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Capacity Theorems for the Relay Channel

THOMAS M. COVER, FELLOW, IEEE, AND ABBAS A. EL GAMAL , MEMBER, IEEE

Abstract—A relay channel consists of an input x,, a relay output y,, a
channel output y, and a relay sender x, (whose trasmission is allowed to
depend on the past symbols y,). The dependence of the received symbols
upon the inputs is given by p(y,y,|x,x,). The channel is assumed to be
memoryless. In this paper the following capacity theorems are proved.

1) If y is a degraded form of y,, then
C-maxp(xl,xz) min{I(Xl’Xz; Y)’I(Xl; Y]IX,_)}.
2) It y, is a degraded form of y, then
C=max,,,, max, I(X; Y|x,).
3) I p(y,y,|x;,x,) is an arbitrary relay channel with feedback from
(,»1) to both x, and x,, then
C=maxy, ., Min{J(X;, Xp; Y),I(X(; Y, Y1 X))
4) For a general relay channel,
C<maxy,, ., min{1(X,,X,; Y),I(X;; Y, Y |X)).

Superposition block Markov encoding is used to show achievability of C,
and converses are established. The capacities of the Gaussian relay chan-
nel and certain discrete relay channels are evaluated. Finally, an achiev-
able lower bound to the capacity of the general relay channel is estab-
lished.
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I. INTRODUCTION

HE DISCRETE memoryless relay channel denoted

by (%K, X Xy, p(¥,y1]%1,%,), ¥ X ¥Y)) consists of four
finite sets: X, X,, Y, ¥,, and a collection of probability
distributions p(-, *|x;,x;) on U X %U,, one for each (x;,x,)
€%, X %,. The interpretation is that x, is the input to the
channel and y is the output, y, is the relay’s output and x,,
is the input symbol chosen by the relay as shown in Fig. 1.
The problem is to find the capacity of the channel be-
tween the sender x, and the receiver y.

The relay channel was introduced by van der Meulen
[13, [2}, [3, p. 7 and pp. 32-34), and has also been studied
by Sato [4]. In [1] a timesharing approach was used to find
inner bounds for C. Outer bounds were found in [1] and
[4]. However, C was established only for relatively degen-
erate channels.

The model that motivates our investigation of degraded
relay channels is perhaps best illustrated in the Gaussian
case (see Fig. 3 and the example in Section IV). Suppose
the transmitter x, has power P, and the relay transmitter
has power P,. The relay receiver y; sees x,+z;, z;~
N(0,N)). The intended receiver y sees the sum of the relay
signal x, and a corrupted version of y, i.e.,, y=x,+y,+
z,, 2,~N(0,N,). How should x, use his knowledge of x,
(obtained through y,) to help y understand x;? We shall

0018-9448 /79 /0900-0572$00.75 ©1979 IEEE



COVER AND EL GAMAL: CAPACITY THEOREMS FOR RELAY CHANNEL

Y_[Trecay | X2
ENCODER

Xy Y
W —= ENCODER PUY Yy /%1x2)

DECODER [~ W

Fig.1. Relay channel.

show that the capacity is given by

P,+ P,+2JaP,P,

* =
¢ N,+N,

0<ax1

max min[C( ),C(a—P)J
N 1

where C(x)=(1/2)log(1+ x). An interpretation consistent
with achieving C* in this example is that y, discovers x,;
perfectly, then x, and x, cooperate coherently in the next
block to resolve the remaining y uncertainty about x,.
However, in this next block, fresh x, information is super-
imposed, thus resulting in a steady-state resolution of the
past uncertainty and infusion of new information.

An (M, n) code for the relay channel consists of a set of
integers

M={1,2,---,M} = [1,M] (1
an encoding function
X0 MK, Q)
a set of relay functions { f;}7_, such that
Xy =f(Y1p YY) 1<i<n, 3
and a decoding function
g: Y-, 4)

For generality, the encoding functions x,(-),f(-) and de-
coding function g(-) are allowed to be stochastic func-
tions.

Note that the allowed relay encoding functions actually
form part of the definition of the relay channel because of
the nonanticipatory relay condition. The relay channel
input x,; is allowed to depend only on the past yi=
(P11:Y120° * * sY1i~1)- This is the definition used by van der
Meulen [1]. The channel is memoryless in the sense that
(¥»y1;) depends on the past (x,x;) only through the
current transmitted symbols (x,;, x,;). Thus, for any choice
p(w), weM, and code choice x;: M —>X] and relay
functions { f}7-,, the joint probability mass function on
M X X7 X X5 X Y" X Y7 is given by

n

(W, x,x5,9,9) =p(w) ~HlP(X1i|W)P(x2i|)’11,Y12" o Vlio1)
i

(5)

Remark: Throughout this paper we shall use the nota-
tional convenience py, v(v|uw)=p(v|u), where the dropped
subscripts will be obvious by inspection of the arguments
of the function. We shall also write X~p(x) to indicate
that the random variable X is drawn according to the
probability mass function p(x).

If the message w e L is sent, let

A(w)=Pr{ g(V)#w)

PVl *1s X2)-

(6)

573

denote the conditional probability of error. We define the
average probability of error of the code to be

P€)= 37 SA(w). (7a)

The probability of error is calculated under a special
distribution— the uniform distribution over the code-
words w€[1, M]. Finally, let
A= max A(w)
be the maximal probability of error for the (M, n) code.
The rate R of an (M, n) code is defined by

(7b)

(8)

The rate R is said to be achievable by a relay channel if,
for any € >0 and for all » sufficiently large, there exists an
(M, n) code with

R= % logM  bits/transmission .

M >2"R €)]
such that A, <e. The capacity C of the relay channel is the
supremum of the set of achievable rates.

We now consider a family of relay channels in which
the relay receiver y, is better than the ultimate receiver y
in the sense defined below.

