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Abstract

This summary will briefly describe some recent results in random matrix theory and
their applications.

1 Motivation

1.1 Multiple Antenna Gaussian Channels
1.1.1 Thedeterministic case

Consider a gaussian channel with t transmitting and r receiving antennas. The received vector
y € C" will depend on the transmitted vector x € Ct by

y=HXx+n

where H is an rxt complex matrix of gains and n is a vector of zero-mean Gaussian noise
with independent, equal variance real and imaginary parts, and x is a power-constrained input
Vector.
To compute the capacity of this channel we use the singular value decomposition for H: we
write H as
H=uzVv'

whereU € C™ V € C™ are unitary while T is non-negative and diagonal. We now make
achange of variables, X =VTx, §=UTy, i=UTn. Note that fi has the same distribution as n,
and because V is unitary out initial power constraint is unchanged. Thus, the original channel
isequivalent to
y=23X+A
which can be written in terms of the singular values as
. 125
Vi =N K 40
for 1 <i <min{r,t}
The capacity of the channel can now be found viawater-filling (see Section 10.4 of [3]): set

E[Re(%)%] +EIM(%)?] = (M- )"
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where [ is chosen to meet the power constraint at X = max(x,0) This is the distribution
that maximizes capacity; the corresponding formulafor capacity is

Cu) =X (Inkni) *

Example 1 Let H = I,; in this case we smply have n parallel Gaussian channels. Then, the
formula for capacity reducesto C = nlog(1+ P/n) 0

Note that capacity depends only on the singular values of H;twomatrices  that have the same
singular values wil lead tochannels with the same capacity.

1.1.2 Therandom case

A morerealistic model isarandom model for H. The matrix H will depend on the environment
and so it ismore prudent to characterizeit in astatistical sense. Wetherefore consider the model

y=Hx+n

where the entries of H are generated randomly according to some distribution. We assume that
each use of the channel results in an independent realization of H. We further assume that the
transmitter has no knowledge of H but the receiver does.

We now have the problem of computing the capacity of this channel. The mutual informa-
tion is given by

L% (Y,H)) = T(xH)+I(xyH)
(X y|H)
= En[l(xylH =h)]

For a given realization of H, capacity may be obtained via the water-£1ling method above.
For arandom x, the capacity is obtained at the distribution that maximizes the expectation over
H. The distribution that maximizes | (x;y|H) can be computed explicitly and the capacity can
be shown to be (we omit the derivation) [10]

C= E[_ilog(lthEki)] Q)

where ); are the eigenvalues of HTH. The question of computing capacity is now reduced
to a question about the distribution of eigenvalues of arandomly generated matrix.

1.2 Power Law Graphsand thelnternet

The internet has been observed to follow a power law distribution. Considering web pages as
nodes and links as edges between nodes, the number of nodes with degree j is proportional to
j—P for some exponent B [2].



This can be shown to be a consequence of the following fact: new web pages are more
likely to link to web pages with large in-degree than to webpages with small in-degree. Indeed,
webpage owners are more likely to have heard of the more popular pages and therefore more
likely to link to them. Thistends to reinforce the popularity of already-popular pages.

A similar statements holds for the graph of routers in internet providers. A number of
similar models have been proposed to explain this effect [6].

The eigenvalues of the Internet-graph have been experimentally observed to follow a distri-
bution that decays like the power law [9] Figuring out the distribution of the eigenvalues of a
power law graph is thus an important problem in many internet-related applications.

For example, many techniques for clustering and £nding hidden patterns in graphs depend
on the eigenvalues of the graph [1]. One such technique is the hubs-and-authorities algorithm
used for internet search [7].

We now state the problem formally. Our problem statement follows[2].

For a given degree sequences w = (wi,...,Wp) generate a random graph Gy, on n vertices
as follows: put an edge between i and j with probability pijj = wiwjp where p = iﬂﬁ Itis
easy to check that the expected degree of i isw;.

For a given graph G, the adjacency matrix Ag is defned as follows: Ajj = 1 if thereisan
edge between (i, j) and Ajj = 0 otherwise. The problem therefore assumes the following form:

let w be a sequence with w; = ci*Ifll 1. What is the distribution of the eigenvalues of Ag,?

2 Some Theoretical Results

2.1 Wigner’s Semicircle Law

The most fundamental result about matrix eigenvalues is Wigner's semicircle law [11], which
saysthat in the limit as the matrix dimensions approach in£nity, the distributions of the eigen-
values approaches a semicircle.

That is, let Abe area symmetric matrix where entries are generated independently accord-
ing to some distribution with E[A;j] = 0 and E[Aizj] — o2 for al i # j; further, assume that the
moments of |Ajj| are £nite for £nite N. Then the density of eigenval ues of % approaches

p(A) = (2no?) 1462 -2 |\ <20 )

andp(A) =0if A > 2.

