+1 m,...)}. Obviously, \U X=X and

i=1
XiNX;=0 for i # j. Clearly, set Xy (m < N) corresponds to a decision in favor of the m-th message; this
occurs when the coordinate-¢j, i =1, 2,.. ., first assumes the value m. The set Xy4; corresponds to trans-
mission being continued indefinitely. If a transmission method and decision-making procedure have been
chosen, then for every message ®mwe have defined the probabilities PX;lom). j= 1,...,N+1m=1...,
N. Let us define the error probability Pe of the transmission method by the expressxon

P, ——-—Zp(ele) 2.1)

[}

where
P(el@,)=P(f,|8;)=1—P(X,|@.), i=1,...,N-

We will say that Markov instant 7 determines the decision-making rule if the event {7 = n} is equivalent
to the event{gl1 #=N+1; =N+l k=1 ... n-— 1}. We define the mean transmission time 7 by the ex-
pression

) ZM(rIG) @2.2)

tm=yq
Now we can formulate the following problems:

1) for specified number of messages N and error probability Py, we are to construct a lower limit for
the mean decision-making time for any transmission method over a DMLC employing feedback;

2) for any specified € > 0 we are to set up a transmission method over a DMLC with noiseless feedback
for which the error probability P, does not exceed &, while the mean decision-making time is asymp-
totically optimal as Pg /N — 0.

We note that the presence of an a priori distribution for messages is not of importance to us in the state-
ment of the problem and formulation of the main results. For convenience, however, we will assume in setting
up a transmission method that messages ®;, i =1, ..., N, have an equiprobable a priori distribution. It is
easy to show that all the proofs remain in force if we introduce a fictitious uniform "a priori® distribution in-
stead of the real a priori distribution.

As will be seen in what follows. the case in which matrix # has no zero elements is of greatest interest.
Therefore, the major part of this paper (Secs. 3-5) will be devoted to this case. In Sec. 3 we obtain auxiliary
results that are necessary in setting up the lower limit for the mean transmission time. Some of these results
are of independent interest. In particular, we have evidently been the first to obtain a lemma that describes
the change in the entropy of the a posteriori message distribution over one observation at sufficiently small _
entropy values (Lemma 3). In Sec. 4 we obtain the following lower limit for the mean decision-making time 7
that any transmission method over a DMLC with feedback must satisfy:

InN mnP. Wm(InN-1P.) P.lnN
T> - . — - +D(# 2.3,
e C T +tD(®), (2.3)
where C is the capacity of the DMLC, the constant 01 is defined in (3.10) and D (¥) is bounded and depends
only on #.

In Sec. 5 we set up a transmission method involving noiseless feedback for which the mean decision-
making time is asymptotically equivalent to the right side of (2.3) as P, — 0. We note that the transmission
method constructed in*Sec' 5 genera lizes the transmission methods of [5, 6].

The results obtaxned in Secs. 4-5 permit us to compute the optimum reliability function E (R) for a DMLC
with noiseless feedback:

E(R)=C,(1—R/C), O<R<C. @.4)

In Sec. 6 we briefly consider the rdegenerate" case in which matrix # contains zero elements. In this
case the lower limit has the form

#>C-'[ln N—P,-In (N—1) |+D(#). : @.5)
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The mean decision-making time for the transmission method with zero error. set up in Sec. 6. is asymptot-
ically equivalent to the right side of (2.5) as N —~ and Pg — 0. h

Finally, the Appendix gives the proofs of some lemmas formulated in Secs. 3-4.

3. SOME AUXILIARY RESULTS

In this section we will prove a number of facts that will subsequently be required. After each observation
we can compute the a posteriori probabilities pj(@) of messages ®; (i =1,...  N;n is the number of observa-
tions) and the corresponding entropy of the a posteriori distribution:

Ho=H(p(n)=— Y, pilm)ln pi(n),

@.1)
() =(p:(n),....px(R)).

Let T be the Markov stopping instant (that determines the decision-making rule), where P(r < «) =1,
and let Hy be the entropy of the a posteriori distribution at instant 7. Then for the error probability in deci-
sion-making Pe we have the following lemma.

. LEMMA 1.

MH.<h(P.)+P.-ln (N—1), 3.2
where

h(zy=—zInz—(1—2) In (1—2z). (3.3) .
This lemma is an extension of a similar result proved in [1] (Theorem 4.3.1) for a fixed decision-making in-
stant.