Definition: The relay channel (X, X X,,p(y,
Yilx1xp), U X Y)) is said to be degraded if p(y,y,|x;,x,)
can be written in the form

P(yyilxpx0) =p(r1|x,x)p(¥|y15 %)) (10)

Equivalently, we see by inspection of (10) that a relay
channel is degraded if p(y|x,, x5,y 1) =p(¥|xp».), 1.6, X|—
(X,, Y)->Y form a Markov chain. The previously dis-
cussed Gaussian channel is therefore degraded. For the
reader familiar with the definition of the degraded broad-
cast channel, we observe that a degraded relay channel
can be looked at as a family of physically degraded
broadcast channels indexed by x,. A weaker form of
degradation (stochastic) can be defined for relay channels,
but Theorem 1 below then becomes only an inner bound
to the capacity. The case in which the relay y, is worse
than y is less interesting (except for the converse) and is
defined as follows.

Definition: The relay channel (X, X %,,p(y,
Yilxpx), B X Y)) is reversely degraded if p(y,y,|x,,x,)
can be written in the form

(Y ylx1 %) =p(¥|x1,x)p(¥ 1]y, %,)- (11)

The main contribution of this paper is summarized by
the following three theorems.

Theorem 1. The capacity C of the degraded relay
channel is given by

C= sup min{/(X,, X;Y),I(X;Y|X,)} (12)
p(x1,x2)

where the supremum is over all joint distributions p(x;, x,)
on %, X %,.

Theorem 2: The capacity C, of the reversely degraded
relay channel is given by

C,= max max I(X;; Y|x,).
o= max maxJ(X,:¥|x,

(13)
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Theorem 2 has a simple interpretation. Since the relay
¥, sees a corrupted version of what y sees, x, can contrib-
ute no new information to y—thus x, is set constantly at
the symbol that “opens” the channel for the transmission
of x, directly to y at rate I(X,; Y|x,). The converse proves
that one can do no better.

Theorem 1 has a more interesting interpretation. The
first term in the brackets in (12) suggests that a rate
I(X,,X,; Y) can be achieved where p(x,,x,) is arbitrary.
However, this rate can only be achieved by complete
cooperation of x, and x,. To set up this cooperation x,
must know x,. Thus the x, rate of transmission should be
less than I(X,; Y,|X,). (How they cooperate given these
two conditions will be left to the proof.) Finally, both
constraints lead to the minimum characterization in (12).

The obvious notion of an arbitrary relay channel with
causal feedback (from both y and y, to x, and x,) will be
formalized in Section V. The following theorem can then
be proved.

Theorem 3: The capacity of Crp of an arbitrary relay
channel with feedback is given by

Crp= sup min{I(X,X,;Y),I(X;;Y,Y||X;})}. (14)

p(x1,%2)

Note that Cpg is the same as C except that Y, is
replaced by (Y,Y)) in I(X;; Y;|X;). The reason is that the
feedback changes an arbitrary relay channel into a de-
graded relay channel in which x; transmits information to
x, by way of y, and y. Clearly Y is a degraded form of
(Y’ Yl)

Theorem 2 is included for reasons of completeness, but
it can be shown to follow from a chain of remarks in van
der Meulen [1] under slightly stronger conditions. Specifi-
cally in [1] see Equation (8.1), Lemma 4.1, Theorem 10.1,
and Theorem 7.1.

Before proving the theorems, we apply the result (12) to
a simple example introduced by Sato [4]. The channel as
shown in Fig. 2 has X, =% =%,={0,1,2}, X,={0,1},
and the conditional probability p(y,y,]x,, x,) satisfies (10).
Specifically, the channel operation is

=X (15a)
and
1 2 y1=1 0 0.5 0'5 ( )
y1=2 0 0.5 0.5
=0
P(ypx=1="" 0.5 0.5 0
ri=1 0.5 0.5 0
=2 0 0 1
(15¢)

Sato calculated a cooperative upper bound to the capacity

of the channel, Ryc=max,, ., I(X,,X;;Y)=1170. By

restricting the relay encoding functions to
) X=f(b V- =fyu-1)

i) Xy =f(Vi - Vu-0)=fAVi-2Y1-1)

1<i<n,

1<i<n.
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Fig. 2. Ternary relay channel.

TABLE1
OPTIMAL p(x,,X,) FOR THE TERNARY RELAY CHANNEL.
X = 0 xp = Xy = 2
Xy = 0 35431 .072845 .072845
%, =1 .072845 .072845 .35431

Sato calculated two lower bounds to the capacity of the
channel:

i) R,;=1.0437

ii) R,=1.0549.

From Theorem 1 we obtain the true capacity C=
1.161878- - - . The optimal joint distribution on %X, X %X, is
given in Table I.

We shall see that instead of letting the encoding func-
tions of the relay depend only on a finite number of
previous y, transmissions, we can achieve C by allowing
block Markovian dependence of x, and y, in a manner
similar to [6].

II. AcHIEVABILITY OF C IN THEOREMS 1,2,3

The achievability of C,=sup,, max, I(X;Y|x,) in
Theorem 2 follows immediately from Shannon’s basic
result [5] if we set X,,=x,, i=1,2,---. Also, the achieva-
bility of Crz in Theorem 3 is a simple corollary of
Theorem 1, when it is realized that the feedback relay
channel is a degraded relay channel. The converses will be
delayed until Section III.

We are left only with the proof of Theorem 1—the
achievability of C for the degraded relay channel. We
begin with a brief outline of the proof. We consider B
blocks, each of n symbols. A sequence of B—1 messages
w,.E[l,Z”R], i=1,2,---,B—1 will be sent over the channel
in nB tranmissions. (Note that as B—>c0, for fixed n, the
rate R(B—1)/B is arbitrarily close to R.)

In each n-block b=1,2,---,B, we shall use the same
doubly indexed set of codewords

C={x;(Wlsp)x5(s55) };  WE[ 1,2"R}, €[ 1,2"R°] ,

x,(-|")EXL, x,()EXE. (16)
We shall also need a partition
S={S1’S2,"',S2"RD} Of %:{1’2’,_,’2nR} (17)

into 27" cells, S;N §;=, i#j, US;=IN.
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The partition & will allow us to send information to the
receiver using the random binning proof of the source
coding theorem of Seplian and Wolf [7].

The choice of € and & achieving C will be random, but
the description of the random code and partition will be
delayed until the use of the code is described. For the time
being, the code should be assumed fixed.

