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Abstract

We consider the general nonconvex quadratic programming
problem and provide a series of convex positive semidefinite
programs (or LMI relaxations) whose sequence of optimal
values is monotone and converges to the optimal value of
the original problem. It improves and includes as a special
case the well-known Shor’s LMI formulation. Often, the
optimal value is obtained at some particular early relaxation
as shown on some nontrivial test problems from Floudas and
Pardalos [9].

1 Introduction

In this paper we consider the general nonconvex quadratic
programming problem

P 7! p� := min
x2Rn

fg0(x) jgi(x)� 0; i = 1;2; : : : ;mg: (1)

where thegi(x) are all quadratic polynomials,i = 0; : : :m,
and where neither the criterion nor the constraint set are
assumed to be convex. We also allow equality constraints
since they can be written with two opposite inequalities. In
fact, any optimization problem with polynomials can be put
in this form in an augmented space (see Shor [13], [14] and
Ferrier [3]). This problem is very difficult in general, for
several NP-hard problems can be put in this form. However,
there is a well-known relaxation of this problem, known as
Shor’s relaxation [13], which replacesP by a convex pos-
itive semidefinite (psd) program (or LMI relaxation). This
relaxation has been proved very useful for computing es-
timates of global minima, even in combinatorial optimiza-
tion. For instance, for the well-known MAX-CUT prob-
lem (a special case of (1)), very good approximations of
a global minimum have been obtained in Goemans and
Williamson [4] using Shor’s relaxation, followed by a ran-
domized rounding procedure.

In this paper, we propose a familyfQig of convex LMI re-
laxations (or psd programs) that contains Shor’s relaxation
as its first memberQ1 and with an associatedincreasing se-
quence of lower boundsfinfQ ig.

When the constraint set is compact, the nondecreasing se-
quence of these lower bounds converges to the global op-
timal value p� in (1). In fact, in many cases, the global

optimal value is reached exactly in a few steps. The ap-
proach is based on the theory of moments and recent results
on the representation of polynomials that are strictly positive
on a compact semi algebraic set. For results on the theory
of moments and the representation of positive polynomials,
the reader is referred to Curto and Fialkow [2], Berg [1],
Schmüdgen [11], Putinar [10], Jacobi [5], Jacobi and Pres-
tel [6]. It turns out that this theory is a natural and appro-
priate tool for global optimization sinceg0(x)� p� is pre-
cisely a (non strictly) positive polynomial, a feature that dis-
tinguishesp� from the other (local) minima. Moreover, the
LMI relaxations are well-suited since both primal and dual
psd programs perfectly match both sides of the same theory
(moments and positive polynomials). Indeed, when the op-
timal value p� is obtained at some relaxation, sayQ i , the
primal psd program provides a global minimizer whereas
the dual psd programQ�i provides the coefficients of poly-
nomials in the decomposition ofg0(x)� p� into a weighted
sum of squares.

Of course, there is a price to pay for these refined relax-
ations. The number of variables in the LMI relaxationQi is
the dimension of the vector space of real-valued polynomi-
als inn variables of degree 2i, that is,O(n2i).

However, theQ2 relaxation is already interesting. On a sam-
ple of 50 randomly generated MAX-CUT problems inR10,
theQ2 relaxation always provided the optimal solution, in
contrast to only a few cases for theQ1 relaxation. The re-
sults obtained on a sample of nontrivial test problems taken
from Floudas and Pardalos [9] are also promising.

2 Notation, Definitions and Preliminaries

For all i = 0;1; : : : ;m, let Ai be a real-valued symmetric
(n;n)-matrix, ci 2 R

n , and consider the general nonconvex
quadratic programming problem (1) withgi(x) = x0Aix +
c0ix+ bi, i = 1; : : :m andg0(x) = x0A0x+ c00x. Let K be the
feasible set ofP, that is,K = fgi(x)� 0; i = 1; : : :mg.

Given any two real-valued symmetric matricesA;B let
hA;Bi denote the usual scalar product trace(AB) and let
A�B (resp.A�B) stand forA�B psd (resp.A�B positive
definite). Let

1;x1;x2; : : :xn;x
2
1;x1x2 : : : ;x

r
1; : : : ;x

r
n; (2)



be a basis for ther-degree real-valued polynomials and let
s(r) be its dimension. Therefore, ar-degree polynomial
p(x) : Rn ! R is written

p(x) = ∑
α�r

pαxα ; x 2 Rn ;

where

xα = xα1
1 xα2

2 : : :xαn
n ; with

n

∑
i=1

αi = k;

is a monomial of degreek with coefficientpα . Denote by
p = fpαg 2 R

s(r) the coefficients of the polynomialp(x) in
the basis (2).