Proof. We will establish that the condition P(r < =) =1 implies that the following limit exists:

lim MH - = MH.. (3.4)
1

n—>o0|

Indeed,

MH,pe= Y M=) P(x =1+ MH,[t>n) P (v >n).
ey
Using the fact that Hy is bounded, we have (m < n)
IMH e — MHop | <M (H, [ T3> 0) P (T3> 0) + Z M(H;|t=0)P(t=0)+MHy|t>m)P (v >m)
i=m+1 -

s;ilnfv'[l’(_r'>n)—‘— Z Pt = i)—:-l’(‘|:>m)]=21’(1:>m)ln]\~'——>0 as m-— oo,

which yields that |im MH, .. exists. The following inequality is essentially proved in [1]:

H—roe

ZH[p(G)lXJ, t=n)}-P(X;lt=n) <h[P(elt=n)]+P(elt=n) In(N—1). 3.5)

[Here H(p@)) denotes —Zp(@.')lnp(ei)]- On the other hand, it is obvious that H(p) is strictly 1| -convex.* There-

fore, using the Jensen inequality, we have
HI5(6]X, v=n) 1=H[M(5(0]2) | X, 1=n) 1= M[H (5 (8|2)) | X, t=n]=M(H.,]| X} v=n). (3.6)
Expressions (3.5) and (3.6) now yield that

M(H,|lt=n)= Z M (H.\X, 1=n)P(X;lt=n)< h[P(elt=n)]+P(el1=n) 1n(N—1).A

R Yy

3.7
*The symbols n and v indicate the direction of convexity of a function (see [1]).
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Multiplying both sides of (3.7) by P(r = n), summing over n, and using the fact that hx) is n -convex, we obtain
from (3.4) and (3.7) '

MH, ZM(H |1:—-n)P(1:—n)<v RLP (el v=n) |P(t=n)+ P.In(N—1)<h(P.)+P. In(N—1).

=y n—l

The lemma is thus proved

Now let us consider in greater detail the process of variation of the entropy Hy of the a posteriori dis-
tribution. The following results appear almost obvious from the viewpoint of information theory, Let &, be
" a g-algebra generated by the random variables g'n, 1'%, In other words, S" » corresponds to observations at the
receiving end of the channel over time n, Then we have the following lemma,

LEMMA 2. For any n = 0 we have the inequality
' M (H,—Hois|F ) <C, (3.8)
where C is the channel capacity.
Inequality (3.8) becomes trivial for small H,. In reality, a stronger result is valid in this case.

LEMMA 3. If Hy < H*(%), then we have the inequality

M (lo Ho—1n Bt | F2) <C,, ‘ (3.9)
where
. L o
C, = max ln-—ﬂ-, C,>0, 3.10
1 ” Z Pu o 1 ( )

la==1
and the quantity H* (#) depends only on the transition matrix &£.
The proofs of this lemma and of the one that follows can be found in the Appendix.

We should note that inequality (3.9) can become an asymptotic equality in the case of two messages. vIn—
deed, let us denote by Eio and Ei, input symbols for which

L
. _ P
¢ Z-; puln Prot ’

Iet p, =1 —p;and p; —1. We choose a codmg as follows:
P(Sﬂ*i_Eiole],g' ) 1andP(E., ,—-EMIGZ =1.

Then we obtain

M(In H, — 10 H,o |2 =Cr + 2 4 6 (— ! ).
In p. In p.

It is easy to show that Cy = C. Indeed,

C— —ma\[ pr.,ln( ,, kap,.,)] mapr‘,ln—’ <ma\[ZZf,p,,ln(p.]/Zf,,pk,) Zpr,,lan]

i=1 j=1 i=1 j=J

nas [ 3 By (o / S0 <mss [ 5 S (o] $ 1) 1)) =0

We note that the sum from the right s1de of (3.10) is the Kuhlback mformatlon I(:k) between measures
corresponding to input signals Ej and Ei (see [7]). Then C; can be regarded as the maximum from among the
Kuhlback informations I(i :k). A quantity analogous to C; also arises in some problems of sequential experi-
mental design [8]. A

ILEMMA 4. Foranyn=0andiI=1, ..., L we have the inequality
(lnH — 0 Hop | F s g,.+,—E,)<max ln-p—.  @.I1)
ik 214

COROLLARY. From (3.11) we have
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(1n Hy — In Hypa|7,) < maxIn (pu/pu) =C. 3.12)
1,k,10 E
We note that it suffices to prove the assertions of Lemmas 2-4.for channels with noiseless feedback.
Indeed. every transmission method involving ™noisy " feedback defines an equivalent transmission method in-
volving noiseless feedback. Noise in the feedback channel essentially means that additional randomization is
introduced at the transmitting end into some transmission method involving noiseless feedback.

In concluding this section, let us consider one specific decision—makmg method that is frequently em~
ployed in problems with a2 random number of observations. Let £t = (51, .. gn) be the sequence of signals
obtained at the receiving end of the channel over timen (¢'® € Y2), and let 7 m-1 _ (ng. . - - , Mn—1) be the sequence
of signals sent via the feedback channel up to the n-th instant (n"™@~! € Z2). Consider the product of spaces
YR x zB=XDand Y x Z =X. We will employ x, = (£, '0~1) to denote points of space Xp, (x = "', 7') € X).

In other words, xp constitutes all the information about the transmitted message that is available at the re-
ceiving end of the channel after n instants. The proposed decision-making method consists in the following.
P;(x,)

1_PJ(In)

Pj&n) is the a posteriori probability of message ®j. As soon as one of the likelihood functions exceeds the

In (1 /&) level after the next observation in sequence, we make a decision in favor of the corresponding mes-
sage. Let us also assume that this decision-making procedure terminates with probability 1 for any message
€j. Then we can readily obtain

After each observation xy we compute the values of N likelihood functionsln G=1,..., N),'where

P——ZP(XIG,)———ZP(eIS)<——<& £>0.