We pick up the story in block i — 1. First, let us assume
that the receiver y knows w;_, and s;_; at the end of block
i—1. Let us also assume that the relay receiver knows
w,_,. We shall show that a good choice of {C,5} will
allow the receiver to know (w,_,,s;) and the relay receiver
to know w, at the end of block i (with probability of
error <¢). Thus the information state (w,_,,s;) of the re-
ceiver propagates forward, and a recursive calculation of
the probability of error can be made, yielding probability
of error< Be.

We summarize the use of the code as follows.
Transmission in block i —1: x,(w;_}5;_ 1) X2(s;_ ).
Received signals in block i—1: Y (i—1), Y(i—1).

Computation at the end of block i—1: the relay re-
ceiver Y (i —1) is assumed to know w;_,. The integer w,_,
falls in some cell of the partition &. Call the index of this
cell 5,. Then the relay is prepared to send x,(s,) in block i.
Transmitter x, also computes s; from w,_;. Thus s; will
furnish the basis for cooperative resolution of the y uncer-
tainty about w,_,.

Remark: In the first block, the relay has no information
s, necessary for cooperation. However any good sequence
x, will allow the block Markov scheme to get started, and
the slight loss in rate in the first block becomes asymptoti-
cally negligible as the number of blocks B—c0.

Transmission in block i1 x,(w;ls,), x,(s,).

Received signals in block it y, (i), y(i).

Computation at end of block i: 1) The relay calculates
w;, from p,(i). 2) The unique jointly typical x,(s;) with
the received y(i) is calculated. Thus s, is known to
the receiver. 3) The receiver calculates his ambiguity
set 2(p(i—1)), ie., the set of all w,_, such that
(x,(w,_ |5, 1), X5(5;_ 1), p(i — 1)) are jointly e-typical.

The receiver then intersects £(p(i —1)) and the cell S,.
By controlling the size of £, we shall (l—e)-guaranteé
that this intersection has one and only one member—the
correct value w;_,. We conclude that the receiver p(i)
has correctly computed (w,_,,s) from (w;,_,,s,_;) and

(Y= 1D,py()).

Proof of achievability of C in Theorem 1: We shall use
the code as outlined previously in this section. It is im-
portant to note that, although Theorem 1 treats degraded
relay channels, the proof of achievability of C and all
constructions in this section apply without change to
arbitrary relay channels. It is only in the converse that
degradedness is needed to establish that the achievable
rate C is indeed the capacity. The converse is proved in
Section III.

We shall now describe the random codes. Fix a proba-
bility mass function p(x,, x,).
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Random Coding: First generate at random M,=2"%
independent identically distributed n-sequences in X3,
each drawn according to p(x,)=II}_,p(x,;). Index them
as x,(s), s€[1,2"%]. For each x,(s), generate M=2"%
conditionally independent n-sequences x,(wls), w €[1,2"7]
drawn according to p(x,|x,(s))=1II1_,p(x;|x,,(s)). This
defines a random code book € = {x,(w|s), x5(s)}.

The random partition & = {S|, S5 ", Syme} oOf
{1,2,--- ,2"R} is defined as follows. Let each integer w €
[1,2"R] be assigned independently, according to a uniform
distribution over the indices s=1,2,---,2"% to cell S..
We shall use the functional notation s(w) to denote the
index of the cell in which w lies.

Typical Sequences: We recall some basic results con-
cerning typical sequences. Let { X, X@,. .. x®} denote
a finite collection of discrete random variables with some
fixed joint distribution p(x®,x®,- - x®), for (x®,
x@ o xRN EXD XKD X - XKP. Let S denote an
ordered subset of these random variables, and consider n
independent copies of S. Thus

Pr{S=s}= ﬁ Pr{S;,=s}, s€d". (18)
i=1

Let N(s;s) be the number of indices i€{1,2,---,n} such
that S;=s. By the law of large numbers, for any subset S
of random variables and for all s€S,

%N(s;s)—m(s). (19)

Also

—1/nlogp(sy,55,° - »5,)=—1/n 2 logp(s;)—H(S).

i=1
(20

Convergence in (19) and (20) takes place simultaneously
with probability one for all 2* subsets

SC {X(l),X(z),- .. ,X(k)}.
Consider the following definition of joint typicality.
Definition 1. The set A of e-typical n-sequences
(x®,x?,... x®y is defined by
AXD XD x®)= g = {(x(l),xa),. o x®):

1
= NGO, x@, -+ x®; gD x@ o Gy

—p(xD,x®, ... (&)

< XOXED X - -+ x AP, for (xD,xD,. . -, xP)

EXOXKDx - - x@cw} @1)
where ||@ || is cardinality of the set &.

Remark: This definition of typicality, sometimes called
strong typicality, can be found in the work of Wolfowitz
[13] and Berger [12]. Strong typicality implies (weak) typi-
cality used in [8], [14]. The distinction is not needed until
the proof of Theorem 6 in Section VI of this paper.
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The following is a version of the asymptotic equiparti-
tion property involving simultaneous constraints [12], [14].

Lemma I: For any €¢>0, there exists an integer »n such
that 4_(S) satisfies

i) Pr{4(S)}>1—¢ forall S C{X®,--- x®)
i) sEA(S)=|— %logp(s) — H(S)|<e
i) (1— 2 HO=9 < | 4,(S)] < LHS+O, 22)

We shall need to know the probability that condition-
ally independent sequences are jointly typical. Let S, S,,
and S, be three subsets of X, X@,... x® Tet S, S;
be conditionally independent given S5, with the marginals

p(sy]s3)= SEP(SpSz’%)/P(Ss)

p(85l83)= 2 p(51,52,53)/P(s3). (23)
51
The following lemma is proved in [14].