A number of papers have been devoted to extending this result to different ensembles of
random matrices. In this section, we will state the result for the Gaussian Orthogonal Ensemble
and give a brief sketch of the method of proof. There summary here follows[8].

Defnition 1 Consider an NxN matrix with entries An(X,y) = a(x,y) that is real and symmet-
ric, and let the collection {a(X,y) }1<x<y<n be a family of random variables whose joint dis-
tributioin is one of Gaussian independent random variables. Thisis the Gaussian Orthogonal
Ensemble.

1With this, the number of vertices of degree k are proportional to kB
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Eigenvalue density for A+AT where A is Gaussian
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Figure 1: Anillustration of the semicircle law; eigenvalue density of a matrix with N=1000

We assume that a(x,y) with x <y is identically distributed with E[a(x,y)] = 0 and
Ela®(x,y)] = v2; similarly, we assume that a(x, x) areidentically distributed with E[a(x,x)] = 0
and E[a?(x,X)] = 2V,

Let {kEN)} be the set of eigenvalues of Ay and let 6(A, Ay) = %#{ng) <A}

We are now in aposition to state Wigner's semicircle law:

Theorem 1 There exists a distribution (A) with the property

My /R o) do(M; An) = /R o(\)do(L)

i.e. 6(A;An) — o(A) weakly asN — oo and

where p(A) has been defined in (2).

Sketch of Main Ideain the Proof: The proof isessentially ademonstration that the Stitljes
transforms of the distributions converge. We give abrief definition of the Stiltjestransform and
follow it up with highlights from the proof.

Given a probability measure F, its Stiltjes transform mg is defned to be

me (2) :/idF

X—12
A useful property of the Stiltjes transform isthat if Gy is the resolvent of Ay,
Gn=(AN—12)71t

then n
Mouan) =y 17O
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Wishart distribution
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Figure 2: A realization of the wishart distribution

The proof then follows roughly along the following lines: et Ay be the random matrix of
dimension N, Gy beits resolvent as above, and | et

. 1
N
It can be shown that f(z) satisEes the functional equation

1
"2 = —z—V2f(2)
This equation, however, has a unique solution and is satisfed by my;)(2); this shows that the
Stiltjes transforms of the distribution of eigenvalues converge to p. It can then be shown that
the distributions converge in the weak sense, as described by the theorem.

2.2 Eigenvalues of Other Ensembles

In this section, we are particularly interested in computing the distribution of the eigenvalues
of the Wishart ensemble, deEned as follows. The presentation of this section follows [4]

DeEnition 2 Let A be an MxN random matrix with independent identically distributed N(0, 1)
elements. Let W = AAT. We say W belongs to W(M, N), the Wishart ensemble.

We now state some de£nitions and facts before proceeding further.
Let Q be areal orthogonal mxn matrix, i.e. QQ' = 1. The set of al such matrices Vimn is
called the Stiefel manifold. The following identity for the volume of the Stiefel manifold holds

m.-mn/2
/ 40 = 2"
Vm,n rm(n/z)

whereT'(n) = [5°t"1e tdt.



A similar identity holds for complex matrices. Let Q be an mxn unitary matrix with QQ =
|. Then the volume of these matricesis
2mnmn

dd =2

Vinn I'(n)

where T is the complex-valued Gamma function.

Next, we state (without proof) some facts on transformation and densities.

Consider the Cholesky factorization H = LL". It can be viewed as a change of variables:
from the n(n+ 1) /2 independent elements of H to the n(n+ 1) /2 potentially nonzero elements
of L. Assuch, it has a Jacobian. The same goes for the H = LQ factorization: viewed as a
change of variables, it has a Jacobian.

Theorem 2 Let H = LLT. The Jacobian of the transformationH — L is
m .
dH = 2mH|ii2m—2l+ldL
i=1
Let A= LQ. The Jacobian of this factorization is
m - ~
dA = J]hi*"?*1dLdQ
i=1

Theorem 3 Thejoin density of the elements of the Wishart matrix is

1 _ 1y —m—
2M/2r 1 (n/2) W)

|dea of Proof: If W = AAT where A is a member of the Gaussian Orthogonal Ensemble,
factor A as A= LQ and then note that W = LLT. Integrate over the Stiefel manifold to get the
density of L and apply the Jacobian formulafrom the previous theorem to get the density of W.