=t j=t

Thus, the error probability Pg for the proposed decision-making method is less than e. In Sec. 5 of this paper
we will use this decision-making procedure in setting up a transmission method.

We should note that the expression P. m.x—imix P(e|®; )<e does not hold for the proposed decision-making .
procedure. Indeed, let us write Pjj = P Xil@;) and consider matrix {Pll} j=t of the following form:

P11=Ph P“—‘J,, ] 7N;
Pi,=ﬂ, l—.., ,N, Pﬁ=P, i=2,‘..,N;
P;;=0 — otherwise.

We choose parameters o and §8 so that the following equations are satisfied:
P=1—p; Pi=1—a(N—1);
eP=aq; 15P1=§(N—1).

(3.13)

If e —1) < 1, then (3.13) yields

£ £
- I{— - > —_
B>l @01, @ s(i N—i)

But this means that PE|€{) =a ™ —1) > e —1) — ¢, To eliminate the possibility of such examples, we would
have to investigate the distribution of the Pjj in greater detail. However. it is fairly complex to do this. If,
however, we know from the outset that the conditional error probability P €1®;) is the same for all hypotheses
€j, then the equivalence of Pg and Pg max is obvious.

4, LOWER LIMIT FOR THE MEAN TRANSMISSION TIME

The main result of this section is the following theorem.

THEOREM 1. For any transmission method over a discrete stationary channel with feedback the mean
number of observations 7 satisfies the inequality

InN InP., lIn(laV—InP,) P.InN
> — — —
C C, C, C

c e Y Y o (pu / 3 ) @

A=1 l==t i=1

+D(#), | @.1)

where
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is the channel capacity,
C P
il

1=1

and D is finite and depends only on the transition matrix 2.

Proof, Lemma 1 yields that the mean entropy at the decision-making instant must be small in order for
error probability Pe to be achieved. ILemmas 2-4 déscribe the limits of variation of the entropy over one ob-
servation. The entropy Hj decreases with each observation by not more than C, on average. Beginning with
sufficiently small Hy values, the nature of the change in the entropy is altered and it becomes more convenient
to consider the variation in InHy. In this case InHy, decreases with each observation by not more than Cy on
average. Assume that ¥, isa og-algebra corresponding to observations at the receiving end of the channel

over time n. Obviously, ¥ c#.=.... Let us assume that we have succeeded in setting up a sequence of ran~
dom variables £, that form a submartingale relative to {#.}. i.e.,
M (Enss|Fn) =, n=0,1,...; 4.4)

the £, baving the following form:

‘ { C-*H,+n, if H.=B, @4.5)

= Co'InH,+g(H,)+n, if H.<B, :
where B depends only on % and g(Hp) is a function that is bounded for all Hy by a constant that also depends only on
P . Assume that 7 is an arbitrary Markov stopping instant. We will assume that Mt < < (otherwise, the

assertion of the theorem is obvious). On the basis of the theorem regarding stopping of a submartingale ([9].
p. 62), the sequence (fp Aq, F+ ), n=0.1,. .. also forms a submartingale. Therefore.

By SM(Enn- | Fo) << }Lr: M(Eun-| Fo)e @4.6)

Taking account of representation (4.5) for £, we obtain from (4.6) (H, > B):
fo = C Ho<Iim M (n A T| Fo) +lim {CHM (HunLisr, 581 | Fo)

+ CPM(In HupXym, o<t | Fo) + M (8 (Taps) YLirr p o< | F o)}
SM(t] Fo) + lim [CM(Hup<| Fo) + CTM(In Hop-| Fo)l + D(P). 4.7)

Using the inequality M(ln ¢) < In (M£), we obtain from @.7) that
| M(T|Fo)>C ' Hy— C ' lim M (Hup<| Fo)

n—>c0

— 1 lim [In M (Hnp< | Fo)l + D(P) = C Ho — CIM(H- | Fo) — C In M (H. | o) + D (P). (4.8)

Recalling that Hy; = InN and usiﬁg inequality (3.2) for M(H . |¥,), we obtain the necessary inequality (4.1) from
(4.8). Thus, the theorem will be proved if we can succeed in setting up a sequence of random variables ¢,
satisfying conditions (4.4) and (4.5). It is fairly simple to_do this.

To clarify the idea of our construct, let us imagine that Lemma 3 is valid for all Hy, and let us consider
two sequences of random variables: ' ;
g l=C~'H,*tn,

4.9)
t.2=C,~'In H,+n+a, a>0. ( _
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© Each of them forms a submartingale relative to {#.} . Figure 1 shows the functions C™*H and C{'InH +a. It
is'clear that for large a these graphs have two common points B and D; with increasing a, point D shifts left-
ward toward the coordinate origin. while point B moves to the right. The quantities Hy and Hp44 at two succes-
sive instants satisfy the inequality [see (3.12)] Hy —Hp+; = (1 —x.nhirlx ki /pi7))Hp. This yields that if the en-

tropy H, is greater than B, then for sufficiently large « the entropy Hp4y cannot be less than D. Therefore.
if we create a sequence of random variables &, of the form

) C‘H,+n, if H,=:B, 410
= { C'lnH.tat+n, i H,<B, .10)
it is easy to establish that it forms a submartingale relative to{#.,} , n=0,1,... . Our reasoning will not

work, however, because of the fact that Lemma 3 was proved only for Hy < H*(#). The following lemma
makes our reasoning rigorous.