Lemma 2: Let (8,8, 83)~17_, p(sy; 52, 83;)) and
(81,83,83)~II1_ p(s1,]53)P(53:]53)P(s3,). Then, for n such
that P{A((Sl’ S2, Ss)} > 1—- €,

(1= 2" ICHSITT0 < P{(S7,55,5) €A1, S S5)

< 2—n(1(S,;S;|S;)——7e). (24)

Encoding: Let w, €[1,2"®] be the new index to be sent
in block i, and assume tuat w;_; €S,. The encoder then
sends x,(w,|s;). The relay has an estimate w;_, of the
previous index w;_,. (This will be made precise in the
decoding sectlon) Assume that w,_, € S;. Then the relay
encoder sends the codeword xz(s) in block i.

Decoding: We assume that at the end of block (i—1)
the receiver knows (w ,w,,---,w;_,) and (8,85, ,5_))
and the relay knows (w,w,,---,w,_,) and consequently
(5187 +»5))-

The decoding procedures at the end of block i are as
follows.

1) Knowing s;, and upon receiving y,(i), the relay re-
ceiver estimates the message of the transmitter W, =w iff
there exists a unigue w such that (x,(w|s,), x,(s;),p,(i)) are
Jjointly e-typical. Using Lemma 2, it can be shown that
w, =w, with arbitrarily small probability of error if

R<I(X;; Y4|Xy)

and » is sufficiently large.

2) The receiver declares that §;=s was sent iff there
exists one and only one s such that (x,(s), ¥(¥)) are jointly
e-typical. From Lemma 2 we know that 5; can be decoded
with arbitrarily small probability of error if s; takes on less
than 27*# V) yvalues, i.e., if

R, <I(X,;Y)
and n is sufficiently large.

3) Assuming that s; is decoded successfully at the re-
ceiver, then w,_,=w is declared to be the index sent in
block i —1 iff there is a unique w & S, N £(p(i—1)). It will
be shown that if n is sufficeintly large and if

R<I(X;;Y|X,)+R,

(25)

(26)

27
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then w,_, = w,_, with arbitrarily small probability of error.
Thus combining (26) and (27) yields R <I(X,,X,; Y),
the first term in the capacity expression in Theorem 1.
The second term is given by constraint (25).
Calculation of Probability of Error: For the above
scheme, we will declare an error in block 7 if ine or more
of the following events occurs.

Eo  (x(Wl5),%2(5),,(0),»() is not jointly e-typical

E,;, in decoding step 1, there exists wsw; such that
(x,(%|s;), x5(s;), Y,(?)) is jointly typical.

E,; in decoding step 2, there exists §+s; such that
(x,(), (7)) is jointly typical.

E,; decoding step 3 fails. Let E;,= E;,U E;}, where

Ej, w,_,@S,nL(pi-1), and
Ej; there exists wE[1,278), w#w,;_,, such that
WwE S, NE(p(i—1).

Now we bound the probability of error over the B
n-blocks. Let W=(W,, Wy, -, Ws_,,&J) be the trans-
mitted sequence of indices. We assume the indices W, are
independent identically distributed random variables uni-
formly distributed on [1 2"R]. The relay estimates W to
be W=(W,, Wz, . WB 1»D). The receiver estimates S=
(@,8,, S5+ +,Sp) and W=(3, W,,W,,-+-,W,_,). Define
the error events F, for decoding errors in block i by

3
U E,.
k=0

(28)

We have argued in encoding—decoding steps 1) and 2)
that

Fim (W, o0 W, o8 5, =

P(Ey|F\)<e/4B (29)
P(E;NEG|F)<e/4B (30)
P(EyN EG|FZ,)<€/4B. €1y

We now show that P(E;; N E; N Eg|Ff
small.
Lemma 3: If

R<I(X,; Y)X,)+ Ry—Te,
then for sufficiently large n
P(EyN E5;N Eg|Ff_ ) <e/4B. (32)
Proof: First we bound E {||E(Y(i—1)|||F.,}, where
|21 denotes the number of elements in £. Let

L (x1(W]s; - 1) %505, 1), (i — 1))
is jointly typical,

" 1) can be made

Y(wlp(i—1))= (33)
0, otherwise.
The cardinality of £(y(i—1)) is the random variable

IE(r(i =)= % Y(wlp(i—1)) (34)

and
E{IE(y(i— IIF,} = E{$(w,_ | y(i - DN F,}
+ 2 E{Mwly(i-1)IF )

WFEW;
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From Lemma 2 we obtain, for each w €[1, M],
E{4(wlp(i= D) FE,) <27 0E D719, ey,
(35)
Therefore
E{IR(p(i—IIF,) < 1+ (2F = 1)(2 70XV =79)
<1+ 2n(R—I(X,; Y|Xz)+7e). (36)
The event FS , implies that w,_;EL(y(i—1)). Also
E;=§=s5=w,_,ES;. Thus
P(E3;n E5;0 EG|FE. ;) =0. @37)
Hence
P(Ey;N EyN Eg|Fy)
=P(E;;N E5;N Eg|F_y)
< P {there exists wW,_, such that
weL(p(i—-1)NS,|F,)
<E >
wHEW,_y
weL(p(i—1))
<E{JI(p(i=1))]27"R|FL,}
< 2—nRo(1 + 2n(R—I(X,; Y|X2))+7e).

Thus, if

P(W € Ss,-)IF}c— l}

Ry>R—-I(X; Y|X,)+Te
then for sufficiently large n,
P{E;N E;;N Eg|F } <e/4B.
But, from (26), we required
Ry<I(X, Y).
Combining the two constraints, R, drops out, leaving
R<I(X;; Y| X))+ I(Xy; Y)—Te=I(X,X; Y)—Te.

(38)
The probability of error is given by
B
P(W#W)<P[ U F,.} (39)
i=1
B i—1
-l Ule-un
i=1 J=1
B
=2 P(FENFnF5 - NF_}
i=1
B
< X P(ENF,). (40)
i=1
But
3
{FNF_}=U E;NF_,. (41)
k=0
Thus,

3 k—1
P{FNF )< X P({Ek,-— U E, nF2,
k=0 m=0

3
< kEO P({EN Eg - NEL}FE ).
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The conditional probabilities of error are bounded by
[ [ c €
P(E N Eg: - NE;_|FZ )< 1B
Thus,
P(W+#W)<e.
This concludes the proof of Lemma 3.