Hence, the respective vectors of coefficients of the polyno-
mialsgi(x), i = 0;1; : : :m, are denotedf(gi)αg=: gi 2 R

s(2) ,
i = 0;1; : : :m.

Given as(2r)-sequence(1;y1; : : : ;), let Mr(y) be themo-
ment matrix of dimensions(r), with rows and columns la-
belled by (2). For instance, for illustration purposes, and for
clarity of exposition, consider the 2-dimensional case. The
moment matrixMr(y) is the block matrixfMi; j(y)g0�i; j�r

defined by

Mi; j(y) =

2
664

yi+ j;0 yi+ j�1;1 : : : yi; j

yi+ j�1;1 yi+ j�2;2 : : : yi�1; j+1

: : : : : : : : : : : :
y j;i yi+ j�1;1 : : : y0;i+ j

3
775 : (3)

To fix ideas, whenn = 2 andr = 2 one obtains

M2(y) =

2
66666666664

1 j y10 y0;1 j y20 y11 y0;2

� � � � � � �
y10 j y20 y11 j y30 y21 y12

y01 j y11 y02 j y21 y12 y03

� � � � � � �
y20 j y30 y21 j y40 y31 y22

y11 j y21 y12 j y3;1 y22 y13

y02 j y12 y03 j y22 y13 y04

3
77777777775

For the 3-dimensional case,Mr(y) is defined via blocks
fMi; j;k(y)g, 0� i; j; l � r in a similar fashion, and so on.

If the entry(i; j) of the matrixMm(y) is yβ, let β(i j) denotes
the subscriptβ of yβ. Next, for a polynomialθ(x) : Rn ! R,
let Mr(θy) be the matrix defined by

Mr(θy)(i; j) = ∑
α

θαyfβ(i; j)+αg: (4)

For instance, with

M1(y) =

2
4 1 y10 y01

y10 y20 y11

y01 y11 y02

3
5 andx 7! θ(x) = a� x2

1� x2
2;

M1(θy) reads2
4 a� y20� y02; ay10� y30� y12; ay01� y21� y03

ay10� y30� y12; ay20� y40� y22; ay11� y31� y13

ay01� y21� y03; ay11� y31� y13; ay02� y22� y04

3
5 :

Mr(y) define a bilinear formh:; :iy on the spaceAr of r-
degree real-valued polynomials by

hq(x);v(x)iy := hq;Mr(y)vi; q(x);v(x) 2 Ar;

and if y is a sequence of moments of some measureµy, then

hq;Mr(y)qi =
Z

q(x)2 µy(dx) � 0; (5)

so thatMr(y)� 0, and similarly,

hq;Mr(θy)qi =
Z

θ(x)q(x)2 µy(dx); (6)

so thatMr(θy) � 0 wheneverµy has its support contained
in fθ(x) � 0g. The theory ofmoments identifies those se-
quencesy with Mr(y) � 0, which are moment-sequences.
For details and recent results, the interested reader is referred
to Berg [1], Curto and Fialkow [2], Simon [12], Schm¨udgen
[11] and the many references therein.

3 A family of convex LMI relaxations

Consider the problemPwith feasible setK = fgi(x)� 0; i=
1; : : :mg and criteriong0(x). When needed below, the vec-
torsgi 2 R

s(2) are extended to vectors ofRs(2i) by complet-
ing with zeros, i.e., the quadratic polynomials polynomials
gi(x), i = 0; : : :m, are considered as 2i-degree polynomials
with null coefficients for terms of degree larger than 2. As
we minimizeg0, we assume that its constant term is zero,
that is,g0(0) = 0.

For i = 1;2; : : :, consider the following family of convex
LMI problems

Q i

8><
>:

min
y ∑

α
(g0)αyα

Mi(y) � 0
Mi�1(gky) � 0; k = 1; : : :m:

(7)

with respective dual problems

Q�i

8>><
>>:

max
X ;Zk�0

�X(1;1)�
m

∑
k=1

gk(0)Zk(1;1)

hX ;Bαi+
m

∑
k=1

hZk;C
k
αi = (g0)α ; 8α 6= 0;

(8)

where we have written

Mi(y) = ∑
α

Bαyα ; Mi�1(gky) = ∑
α

Ck
αyα ; k = 1; : : :m;

(with y0 = 1) for appropriate real-valued symmetric matrices
Bα ;Ck

α , k = 1; : : :m.