LEMMA 5. Assume that for the sequence (n,, #.), n =0, 1,:. . ., wehave the inequalities
M. |F o) =na<Cy, if 1.0, @.11)
| Anes—na| <C., €,>0.

For parameter o satisfying the corndition
a=C,+CrC, 7, @4.12)
we define the sequence {¢,} as follows:
N» o
T 4p, if <0,
_ ¢, Ci(n.—a) 1 4.13)
b= —al,"'+n, if  1.=0.
Then the sequence (zp. &, ) forms a submartingale, i.e.,
M(Cn+l|g-ﬂ)>Cm n=01 11 Tev e (4.14)
Proof. For Tn = 0, using conditions (4.11) and (4.12), we have
Nn+t a? 1
M|t FrHIF | = M (il )
C, Cq('f]n+1_a) C, -
ol 1 1 7 1 al
'*;1( - I'sr,.)= ,,+-1+—[1————7]M(nn —nl )
e Neg1—&  Nu—a n C, (n—a)? “
az (’Yln+l—nn)2 az sz - 4 1
M[—— ]9&.]2 wt [1— =1, 4.15)
HIATYE R - " ) Ci(a—Cs)
Since a = C,, for 0 =x = C, we have
x a? a
< ——. (4.16)
C, Ci(z—a) C,
Therefore, taking account of the fact that ny.4 = C,, we have from (4.15) and (4.16) that
Nn+t ot
F) =M [-——+-—————~——+n+1|5¢',. >t,, n.<0. 4.1
M(Lrndl ) 2M [P s | (4.17)
If n, > 0, we obtain, similarly to (4.15)~(4.17),
& Nagt a’ ) ]
M(Cuss a) = —-—+ 17
1(C0nd| F ) =5t [ +M [( e Gy ) K
a G, ol
2>t+l+—=————————=C,, .=>0. 4.18
T T CaAcy ! @ro
Expressions (4.17) and (4.18) yield inequality (4.14).
The lemma has thus been proved.
Now it clear from Iemmas 3 and 4 that the sequence
=l H,~ln B(#), n=0,1,... @.19)

257



satisfies the conditions of Lemma 5. Therefore, each of the following sequences forms a submartingale rela-
tive to the system {#.} , n=0,1, . .

£.'=C~'H.+n,

InH,—-InH (P) o?
C, Ci(lnH,—InH (#)—a)
te=| if H.<H(P); '
—aCy~'tatn,  if H.=2H(P), a>0,

+a+tn, (4.20)

where C and C, are defined in (4.2) and (4.3), while parameter o satisfies condition (4.12) with C, from (3.12).
It is clear that all the reasoning made using Fig. 1 is valid for sequences { ¢} and {£}}; for all Hy the sequence
{£%} behaves like C{'InHy, +a +n. Thus, we have proved that Theorem 1 is valid.

We should note that paper [10] proposed a method for obtaining results similar to those of Theorem 1
that differs from the one employed here. But the proof in [10] is valid for a restricted class of transmission
methods. It turns out that the authors of [10] accepted without proof the fact that the optimum transmission
strategy cannot terminate before the a posteriori probability of one of the hypotheses attains the 1 — Pg level.
But this fact is hardly obvious for an arbitrary number of hypotheses. We know only a fairly cumbersome proof
of it for the case of two hypotheses (see, e.g., [11]).

5. ASYMPTOTICALLY OPTIMAL TRANSMISSION METHOD

_In this section we will create, for the discreté channel under consideration, a transmission method in-
volving noiseless feedback for which the mean decision-making time coincides in the principal term with lower
limit 4.1) as Pg — 0.

Assume that the maximum in the definition (3.10) of C, is attained on input symbols (Ei,, Eko). ie.,

“2 puln Pat 6.1)

-t

We define the quantity C{ as follows:

=Y puln=. (5.2)

If the maxunum in (3.10) is achieved on several pairs of input symbols then we take [Ej,, E,) to be the palr
for which C1 is at a maximum, In setting up the transmission method we need to consider two cases: a) C{ >

C and b) C1 = C. In both cases the transmission methods are conceptually similar, but case b) calls for a
more detailed investigation. Let us begin with the first case, which is simpler.

a) C{f > C. We denote by (TI'10 ..... wg{) the probability distribution for the input symbols on which the
channel capacity C is achieved; without loss of generality we can assume that n{’ >0,i=1,.... K. Then we
have ([1], Theorem 4.5.1) the equality

.‘Z’k——Zpuln(p“ /23‘( p,l)=’ . k=1,....K. (5.3)

i=1

We denote by Pj (n) the a poé;eriori probability of message ®j after n instants [the a posteriori probébility of a
true message ptr(n) = p ()]s We introduce the quantities

Z,(n)=Tn ”’("()) Ze (W)=Z(n)), j=1,...,N. 5.4)

We also introduce the Markov instants 7(¢) and Typ(e):
7(e)=min{r : max Z;(n)=In(1/¢)},
’ .5)
T (¢)=min {n: Z(n)=In (1/¢)}.