(42)

It is now standard procedure to argue that there exists a
code C* such that P(W# W|C*)<e. Finally, by throwing
away the worst half of the w in {1,---,2"®}%~! and
reindexing them, we have the maximal error

P(W#w|C*w)<2,  foric[1,2"RE~"D=1] (43)
Thus, for € >0, and » sufficiently large,

nR(B—1)—1
n

A, <2e for rates R= where R<C.

(44)

First letting n—o0, then B—oo, and finally ¢—0, we see
that R<C is achievable. Thus the achievability of C in
Theorem 1 is proved.

ITII. CONVERSE
First we show that for the general (not necessarily
degraded) relay channel an upper bound to the capacity C
is given by
C< sup min{I(X, X, Y),I(X;Y,Y,|X;)}. (45)
P(x1,%2)
Theorem 4: If
R> sup min{I(X,,X,; Y),I(X;Y,Y,|X,)}
P(x1,%2)
then there exists A >0 such that I_’;(e) >A for all n.

Before proving Theorem 4, we note that this theorem
can be specialized to give the converses to Theorems 1, 2,
and 3.

Corollary 1: (Converse to Theorem 1). For the de-
graded relay channel

C< sup min{I(X,, X Y),I(X;;Y,|X,)}.
p(xl)x2)
Proof: 1t follows from the degradedness assumption
(10) that
I(X 3 Y, Y| X5)=I1(Xy; Y| X))

thus rendering the upper bound in Theorem 4 and the
bound in Corollary 1 equal.

Corollary 2: (Converse to Theorem 2). The reversely
degraded relay channel has capacity

Co< max max {I(X;Y|x,)}.
p(x1) X2

Proof: Reverse degradation (11) implies in Theorem
4 that

I(X; Y, Y| X,)=I(X,; Y]X)).

Also, the second term in the brackets is always less
than the first:

I(X, X 1)>I(X; Y|X,)=1(X,; Y, Y| X))
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Finally,
Co< sup I(X; Y|X,)= max max I(X,; Y|x,)

P(XI:XZ) *2 p(xl)

since I is linear in p(x,), and p,(-) takes values in a

simplex. Thus 7 is maximized at an extreme point. Q.E.D.

Proof of Theorem 4: Given any (M,n) code for the
relay channel, the probability mass function on the joint
ensemble W, X, X,, Y, Y, is given by

1 n
p(w,xp, X0, ,31) = ﬁ]’(xﬁw) H POy vz

PVpyulxinxy)-  (46)
Consider the identity

nR=H(W)=I(W;Y)+ HW|Y). 47
By Fano’s inequality
H(W|Y)<P,(e)nR+1% nd,. (48)

Thus
nR<I(W;Y)+nd,.

We now upper bound I(W;Y) in a lemma that is essen-
tially similar to Theorem 10.1 in van der Meulen [1, p.
152].

Lemma 4:
) I(W;Y)< 2 I(X,, X5 Y) (492)
i=1
n
i) I(W;Y)< X I(X; Yy, V| Xp) (49b)

i=1
Proof- To simplify notation, we shall use Y'=

(Y,,Y,,--+,Y,) throughout the rest of this paper. First

considering i), we apply the chain rule to obtain

I(W;Y)= é I(w; YY"~

i=1

= 3 (H(Y| Y= H(Y W, YY)

i=1

< 3 (H(Y)- H(Y|W,Y"Y)

i=1

n
< X (H(Y) - H(Y|X1, X W, Y1) (50)
i=1
By discrete memorylessness of the channel, Y; and
(W, Y"1y are conditionally independent given (X,;,X5,).
Thus the conditioning can be dropped in the last term,
yielding
I(W;Y)< X I(X, X3 1))
i=1
Considering ii) we have
I(W;Y)<I(W;Y,Y))

n
= I(W; Y, YY" Yli_l)

i=1
n
=3 H(W|YLYy{ ) —H(W|Y"~LY{™).

i=1
(51)
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It is easy to see that W and X, are conditionally indepen-
dent given (Y'~!,¥{~ ). Hence

HW|Y~LYImLx,)=H(W|Y"LY{™) (52)

and continuing the sequence of upper bounds in (51), we
have

n
IW;Y)< X (H(W| YL Y~ LX) - H(W|Y, Y],X,))
i=1

n
=D I(W; Y, YY" LY ! X,)

f=]

n
= 2 (H(Yw Yi'Yi_la Yli_l’X2i)
i=1
- H( Yli’ Yx| W, Yi—l’ Yli—l’Xzi))
n
< X (H(Y,, Y| X)) — H(Y,;, Y| X, X))

i=1
n

= 21 I(X,; Y, Y| Xy)
i=

and Lemma 4 is proved.

From (48) and Lemma 4 it follows that
(1 & 1<
R <min - > I(X,;, Xy Yx),‘n' > I(X,; Y, Y1i|X2i)} +86,.
i=1

i=1
(53)

We now eliminate the variable n by a simple artifice.
Let Z be a random variable independent of X, X,,Y,Y,
taking values in the set {1,---,n} with probability

1
p(Z=i)=—r; 1<i<n. (54)
Set

X, 2 X1z, X,2 X7 Y2V,

Then

=Y.z

1 n
" 2 I(X,, X5 Y) = 1(X 1, X Y|Z)<I(X,X5Y)

i=1

by the Markovian relation Z—(X,X,)—(Y,Y,) induced
by the channel and the code. Similarly

1 n
" 2 I(X,; Y, Y1 X)) =1(X,; Y, Y\|X52Z)

i=1
<I(X;Y,Y{X,).
Thus
R<min{I(X, Xy Y),I(X;; Y, Y|X;)} +86,

and Theorem 4 is proved.

(55)

IV. THE GAUSSIAN DEGRADED RELAY CHANNEL

Suppose a transmitter x, with power P, sends a signal
intended for receiver y. However, this signal is also re-
ceived by a relay y, that is perhaps physically closer to x,;
than is y. Transmissions are corrupted by additive Gaus-
sian noise. How can the relay x, make good use of y; to
send a signal at power P, that will add to the signal
received by the ultimate receiver y?
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First we define the model for discrete time additive
white Gaussian noise degraded relay channel as shown in
Fig. 3.