At this stage, it is worthy to write down the LMI program
Q1, that is, wheni = 1.

Q1

8>><
>>:

min
y ∑

α
(g0)αyα

M1(y) � 0

∑
α
(gk)αyα � 0 k = 1; : : : ;m

(9)



with dual

Q�1

8>><
>>:

max
λ�0;X�0

�X(1;1)�
m

∑
k=1

λkgk(0)

hX ;Bαi+
m

∑
k=1

λk(gk)α = (g0)α ; 8α 6= 0:
(10)

Observe that, if we write

M1(y) =

�
1 y0

y Y

�
;

and remembering thatgk(x) = x0Akx + c0kx + bk, k =
0;1; : : :m, thenQ1 has the equivalent form

Q1

8>>><
>>>:

min
Y;y

hA0;Y i+ c00y

hAk;Y i+ c0ky � �bk; k = 1; : : :m�
1 y0

y Y

�
� 0

(11)

which is the dual of the well-known Shor’s relaxation for
quadratic programs (see e.g. [15]). Therefore, Shor’s relax-
ation is the first LMI programQ1 in the hierarchy of relax-
ationsfQig.

We need the following intermediate result:

Proposition 3.1 The family of LMI problems fQig satisfies

infQi � infQ i+1 � infP; i = 1;2; : : : : (12)

Proof: That infQi � infP is immediate because to every
admissible pointx of P, corresponds a solution

yx := (x1;x2; : : :x
2i
1 ; : : :x

2i
n );

admissible forQ i , and thus infQ i � infP for everyi = 1; : : :.

Next, consider an LMI problemQi , with i > 1, and lety =
fyαg a feasible sequence forQ i , that is,(1;y) is a vector of
dimensions(2i), the dimension of the vector space of real-
valued polynomialsp(x) : Rn ! R, of degree 2i. If we write
y = (y1;y2) with (1;y1) of dimensions(2(i�1)), we have

Mi(y) =

�
Mi�1(y1) M

M0 N

�
;

and

Mi�1(gky) =

�
Mi�2(gky1) V

V 0 NS

�
; k = 1; : : :m

for appropriate matricesM;N;V;S. Therefore,

Mi(y)� 0) Mi�1(y1)� 0;

and

Mi�1(gky)� 0)Mi�2(gky1)� 0; k = 1; : : :m;

so thaty1 is admissible forQ i�1. Moreover, the value ofy
in Qi is the same as the value ofy1 in Q i�1, and the result
follows.

Proposition 3.1 ensures that better and better lower bounds
onP can be obtained by solving the relaxationsQi , i= 1; : : :.
The next result shows that in fact, wheneverK is compact,
one may approach as closely as desired, the optimal value
p�= infP. We will use the fact that under a certain condition
on the feasible setK , every polynomialp(x), strictly positive
onK , has the following representation:

p(x) =
r0

∑
j=1

q j(x)
2+

m

∑
k=1

gk(x)

"
rk

∑
j=1

qk j(x)
2

#
(13)

for a finite family of polynomialsfq j(x)g, j = 1; : : :r0, and
fqk j(x)g, j = 1; : : :rk, k = 1; : : :m. In fact, a necessary and
sufficient condition for the representation (13) to exist is that
there exists a polynomialu(x) of the form (13) such that
fu(x)� 0g is compact (see Putinar [10] and Jacobi [5]).

For instance, the representation (13) holds whenever
fgk(x) � 0g is compact for somek, or when all thegk(x)
are linear andK is compact. In particular, it holds for ev-
ery 0-1 program. Indeed, write the integral constraints as
x2

i � xi � 0 andxi � x2
i � 0, for all i = 1; : : :n. Then, con-

sider the polynomialu(x) := ∑n
i=1(xi � x2

i ). Its level set
fu(x)� 0g is compact. Moreover, if one knows that a global
minimizer is contained in some ballkxk2 � M, for someM
large enough, then one may add the redundant constraint
gm+1(x) := M�∑n

i=1 x2
i � 0, and the setK (defined as pre-

viously with the latter additional constraintgm+1(x)� 0) has
the required property. And, we have:

Theorem 3.2 Assume that there is some polynomial u(x) :
Rn ! R of the form (13) and with fu(x) � 0g compact.
Then, as i! ∞,

inf Q i " minP: (14)

If K has a nonempty interior, then as i ! ∞,

maxQ�i = inf Qi " minP: (15)

The equality maxQ�i = minP occurs for all i� i0 (for some
index i0) if and only if g0(x)� p� is of the form (13).