Markov instant 7(e) defines the decision-making rule. As shown at the end of Sec. 3, the error probability Pe
for this rule does not exceed e. If message @; is transmitted, then obviously we have
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M(x(e) |8)<M(ty (¢)]6)), j=1,..., N. (5.6)
Bounding the right side of (5.6) from above, we obtain the necessary upper bound for the mean decision-making
time.

Let us now desc rlbe the encoding method employed. The upper segment in Fig. 2 successively gives the
“probabilities 7, . . . , 1rK, similarly, the lower segment shows the a posteriori probabilities pj@,j=1,...,N.
We denote by {= J} {p] (n)} the corresponding segments on F1g 2. We place each segment {p] (n)} in correspon-

dence with a vector aj = (aJ, ... aJK). The coordinate aJ of this vector is equal to the length of the part of

{p )} uuder segment {111} ....,K. For example, in Fig. 2 we have a; = (p;(n), 0, L 0), oy = (nf —
pi(n) ., p1 (@) +pym) — ) — wg 0, ..., 0), and so forth. Obviously.

N

Za,—p,(n) Voo, =t N =t K 6.7)

fmai Fu1

Before transmission at the (n + 1)~th instant at the receiving end of the channel all messages ©; are
randomly partitionedintogroups {m}, ..., {m}. Here the probability that message ®; will be assigned to group {m}
is a; /pJ (n), and randomization of each message is done 1ndependent1y of the other ones. Because of the use of

noiseless feedback, the results of randomization become known at the transmitting end, and symbol Ej is trans-
mitted at the (n + 1)-th instant if the true message €, was assigned to group {rj}. Obviously, for the length m
of random segments { 7;} we have

N
M@lF)= Y af=as i=1,..,K.
=1
If true message @, was assigned to group { m}, while a signal ¢p.y = E; was obtained at the channel

K -1
output, then p(n-+1)=p(n)pu ( L .p.,) . As a result we obtain the following equation for @tp:

M[Z(n+1)~Z(n) |F ., O |=In(1—p(n)) +Z Zp“ll\lln [p,.,(v *tp,;——p(n)Pu) Ig-n,@u @{ﬂa}] (5.8)

Now we note that

N

M F .. O E{m}l= Z o' +8-p (n) =a"+6up (n) —axr. (5.9
9]::;ltl'
(6ik is the Kronecker delta), i =1, ..., K. If for the U -convex function in (1 /(¢ —a)) we now employ the Jen-

sen inequality and (5.9), and then condition (5.3), we obtain from the right side of (5.8) that

M[Z(r+1)-Z()F,] Z o) Zp,,ln[[),(, ( v TP

(n) ZZ oztr pk.ln[l—(ia; p,—,/gni"p”)]_ (5.10)

la=i k=t i==t

—iagp”)' ]+ln(l— (n)) =C+In(1—p(n)) —

i==1

Denoting the double sum on the right side of (5.10) by F and introduciné the variables

X K
-‘llzza:r Py [).I=Z [P £=1,...,L'
k=1 i=1
we obtain

1—2,1 Ln(i——),
A,=p(n), Bi=1, 0<4,<B.
;41 p(n ; ! i
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Obviously, the function xIn @ —x) is n -convex. Therefore, using Jensen's inequality, we obtain

(ZB, A‘)ln[l—( y B%)] = p(Wln(l—p(n)). (6.11)

Finally, we have from (5.10) and (5.11) that
MIZ(n+1)—Z(n) | F.]=C. (5.12)

Thus, for the proposed encoding method the quantity Zi,(n) increases with each observation by not less than C-
on average. When the a posteriori probability of one of the hypotheses becomes sufficiently large, we alter
the encoding method, adapting it to the problem of discriminating two hypotheses. More precisely.we will de-
fine the quantity 1 /2 = p, < 1 below in such a way that if Pj (n) = py, then at the (n + 1)-th instant we examine
the two hypotheses {@)J is a true message} and {€j is a false message}, and encoding will consist in the follow-
ing: 1) symbol Ej is transmitted if ®; = @¢r; 2) symbol Ek, is transmitted if ®; * Otr (Elo and Ey, being defined
at the beginning of this section). In this case, if ptr(@) = py, we have

MIZ (n+1)—Z (n) 1] =Z Pin ln-p—‘i—c (6.13)

Prot
l=1

If pj(0) = pp and ®; = O¢r, l.e., the level of p, exceeds the a posteriori probability of a false message, then

Pai(1—p(n))
Pra (1=p(n)) +p;(n) (Pii—DPrat) '

M[Z(n+1)—Z(n) |F 1= Zp,‘u,-ln p(n)<p;(n). V (5.14)