Let Z,=(Z,,,---,Z,,) be a sequence of independent
identically distributed (i.i.d.) normal random variables
(r.v.’s) with mean zero and variance N,;, and let Z,=
(Z,,"-+,2Z,,) be iid. normal r.v.’s independent of Z,
with mean zero and variance N,. Define N= N, + N,. At
the ith transmission the real numbers x,; and x,; are sent
and

Yu=Xxutzy

Yi=Xuty,tz (56)

are received. Thus the channel is degraded.
Let the message power constraints on the transmitted
power be

%éﬁi(WKP,, we{l,2,--,M}  (57a)

and '
- tgl X (Pisdizst V-1 <Py e Y1) ER?
(57b)

for the transmitted signal x,=(x,,, - -,x,;,) and the relay
signal x,=(x,;," - *,X,,), respectively.
The definition of a code for this channel is the same as

given in Section I with the additional constraints in (57).

Theorem 5: The capacity C* of the Gaussian degraded
relay channel is given by

P, + P,+2V/aP,P P
C*= max min{ C| — 2 il i ,C bl
0<ax<l N Nl

(58)
where a=(1—«) and
C(x)=1log(1+x) x>0.
Remarks: 1) If
Py/N;> P,/ N, (59)

it can be seen that C*= C(P,/N,). (This is achieved by
a=1.) The channel appears to be noise free after the relay,
and the capacity C(P;/N,) from x; to the relay can be
achieved. Thus the rate without the relay C(P,/(N,+ N,))
is increased by the relay to C(P,/N,). For large N,, and
for P,/N,>P,/N,, we see that the increment in rate is
from C(P,/(N,+ Np)~0 to C(P,/N,).

2) For P,/ N,<P,/N,, it can be seen that the maxi-
mizing «a=a* is strictly less than one, and is given by
solving for a in

11n(1+ P,+ P,+2\/aP P, )_ 1 (1

2 N,+N, =3I

aP, )
+ — 61
Jn(1+52) o0
yielding C*=C(a*P,/ N,).

Proof: We first sketch the achievability of C* and the
random code that achieves it. For 0<a<1, let X,~
N, P,), X,g~N(0,aP,), with X o, X, independent, and let
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Fig. 3. Degraded Gaussian relay channel.

X,=VaP,/P, X,+ X,o. Then, referring to Theorem 1, we
evaluate

P,+ P,+2\ZP,P
I(XI,XZ;Y)=%log(1+ ! I:GH\;Z ! 2)

1, 1]X5) = ;log(l " TP) 62)

The assertion that this distribution p(x,, x,) actually maxi-
V\} “n“ fr\"r\“r frn

miTag Mmin

1111L0D J.lllljll\/l I, l 1,112},‘\/) 1,112’
proof of the converse.
7

11V 1aliuvlil LUUC UUUN \uvvl«

m the
1ULG om e

E
.’:}"
le]
=.
(e}
[¢]
=]
=

distribution is then given by a rando
X,(w) iid.~N,(0,aP 1)
X,(s) ii.d.~N,(0, P,I)

where Ry=(1/2)log(1+(V P, +\aP, )2/(aP,+ N))—e,
and N,(0,7) denotes the n-variate normal distribution
with identity covariance matrix I. The code book is given

by
Bl =500+ [ )

x,(5), wE[l,2"R], sE[l,Z"Rl’].

The codewords so generated (1 — €)-satisfy the power con-
straints with high probability, and thus the overall average
probability of error can be shown to be small.

Now the converse. Any code for the channel specifies a
joint probability distribution on W, X,,X,,Y,, Y. Lemma 4
gives

[I’Q"R]
sC‘—.[l,2"R°]

n
i) nR< X I(X,; Yy, Vi Xy) + 18,
i=1

= > I(X,; Y,,|X;,) +nd, (63)
i=1
by degradedness.Thus,
nR < 2 [H(YIIIXZI) H(Y11|X11’X21):l+n8
2 [ H(Y|X,)— 5ln27eN, | +ns,. (64)
Now, for any i,
H(Y;|Xy)=EH(Y ,|x,,)
<Ein2zevar(Y,|x,)
< 4In2meE var (Y] xy;). (65)

The last step is an application of Jensen’s inequality. Since
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Y =X+ Z,, then
Evar(Y;|X,;)= Evar(X,,| X))+ E(Z})
—4,+N,

where Evar(X,;|X,) = 4,,
we have

(66)
1 <i <n. Substituting in (64),

1 n
n ZA
fln 1+ N, +34, (67)
again by Jensen’s inequality However
PS4y ;1 (B(XE)~ E(EXCX,1%2))
<P - Z EE*(X,|X5)
i=1
by the power constraint on the code book.
Define
aP,=— 2 EEX(X,|X5), €[0,1].  (68)

i=1
Thus (67) becomes
1 aP,
<= —_ .
R 2ln(1+ 7 )+8,,
Next consider Lemma 4i):
n
R< X I(X,;, Xy Y)) +1d,
i=1
n

2 [H(Y) H(Y|X11’X21)]+n8n

i

I M: |I

[HOX + Xy + 2+ Z) - jIn27eN |+ ns,.

i=1

For any i,

H(X,;+ Xy + Z);+ Z) < Mn2me( E(X;+ X,,)* + N).

(69)
Hence
1 = 1 E(X11+X2i)2
< — —
R<, 3 21n(1+ - s,
1 & 2
1 ; 2 E(X1i+X21)
i=1
<=
2ln 1+ ~ +4,
Now
1 n
;; 2 E(X11+X2x) = 2 EXll
i=1 1—1
n
71,; 2 X221 2 EXltXZI

n;-

2 n
<P+ P+ " 2 E{X,E{X|Xy}}.

i=1

(70)

n
P(w,x1,20,9,1) =p(W) .Hlp(xl,-lw,y"‘
-
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Fig. 4. Relay channel with feedback.