Theorem 4 Let a Hermitian matrix Shavejoint density function f(S) and let f(S) beinvariant
under unitary similarity transformations, then the density of the eigenvaluesis

rm<m> i<j

Idea of Proof: Essentially repeat the arguments of the previous theorem by integrating the
Q component over the Stiefel manifold.
We therefore obtain that the density of the eigenvalues of W(m,n) is

2—mnm (m—

132 n—m
Fon()Ton(m) e I [10: )
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Figure 3: Capacity for various input power constrains, withr =t

2.3 Back to Multiple Antennas

In the previous section, we have computed the density of the distribution of the eigenvalues of
the Wishart ensemble. However, thisis precisely the problem we had reduced the capacity of
multiple-antenna systems to. Indeed, if H is Gaussian, then the performance of the system is
determined by the eigenvalues of HHT which is Wishart. Plugging equation 3 into equation 1
and simplifying, we get the following expression for capacity:

« et kl n—m n—maq—
/Olog(1+Px/t)k§0<k+n o (A)2A" M,

where m= min{r,t} and n = max{r,t} and Lij is the Laguerre polynomia. Thisformulais
the core result of [10]. The integral can be computed numerically to give a numerical estimate
for the capacity.

2.4 Back to Power Law Graphs

The question posed in the motivation question - what are the distributions of eigenvalues of
a power law graph - is essentially unsolved today. However, some progress has been made
towards its solution and we describe the results here.

We £rst describe the result of [9], which is roughly the following: the largest eigenvalues
of a power-law graphs are also distributed with a power law, provided the exponent is large
enough.

We now state this result formally. Note that we use d and w interchangeably to refer to degrees.



Theorem 5 Let (wa,...,W,) bea vector of degreeswith w; = &, with o € (%,1); thisyields a
power law distribution with 3 > 3; then, the eigenvalues of Ag,, satisfy

VWi(1—0(1)) <A < +/di(140(2)
fori=1,...,K =0O(nP).

Sketch of Main Ideain Proof: One constructs a subgraph made entirely of stars (astar on
n verticesis made up of aroot and n— 1 leaves, with an edge between the root and each of the
leaves, but no edges between the leaves). This subgraph is constructed as follows: star § has
nodei at its center and leaves those nodes among i + 1, ..., n that are not adjacent to any node
inl,...i.

It can then be shown by by taking expectation that the expected degree, 5 of star §, satisfies

di(1—nPl-2%) < g < g

The eigenvalues of a star on n vertices are v/n— 1 and —/n— 1. Approximating the graph
G asthe union of the stars, and recalling that
the set of eigenvalues of agraph Gisthe unionof eigenvalues of its components, it follows that
Ai behaves as \/d;. Since d; follows a power law, so does A;.

We should note that to formalize the above argument, it must be shown that the non-star
components of the graph do not contribute to the largest eigenval ues.

Asthe reader may remember, real graphs have decay coefficients much smaller than 3. The
graph of internet routers, for example, has an exponent between 0.85 and 0.93; measurement of
the decay exponent of the internet web page graph typically have given results between 2.1 and
2.4 19]. Hence an adequate understanding of these case is not available. Extending the above
resultsto lower exponentsis still an unsolved problem.

2.5 Experimental Resultsfor Some More Realistic Models

Real graphs, however, cannot be modelled very well with the random graph models described
above. While such modelsinsert edgesinto the graphs between verticesin an uncorrel ated way,
in reality the nodes are usually connected in a correlated manner.

Such differences have great impact on the eigenvalues. Consider, for examplefigure 4
which shows convergence to the semicircle law for a simple random graph model in which
each edge isinserted with probability p. All figures are taken from [5].

However, we know that the internet has been observed to have eigenvalues that follow that
power law - and not the semi-circle! Such discrepancies motivate the need for better models.

One feature that rea-life graphs have that uncorrelated models have is a typically small
distance between any two nodes. To remedy this, two models of random graphs have been
recently introduced [5].

251 Small World Graphs

Thisisaclass of graphs constructed as follows:first draw thevertices1,2,...,N onacirclein
ascending order. Then for every i connect vertei to thek verticeslying closest to it on thecircle:
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Figure 4. Convergence to the semi-circle for the random graph

i—k/2,...,i—1ji+1,...,i+k/2. Next, for vertex 1, consider the £rst forward connection, e.g
from 1 to 2. With probability p, reconnect vertex 1 to another randomly chosen vertex instead
(without allowing for multiple edges). Proceed forward and do the same for all of vertex 1's
forward connections. Then, repeat this for every vertex.

25.2 ScaleFree Graphs

Construct a scale-free graph as follows: starting from a set of misolated vertices, at each step
add another vertex and k connections. Pick any one of the existing vertices for a connections
with probability ﬁ wherek; isthe degree of vertex i. Such amodel can be proven to converge
to apower law distribution.

The behavior of the spectra of these graphs is not theoretically understood, but [5] reports
the results of a variety of simulations which we include here. In short, the behavior of the
eigenvalues follows neither the power law nor the semicircle law and is too complex to be
understood via current methods.

The eigenvalues of small-world graphs follow the semicircle law for p = 1; however, if
0 < p < 1 then the behavior of the eigenvalues is highly irregular and consists of a number of
spikes whose positions are not understood.

The eigenvalue distribution of the scale free graphs tends to look triangular with high N -
see £gure 5. This phenomenon is not understood and its explanation is an open question.
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