=1
As pj) — 1 the right side of (5.14) tends to C{. Since, by supposition, C{ > C, there exists a po < 1 such that
for p; ( (n) = p, the minimum of the right side of (5.14) is equal to C. More premsely we can determine p; from
the formula

. Proi (1—Y) ] }
=min{ z: min =C}.
be { Vrxesl [ Z Pul Phrot (1—!/) +1'(pi,!'—Px..1)

I<y<1—x

(.15)

Now the transmission method has been fully described. For the Zty(n) = Z(n) we have from (5.12)~(5.15) that

M[Z(n+1)—Z(n) |F.]=C, if Z(n)<1n£" :
Pe (5.16)

M{Z(n+1)—Z(n)|F . ]1=C,, if Z(n)>1n I

Moreover, we can readily obtain the formulas |Z(@ +1) —Z({n)| = C, = maxln (pj;/pi;). The following lemma
was proved in [6]. DEN

LEMMA 6. Assume that the sequence (¢; %), k=0,1,... forms a submartingale, where
M5 |F2)ZEHC, i 5<0, C>0,
M(§k+ilg.h)>§h+ch if Eh>01 C1>C,
l§k+l_§hl<02y £,<0,

and the Markov mstant 7 is given by the condition 7 = min{n: th = B}, B > 0. Then we have the inequality
M(r| &) = C{!'B + C7lgyl + D(C, Cq, C,p), where function D depends only on C, Cy, and C,.

Obviously, the conditions of Lemma 6 hold for the sequence (Z(n)—ln 1”“

,9',\) .n=0,1 ... . There-
fore, we have ‘ ho :

M1, (P.)|8;]<C-'InN+C,"'In (1/P.)+D(P). (5.17)

b) Ci* = C. In this case the first inequality in (5.16) is violated at those instants at which the a posteriori
probability of one of the false messages exceeds the p, level and the true message in the encoding process is
relegated to an "unfavorable" group corresponding to input symbol Eg . It is clear, however, that if we choose
p, in accordance with Pe and N to be sufficiently close to unity. this event will have a low probability and will
not significantly affect the mean decision-making time. To describe the transmission method more precisely,
we specify p,, the level Z; = In (p,/@ — p,)) associated with it, and yet another level A < 0. All these quantities,
which depend on Pg and N, will be determined below. Our proposed method consists in the following.
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1) If prior to instant n the a posteriori probabilities of all messages @j were less than p,. the trans-
mission method at the (o + 1)-th instant coincides with that described in case a).

2) Assume that after the n-th instant the a posteriori probability of one of the messages first exceeds.
the p, level, e.g., p;(@) = p;. Then we subsequently solve a problem of discriminating two hypotheses: G, =
{Gj‘ is a true message} and Gy = {C is a false message}. Here G, is placed in correspondence with input sym-
bol Ej, while G is placed in correspondence with Eg,. If Zj() corresponding to G, attains the In (1 /Pg) level
before it attains the A level, we make a decision in favor of message ¢j. If the A level is reached first, then
hypothesis G, is rejected and transmission begins from the very beginning, i.e., with equiprobable a priori
distribution for all messages. If Pj@) = poand ®; = Otr, then the following relationships are valid during the
time that Gy and Gy are discriminated: ‘

M[Z;(k+1)—Zi(k) |F:]=—C, k=n. 5.18)
|Z;(k+1) —Z,(k) | <max|In(pi/pr:) | <C..

We denote by Py the probability that Zi.(n) will attain the A level before In (1 /Pg) in the problem of discrimi-
nating two hypotheses. Then for the mean decision-making time 7 we readily obtain the equation-

. _Z—2(0) +po[ In(1/P,

)2, - 24 ' | .
g = +Pn:]+(’1—po)[ = +T]+D(9’). (5.19)

1

To estimate P;, we note that Mlexp{—(Z{@m + 1) — Z(m))}{ F.] = 1. This means that the sequence (e~2D),
), n=0,1,...,formsamartingale. Therefore, if we take 7 to be the instant that either A or ln 1/Pe) is

first reached, we readily obtain that
e~%=e O =M[e~*® | F ] = Pe~4+ (1—P,) exp{— (In(1/P.) +C.} }. (5.20)
(Here the zero instant corresponds to the moment that Z¢r first intersects the Z, level.)

From this we have

P.<(e-%—P.e~%) (e-4—P,e~). (6.21)
Now let us set
InN  InP,\1"
5=1_p0=[1n(n7__a_)] . A=—1le. (5.22)

Then we obtain from (5.19)-(5.22), for sufficiently small Pg,
- < (lnN_ In P, _{_C‘—C
c C..  CC

1
ln?) / (1—e)+D(P). | (5.23)

The results of this section can be formulated in the following theorem.

THEQREM 2. If C{ > C, the mean decision-making time of our proposed transmission method satisfies
the inequality
M(t|Og )<C-*ln N—C,~'In P.+D(P).