Applying the Cauchy—Schwartz inequality to each term in
the sum in (70), we obtain

- 2 E(X11+X21) <P +P

z—l

+— 3 VE{ XX, X)) EXZ . (T)

i=1
From (68) and the power constraints we know that

LS
ni=i
Again applying the Cauchy—Schwartz inequality, we have

n ( E{E*{(X,|Xy}) )1/2( EX3, )1/2<2W

2

igl n n
where the maximum occurs when E{E*(X,;|X,)}=aP,
and EX2 =P, for all i. Therefore

E{EZ(XU|X2,‘)}=&P1’ 2 EX21<P2

1—1

+6,.

n

( N P,+ P,+2\aP,P, ) )

1
< =
R 2lnl ~

The converse follows directly from (68) and (72).

V. THE CAPACITY OF THE GENERAL RELAY
CHANNEL WITH FEEDBACK

Suppose we have a relay channel (X, X X,,p(y,
Yilx15%2), Y X ¥Y). No degradedness relation between y
and y, will be assumed. Let there be feedback from (y,y,)
to x, and to x, as shown in Fig. 4.

To be precise the encoding functions in (2) and (3) now
become

X (Wy1ya sy Y i-1)

XYY s VetV Vi Y- 1)- (73)

Placing a distribution on w €[1,2"%] thus induces the joint
probability mass function.

ih

POy TPyl X)) (74)
where y*=(y,,y5" - ,¥)- Theorem 3 states that the
capacity Cpp of this channel is

Crp= gnax)mm{I(Xl,Xz, Y),I(X; Y, Y,|X,)}. (75)

P(X1,X2

Proof of Theorem 3: The relay channel with feedback
is an ordinary degraded relay channel under the substitu-
tion of (Y,Y,) for Y,. Thus the code and proof of the
forward part of Theorem 1 apply, yielding the e-achieva-
bility of Crp. For the converse, inspection of the proof of
Theorem 4 reveals that all the steps apply to the feedback
channel—the crucial step being (52). Thus the proof of
Theorem 3 is complete.
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Remark.: The code used in Theorem 1 will suffice for
the feedback channel. However, this code can be sim-
plified by eliminating the random partition &, because the
relay knows the y sequence through the feedback link. An
enumeration encoding for the relay can be used instead
(see [6]).

Corollary to Theorem 4: If the channel (X, xX%,,
Psyilx1,x0), % X %Y,) is degraded or reversely degraded,
then feedback does not increase the capacity.

Proof: If the channel is degraded, then
(X3 Y, V1| X)) = I(X,; Y )| X))
Thus Crg = C. If the channel is reversely degraded, then
I(X 3 Y, Y| X5) = 1(X,; Y|X5).
Thus Cpp=C.

VI. AN ACHIEVABLE RATE FOR THE GENERAL

RELAY CHANNEL

We are now in a position to discuss the nature of the
capacity region for the general relay channel. First, if we
have feedback, we know the capacity. Next, we note that
the general relay channel will involve the idea of coopera-
tion (for the degraded relay channel) and facilitation (for
the reversely degraded relay channel). If y, is better than
», then the relay cooperates to send x;; if y, is worse than
v, then the relay facilitates the transmission of x; by
sending the best x,. Yet another consideration will un-
doubtedly be necessary—the idea of sending alternative
information. This alternative information about x, is not
zero, thus precluding simple facilitation, and is not per-
fect, thus precluding pure cooperation.

Finally, we note that the converse (Theorem 4) yields

Coenera < max min{I(X,,X,; Y),I(X;Y,Y|X,)}

for the general channel. Moreover, the code construction
for Theorem 1| shows that
C >

general ©

max min{/(X,X,;Y),I(X,Y|X,)}.
P(x1,X2)

Also, from Theorem 2, we see

Cyenerat > Max max I(X,; Y|x,).
p(x) *2

If the relay channel is not degraded, cooperation may not
be possible and facilitation can be improved upon. As an
example, consider the general Gaussian relay channel
shown in Fig. 5.

If we assume that N, >N, then cooperation in the sense
of Section II cannot be realized, since every (2%, n,¢€) code
for y, will be a (2", n,€) code for y. However, the relay
sequence Y, is an “observation” of X, that is independent
of Y. Thus sending Y; to y will decrease the effective noise
in the y observation of x,. If the relay power P, is finite,
and therefore we cannot send Y, to y precisely, then we
send an estimate Y1 of ¥,. The choice of the estimate ¥,
will be made clear in Theorem 6 for the discrete memory-
less relay channel. Then in Theorem 7, we shall combine
Theorems 1 and 6.
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Fig. 5. General Gaussian relay channel.

Theorem 6: Let (X, X %,,p(y,y1]x1, %), ¥ X ;) be
any discrete memoryless relay channel. Then the rate R}
is achievable, where

=supI(X; Y, Y ,|X,) (76a)
subject to the constraint
I(X; Y)>I(Y,; Y,[X,,Y) (76b)

where the supremum is taken over all joint distributions
on X, XX, XY x%Y, Xﬁy of the form

P(x1,%2.0,91501) =p(x)p(x)p(¥. 31| x1:%)p(F1| 1, %2)
(77)

and )A’, has a finite range.

Outline of Proof: A block Markov encoding is used.
At the end of any block /, the x, information is used to
resolve the uncertainty of the receiver about w, _,
Random Coding:
1) Choose 2™ i.i.d. x, each with probability p(x,)=
7., p(x,;). Label these x,(w), we[1,2""1].
2) Choose 2"®s i.i.d. x, each with probability p(x)=
II7_, p(x,,). Label these x,(s), s €[1,2"%0].
3) Choose, for each x,(s), R jid. Y1 each with
probability p(J|x,(5)) =117, p(Py;|x2:(s)), where, for x,&
X, V) €%, we define

p(Dilx) = 2 P(x)p(y syl x5 %) (P y15x5)- (78)
X1Y5X1

Label these §,(z|s), s €[1,2"%), z €[1,2"R].
4) Randomly partition the set {1,2,- - -
cells S, s €[1,2"R0),

Encoding: Let w, be the message to be sent in block i,
and assume that (Vi i|si— ), Yi(i — 1), xy(s,_ ) are
jointly e-typical, and that Z,_, €S;. Then the codeword
pair (x,(w;), x,(s;)) will be transmitted in block i.