Proof: Let ε > 0 be fixed arbitrary. Then, the polynomial
x 7! G0(x) := g0(x)� p�+ ε is strictly positive onK. From
the assumption onK , it follows thatG0(x) has the represen-
tation

G0(x) =
r0

∑
j=1

q j(x)
2+

m

∑
k=1

gk(x)

"
rk

∑
j=1

qk j(x)
2

#
(16)

for some polynomialsq j(x), j = 1; : : :r0, andqk j(x), j =
1; : : : rk, k = 1; : : :m (see e.g. Putinar [10], Jacobi [5]).
Now, let i1(ε) (that for notational convenience we simply
write i1) be the maximum degree ofq j(x), j = 1; : : :r0, and



i2(ε) (notedi2) be the maximum degree of the polynomials
fqk j(x)g, so that the polynomialsfgk(x)qk j(x)2g have max-
imum degree 2i2+2 (as thegk(x)’s are quadratic polynomi-
als). Leti := max[i1; i2+1]. Let q j 2 R

s(i) andqk j 2 R
s(i�1)

be the respective vectors of coefficients of the polynomials
fq j(x)g andfqk j(x)g, and write

X :=
r0

∑
j=1

q jq
0
j; Zk :=

rk

∑
j=1

qk jq
0
k j; k = 1; : : :m: (17)

Observe that with

yx = (x1; : : : ;x
2i
1 : : :x2i

n );

then,

gk(x)qk j(x)
2 = hqk j;Mi�1(gkyx)qk ji = hqk jq

0
k j;Mi�1(gkyx)i;

so that

gk(x)
rk

∑
j=1

qk j(x)
2 = hZk;Mi�1(gkyx)i (18)

= ∑
α

xαhZk;C
k
αi;

and similarly,

r0

∑
j=1

q j(x)
2 = ∑

α
xαhX ;Bαi; (19)

with Bα ;Ck
α as inQ�i .

Therefore, from the representation (16), it follows that

∑
α

xα

"
hX ;Bαi+

m

∑
k=1

hZk;C
k
αi

#
= ∑

α
xα(g0)α� p�+ε: (20)

Identifying terms of same power yields

hX ;Bαi+
m

∑
k=1

hZk;C
k
αi = (g0)α 8α 6= 0;

and, for the constant term,

X(1;1)+
m

∑
k=1

Zk(1;1)gk(0) = �p�+ ε;

which proves that(X ;Z1 : : :Zm) is admissible forQ�i with
valuep�� ε. Therefore,p�� ε � infQi � p�, and from the
monotonicity and the fact thatε was arbitrary, infQ i " p� =
minP.

The statement (15) follows from a standard result in con-
vexity. Indeed, we have just proved thatQ�i has a feasible
solution(X ;Z1; : : :Zm). Moreover, ifK has a nonempty in-
terior, let µ be a probability measure with supportK and
with a uniform distribution. Denote byyµ the vector of all
the (well-defined) moments ofµ. From (5)-(6) and the fact
thatµ has a uniform distribution onK , it follows easily that
Mi(yµ) � 0 andMi�1(gkyµ) � 0 for all k = 1; : : :m, so that

yµ is a strictly admissible solution. Therefore, there is no
duality gap betweenQ�i andQ i , and (15) follows.

Finally, consider theif part of the final statement. From the
representation (13) ofg0(x)� p� and using the same above
arguments, the corresponding matricesX ;Z1; : : :Zm form an
admissible solution forQ�i with value p� = minP, hence
proving maxQ�i = minP.

Conversely, theonly if part of the final statement also fol-
lows easily from the above proof. Let(X ;Z1; : : :Zm) be
an optimal solution ofQ�i with maxQ�i = p� = minP. As
X ;Z1; : : :Zm � 0, write them as in (17). The admissiblity of
(X ;Z1; : : :Zm) implies (20) withp� in lieu of p�� ε, which
in turn, using (18)-(19) yields the desired result.