If C{' = C, then inequality (5.23) holds, wherv\a ¢ is defined in (5.22) and D is finite and depends only on P

The results of Theorems 1 and 2 permit us to readily compute the rellabmty function E R) of the channel
with noiseless feedback under consideration. Indeed. let us define the mean rate R and reliability function
E[®R) of the transmission method as follows: »

R=(n N)/z,
E(R)=1im (—(nP,)/7).

Pe—+0

(5.24)

Then we have the following theorem.

THEOREM 3. The optimum reliability function Eopt(R) of the discrete channel with nolseless feedback
under consideration is Eopt(R) c;a-®/C), 0 =R =C.

In concluding this section, we offer two examples.
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Example 1. For a DSC with channel error probability p we have

q .
Ci=C=(g-p)ln—<C=plu2p+qln2q, qg+p=1.
. pr

Example 2. Consider a channel with transition matrix # of the following form:

e (l—e)n...... (1 —¢€)n
P = f—aan  ...... ajn . 0<Ca<t.

For it for e < 1 /@ + 1) we have

=(1-a) In (1/e)~H(ax)—aln (1-¢),
Ci'=—(1—e)Ina—eln(1—a)—H(e),
C>(1—a)ln(n+l)—H(a)ta In((n+1)/n).

Obviously, in this case, we have C > C{ for sufficiently large n.

6. TRANSMISSION WITH ZERO ERROR PROBABILITY

If transition matrix % contains zero elements, we formally cannot employ the results of Theorems 1
and 2, since in this case Hj(n), Zj@m), etc., can have jumps of infinite size. But we can readily obtain new
analogs of these theorems. Indeed, Lemmas 1 and 2 remain valid. Therefore, if we take account of the fact
that the sequence (C '1Hn +n, F.).n=0,1,... forms a submartingale, we have for an arbitrary Markov
stopping instant T

CM(H.|F ) +M(z|F.) =C'H..

From this we have
M(t|F.)=C"'[In N—h(P.)—P.In(N—1)1, 6.1)
and this yields a lower limit for the mean decision-making time.

In this "degenerate™ case we were unable to investigate a transmission method analogous to those set up
in Sec. 5, because of the fact that Ziy (n) can have jumps of infinite size with positive probability in this case.
Therefore, we will limit ourselves to proving the existence of a transmission method with zero error prob-
ability for which the mean decision-making time is equivalent to the right side of (6.1) as N — « and Pg — 0.

We denote by P(N, n) the minimum error probability achieved by means of a code of volume N and length
n without employing feedback. It is known [1] that

P, n)<exP{—-a-(c-1ﬂ) ), 6.2)

n

where o is some quantity that depends only on #. [It is known, for example, that o < 8e™2 + 4 (In L)2.] We
select some code satisfying condition (6.2). The quantity n will be determined subsequently.

Assume that after transmission with the code in question message @; has maximum a posteriori prob-
ability. We will assume that pj ; = 0 and Pkg1 = Py, k=1, ., K. Now let us consider the problem of dis-
criminating the two hypotheses Hy = {@; is a true message} ‘and H; = {@; is a false message}, placing H, in
correspondence with input symbol Ej and Hy in correspondence with Eg,. As soon as output symbol E; is re-
celved at the receiving end, transmission terminates and a decision is made in favor of hypothesis H,. If sym-
bol E1 is not received at all over time n;, then transmission begins anew with uniform a priori distribution.

We can readily obtain the following expression for the mean decision-making time of the transmission method
in question:

T<n+P (N, n) (+n) +(1—P (N, 1)) [prs + (1= pat) ™ (0 %) 1. (6.3)

Now let us set
InN eCIn N

T T T a(l—e)n(—pm)

where e =V (a InInN) /(CInN).
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Now we obtain from (6.2) and (6.3) that

<lnN 1+‘VoclnlnN alnlnN]
T [ ClaN  2CIaN

D(P). (6.4)
It is obvious that the right side of (6.4) is equivalent to lower limit (6.1) as N — « and Pg — 0.

APPENDIX

Taking account of the remarks made in Sec. 3, we will prove Lemmas 3 and 4 for channels with noise-
less feedback. We will require the following additional lemma.

LEMMA 7. For arbitrary nonnegative py, fj, 8;. /=1,... L;i=1.... N we have the inequality

pln(Zh/Zﬁu)<m‘“2plmpﬂ ' (A1)

i=1

Proof. Obviously, it suffices to establish that (A1) is valid for N = 2, since the more general case can
' b3

readily be reduced to this one. Without loss of generality, we will assume that f; + f, =1 and Zp, =1. Letus

L,

find the minimum value of the right side of (Al) relative to f= £, f,). It is easy to understand that at the
minimum point we have the condition

Zp,lu—-—v p,ln—, fi+fa=1. @a2)
=1 .