The representation (13) has a nice interpretation as aglobal
optimality condition à la Karush-Kuhn-Tucker. Indeed,

Proposition 3.3 Assume that g0(x)� p� has the representa-
tion (13). Then, at a global minimizer x�, we have

∇ g0(x
�) =

m

∑
k=1

∇ gk(x
�)

"
rk

∑
j=1

qk j(x
�)2

#
(21)

and

gk(x
�)

"
rk

∑
j=1

qk j(x
�)2

#
= 0; k = 1; : : :m: (22)

Proof: The proof is immediate. Asg0(x�)� p� = 0, the
representation (13) leads

r0

∑
j=1

q j(x
�)2 = 0;

m

∑
k=1

gk(x
�)

"
rk

∑
j=1

qk j(x
�)2

#
= 0;

so that (22) follows. Differentiating in (13) and using the
above relationship also yields (21).

Hence, the theory of representation of polynomials, positive
on the feasible setK , can be viewed as a global optimal-
ity condition. The polynomials (sums of squares)∑ j qk j(x)2

in the representation (13) ofg0(x)� p� (when it holds) are
nothing less thanLagrange Karush-Kuhn-Tucker “multipli-
ers“. In contrast to the usual Karush-Kuhn-Tucker neces-
sary optimality condition with “scalar multipliers“λk, a non-
active constraintgk(x) at a global minimizerx� may have
an nontrivial associated “polynomial” multiplier (when this
constraint plays a role to eliminate some better (non feasi-
ble) solutions. However, this polynomial multiplier vanishes
at x�, as in the usual Karush-Kuhn-Tucker conditions where
λk = 0 at a non-active constraintgk(x�)> 0.

4 Examples

For illustration purposes we will consider the MAX-CUT
problem and some nontrivial nonconvex quadratic test prob-
lems from Floudas and Pardalos [9].



4.1 The max-cut problem
Roughly speaking, the MAX-CUT problem is a special case
of (1) with

� g0(x) = x0A0x and diag(A0) = 0.

� gi(x) = x2
i � 1 and the constraint is an equality con-

straint.

As for 0-1 programs, the feasible setK satisfies the condi-
tion required in Theorem 3.2. Indeed, write the integral con-
straintx2

i = 1 asx2
i �1� 0 and 1�x2

i � 0 for all i = 1; : : :n,
and consider the polynomialu(x) := ∑n

i=1(1� x2
i ). Its level

setfu(x) � 0g is compact. Shor’s relaxation (equivalently,
Q1), is the convex LMI problem:

Q1

8>>>><
>>>>:

minhY;A0i2
4 1 j y0

� � �
y j Y

3
5 � 0; diag(Y ) = e

(23)

wheree is a vector of ones. To visualize the two relaxations
Q1 andQ2, take an example inR3. In that case,Q1 reads

Q1

8>>>>>><
>>>>>>:

min q110y110+q101y101+q011y0112
664

1 y100 y010 y001

y100 1 y110 y101

y010 y110 1 y011

y001 y101 y011 1

3
775 � 0;

whereasQ2 reads

Q2

8>>>><
>>>>:

min q110y110+q101y101+q011y0112
4 M1(y) j B

� �
B0 j C

3
5 � 0;

with

B =

2
664

1 y110 y101 1 y011 1
y100 y010 y001 y100 y111 y100

y010 y100 y111 y110 y001 y010

y001 y111 y100 y001 y010 y001

3
775

and

C =

2
6666664

1 y110 y101 1 y011 1
y110 1 y011 y110 y101 y110

y101 y011 1 y101 y110 y101

1 y110 y101 1 y011 1
y011 y101 y110 y011 1 y011

1 y110 y101 1 y011 1

3
7777775
:

where we have used the fact that the equalityx2
100= 1 trans-

lates intoy200= 1 and therefore, a term likey400 is replaced
by 1, a term likey210 is replaced byy010, y211 by y011, etc.
so that only the variablesyα with αi � 1 and∑i αi � 4 are
present.

Hence, theQ2 relaxation of a MAX-CUT problem of di-
mensionn is an LMI problem with

�n+1
4

�
+
�n+1

2

�
variables

and one LMI constraint of dimension(n + 1)(n + 2)=2 in
comparison with

�n+1
2

�
variables and one LMI constraint of

dimensionn+ 1 for theQ1 relaxation. Of course, asi in-
creases, then so does the computational burden, a price to
pay to obtain better and better lower bounds.

For a sample of 50 randomly generated problems inR10 with
positive and negative weights, theQ2 relaxation provided
the optimal solution in all cases whereas theQ1 relaxation
in less than 20% of the cases only.

In both relaxationsQ1 andQ2, Slater’s interior point con-
dition fails, and we have to mention that in using the MAT-
LAB LMI toolbox, the running time forQ2 was surprisingly
very high compared toQ1, despite the fact thatQ2 contains
relatively few variables (15 forR4 and 30 forR5, 375 fro
R10).

4.2 Nonconvex quadratic problems
The nonconvex quadratic test problems below are from
Floudas and Pardalos [9].

4.2.1 : Problem 2.2 in Floudas and Pardalos [9].8>>>>><
>>>>>:

min
x;y

f (x;y) := cT x�0:5xT Qx+dT y

6x1+3x2+3x3+2x4+ x5 � 6:5
10x1+10x3+ y � 20
0 � xi � 1; i = 1; : : : ;5
0 � y

with Q := I andc = [�10:5;�7:5;�3:5;�2:5;�1:5]. The
optimal value�213 is obtained at theQ2 relaxation.

4.2.2 : Problem 2.6 in Floudas and Pardalos [9].8>><
>>:

min
x

f (x) := cT x�0:5xT Qx

Ax � b
0 � xi � 1; i = 1; : : : ;10
y5 � 2

with A being the matrix2
66664
�2 �6 �1 0 �3 �3 �2 �6 �2 �2
6 �5 8 �3 0 1 3 8 9 �3
�5 6 5 3 8 �8 9 2 0 �9
9 5 0 �9 1 �8 3 �9 �9 �3
�8 7 �4 �5 �9 1 �7 �1 3 �2

3
77775

c = [48;42;48;45;44;41;47;42;45;46], Q = 100I andb =
[�4;22;�6;�23;�12]. The optimal value�39 is obtained
at theQ2 relaxation.

4.2.3 : Problem 2.9 in Floudas and Pardalos [9].8>>>><
>>>>:

max
x

f (x) :=
9

∑
i=1

xixi+1+
8

∑
i=1

xixi+2

+x1x7+ x1x9+ x1x10+ x2x10+ x4x7

∑10
i=1 xi = 1

xi � 0; i = 1; : : :10:



The optimal value 0:375 is obtained at theQ2 relaxation.

4.2.4 : Problem 3.3 in Floudas and Pardalos [9].8>>>>>>>>>><
>>>>>>>>>>:

min
x

f (x) := �25(x1�2)2� (x2�2)2

�(x3�1)2� (x4�4)2� (x5�1)2� (x6�4)2

(x3�3)2+ x4 � 4; (x5�3)2+ x6 � 4
x1�3x2 � 2;�x1+ x2 � 2
x1+ x2 � 6; x1+ x2 � 2
1 � x3 � 5; 0 � x4 � 6
1 � x5 � 5; 0 � x6 � 10
x1;x2;� 0

The optimal value�310 is obtained at theQ2 relaxation.

4.2.5 : Problem 3.4 in Floudas and Pardalos [9].8>>>><
>>>>:

min
x

f (x) := �2x1+ x2� x3

x1+ x2+ x3 � 4
x1 � 2; x3 � 3; 3x2+ x3 � 6
xi � 0; i = 1;2;3
xT BT Bx�2rT Bx+krk2�0:25kb� vk2 � 0

with r = [1:5;�0:5;�5] and

B =

2
4 0 0 1

0 �1 0
�2 1 �1

3
5 ; b =

2
4 3

0
�4

3
5 ;v =

2
4 0
�1
�6

3
5 :

The optimal value�4 is obtained at theQ4 relaxation
whereas infQ3 =�4:0685.

5 Conclusion

We have proposed a sequence of LMI relaxationsfQig and
an associated sequence of nondecreasing lower bounds that
converges to the global minimump�, and in many cases,
p� is obtained at a particular relaxation. It has been shown
that the primal and dual psd programs perfectly match both
sides of the same theory (moments and positive polyno-
mials). Moreover, the representation of polynomials, pos-
itive on the feasible setK , is interpreted as a Karush-Kuhn-
Tucker global optimality condition with “polynomial” La-
grange multipliers instead of scalar multipliers. However,
although efficient LMI software packages are now available,
high order relaxations require a lot of variables. It is hoped
that for a large class of problems, low order relaxations like
Q2, Q3 or Q4 will provide the optimal value, or at least, a
good lower bound that could be exploited in other optimiza-
tion methods.
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