=1

Solving (A2) with respect to f; and substituting the resultant values of f; and fz into the right side of (A1), we

obtain
mm [nn\z'p:]n futhe ] = —In [H (Bu)Pi +H (321) r;] . A3)

— I=1 1=t

Since the left side of (Al) is equal to -In [H (Bu+pa )”:] , it remains to establish that the following inequality is
valid: i=

L

]f[ But+pa) s = ILI (Br) 2 + ILI (321) 1, 2 p=L (A4)

1=t =1 =1 =1
The validity of this lasf relationship is implied by inequality (2.7.2) of [12].
Proof of Lemma 3. We introduce the following notation (which apply to the entire Appendix):

fi=P(6:]|F ), i=1,...,N;
fi() = P(B:|F 1 bn=E), I=1,...,L;

(A5)

2(10)=P(E 1 =E|F ., 02,
p(1)=P(Er=E/|F ).
Using (A5) and Lemma 6, we have

L
—Ef,' lllf.' —fi In f; . ‘
Mn st = 8 poin [ e | < mee{ Z" [ S |} @)
—2fi il i ! ! :

=1

For the quantities p(!) and fj(!) from the transmission method we hgve
W =fp 18+ (t—1)p (1189,
p()=fir( a7
fu(y =1 (1|8 /p(B),

K X
p(l|8:) = ZJP(E:.+1=EH9{)PH =Z CLinPhi,

Re=1 R=1

where
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K

K .
P(”F—)-’)"—‘P(E:-+1=El!9u- #6;)= ZP(E'&:=E)‘|6()M= Zﬁikmr. ) ‘ A8)

Ra=ti k=1

Obviously. for fixed i the variables fj, { @ik} and {Bj} are mutually independent, and

K

K .
2 an=1, 2‘ Bir=1, @i Ppur=0.

ha=q k==t

Now we will show that the maximum of Fj relative to the variables {aji} and {;} is attained on de-

generate distributions { ) and {Bj}, i.e., either ajx = 0 or ik = 1, and similarly for By, k=1, . K.
First letus consider maximization relative to {Bik}- We can assume that Bi1, . - . , BiK— are independent vari-
K—1

ables, while pix=1- Zﬁu;., Then for the derivatives of Fj we readily obtain

k=t

d*F;  @F; &, 8*F;
- + - ’
dBa® OB’ aﬂixz B 0Bix
LS §' Pup
RIP Ky
B dpix - ded 0p*(D) A9)

=1

I -1 1 V-2
R _ L [1— (ln P ) + (m 20 ) ];0.
ap*() p) fip(21©3) fip (1]6:)

Expressions (A9) yield

d*F;

dfip®

L :
9°F;
=(1—f)* y —— (pu—px)2 >0, k=l,...,K-1. 1
(L—f:) Zﬁpz(l) (Pm—px1) ‘ (Alo)
=1
Consequently . for fixed i all the Bjj; except for one are 0. Similarly,we can obtain

2 l -1 l -2
—Z("“ pm)zlp(l) fip(1]8:)] [1 (ln l?() ) +(ln pf) ) ]>0. A11)

do;y? p()p2(1]8:) fip (2] ©:) fip(1{81)

Consequently . either ajgy =0or ajx=1, k=1,... K. Now from (A8) and (A7) we have

L .
. flnf
- F E ' Dip——— 1, (Al2)
M(in H,—In Hppi n)<n;a;xm;ax{ p()In TOmI0 }

=1
where _
p)=fpu+(1=fyps, O<f<Y, (A13)
f(Oy=fpu/p ().

We were not able to maximize in the right side of (A12) for all possible _f values. To establish that Lemma 3
is valid, however, it suffices to maximize the right side of (A12) as f — 0 and f —1. We can readily show that
the sum in braces on the right side of (A12) is equal to

L -

1 1
S [ (g)] » o
Pr Inf Inf

I=t

N . (Al4)
2 puln 2 —(1-p) y r-p) 2 b o(=f)  as 1oL,
Pt P

l=g Pt
Using the inequality Z‘ (m-ﬁ,)ln%? 0, Za, =Z B:=1, we can readily establish that expressions (A14) imply
1
that Lemma 3 is valid. )
Proof of Lemma 4. Using the obvious inequality

K X ’
&g
E ai/z §,>min-F—, ai,ai>0v

i=1 la=)
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the notation from the preceding proof, and the fact that the function —x Inx is n -convex, we have
L .

—Z fiWInfi Q)

H, g’ﬂy :n =E i=1 i i
XQ) = ( +1I 3 1) _ ?min[ fiDInf: ()
H [F ) ~ i filnf;
—Z filnfs
i=l
= min min [( 2 In Paf )/jlnf] . . {Als)
jk omisit puf+U=Hpru  puf+ (=1 pu

First assume that pgj = pjz. Then the expression in brackets on the right side of (A15) is not less than

min [————pﬂ ] =2 ] (Al6)
i pif+(L=f)pn Pul

Now let Pji = Pkl- Then it is easy to establish that forany 0 =x =<1, 1 =a =1 /x we have

azlpaz | i—az
=

zlnz 1-z

Using this inequality, we obtain that the expression in braces on the right side of (A15) is not less than

foi 2 Pu
H [ el S 1- = = — Al
m}“[( fpit+ (1—f) pu )/ ( f)] mn [fpm»m f)Phl] P (A1

Now the necessary inequality (3.11) follows from (A15)-(A17). and the lemma is thus proved.
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