Decoding: At the end of block i we have the following.

i) The receiver estimates s; by §; by looking for the
unique typical x,(s;) with y(i). If R,<I(X,;Y) and n is
sufficiently large, then this decoding operation will incur
small probability of error.

i1} The receiver calculates a set L(y(i—1)) of z such
that z€L(pGi—1) if (Hi(2l§_)xG_)pi—1) are
jointly e-typical. The receiver then declares that z,_; was
sent in block i—1 if

,2"8} into 27Ro

4_1ES; N L(p(i—1)).

But, from an argument similar to that in Lemma 3, we see
that Z,_,=z,_, with arbitrarily high probability provided
n is sufficiently large and

R<I(Y,;Y|X,)+R,. (79)
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Fig. 6. Relationship of auxiliary variables.

iii) Using both p,(Z;_,|§;_,) and y(i—1), the receiver
finally declares that w,_, was sent in block /i—1 if
(2, (W= s 51 (Zi ] Si- D p(i = 1), x5(5; - 1)) are jointly e-typi-
cal. Thus W,_;=w,_, with high probability if

R <I(X; Y, 7|X,)

and sufficiently large.

iv) The relay, upon receiving y,(7), decides that z is
“received” if (P(z|s;),y,(0),xx(s;)) are jointly e-typical.
There will exist such a z with high probability if

R>I(Y,;Y,|X,) (81)

and » is sufficiently large. (See [10], [11], {12] and espe-
cially the proof of Lemma 2.1.3 in [12].)

The decoding error calculations for steps i)-iii) are
similar to those in Section II. The decoding error in step
iv) follows from the theory of side information in [10],
[11]. Let

(80)

Ry=I(Xy;Y)—¢
R=I(Y;Y,|X,)+e (82)
This together with the constraint in (79) collapses to yield
I(X5; V)2 I(Y ;Y| X,, ¥).

Thus we see that the rate R} given in (76) is achievable.

Remarks:

1) Small values of I(X,; Y) will constrain I?l to be a
highly degraded version of Y, in order that (76b) be
satisfied.

2) The reversely degraded relay capacity C, is always
less than or equal to the achievable rate R} given in (76).

We have seen in Section II that the rate of the channel
from X, to Y can be increased through cooperation.
Alternatively we have claimed in Theorem 6 that by
transmitting an estimate )A’, of Y, the rate can also be
increased. The obvious generalization of Theorems 1 and
6 is to superimpose the cooperation and the transmission
of )A’l.

Consider the probability structure of Fig. 6 on Yx
XK, XK , XY XY, XY, where V, A, and ¥, are arbi-
trary sets. The auxiliary random variables have the follow-
ing interpretation:

i) V will facilitate cooperation to resolve the residual
uncertainty about U.

ii)y U will be understood by Y, but not by Y. (Infor-
mally, U plays the role of X, in Theorem 1).

iii) Y, is the estimate of ¥, used in Theorem 6.

iv) X, is used to resolve Y uncertainty about Y.

Finally it can be shown that the following rate is
achievable for any relay channel.
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Theorem 7: For any relay channel (%X, X %X,,p(y,
Yi|x1:%2), Y X %)), the rate R* is achievable, where

*= sup {min{I(X; Y, ¥,|X,, U)
P

+I(U; Y| X V), I(X, X5 Y)
—I(Y; Y| X, X, U, Y)}) (83a)

where the supremum is taken over all joint probability
mass functions of the form

p(,0,%1,%5,,1,51) = p(0)p(u|0)p (x| u)
(x| 0)p (¥ 71| %1, %) (P1| %201, 4)  (83b)
subject to the constraint
I(Y;Y,|Y,X,, U)<I(X,; Y| V). (83c)
Remarks: The forward parts of Theorems 1, 2, and 6

are special cases of R* in Theorem 7, as the following
substitutions show:

1) (Degraded channel, Theorem 1) R* >C. Choose
V=X, U=X,, and 7,=¢.

2) (Reversely degraded channel, Theorem 2) R* > C.
Choose V' =¢, U=¢, and ?,qu.

3) (Theorem 6) R* > R}. Choose V=¢, U=4¢.

Proof of Theorem 7 (Outline): As in Theorems 1 and
6, a block Markov encoding scheme is used. At the end of
block i, v is used to resolve the uncertainty of y about the
past u, and x, is used to resolve the y uncertainty about
)7,, thus enabling y to decode w;_,.

Random Coding:

1) Generate 2"¢":1)~9 jjd. v, each with probability
p(v)=1"_, p(v,). Label these v(m), me&[1,2"¢" N9,

2) For every v(m), generate 2"0XxY=9 jid x,),
each with probability

pCedo(m) = T pCeylam)

Label these x,(s|m), s E[1,2M I YN =9
3) For every v(m), generate 2% iid. u each with
probability

p(ulo(m)= 1T p(ulom).

Label these u(w'|m), w' €[1,2"5].
4) For every u(w’|m) generate 2"%2 ii.d. x,, each with
probability

p(x|u(w'|m)) = _l;Ilp(xlilu,-(W’lm))-

Label these x,(w”|m,w"), w” €[1,2"%2].
5) For every (x,(s|m), u(w’'|m)),

. generate
2T iNX U+ i d. p, each with probability

P(Pi|xy(s|m), u(w'|m)) = ,I_Ilp(ﬁulxn(SIM),u.-(W’Im))
where, for every x,E%,, u€, we define

2 (0,8, %1, %59, 1:51)

U, X1)501 .

2 (0, 4,1, %39, 1,91)
nyl,y,)’p);l

p(Dilxpu)= (84)
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and p(v,u,x;,x,y,y,,¥,) is defined in (83b). Label these
y(z|w',s,m), z€[1,2"TETilX2 U+ 9]
Random Partitions:

1) Randomly partition the set {1,2,---,2"%} into
2V =9 cells S,
2) Randomly partition the set {1,2,---,

2n(1(Y, Y\ X, U)+<)} into 2n(I(X2 Y|V)—¢€) cells S2
s*

Encoding: Let w,=(w],
block i, and assume that

Dz _psicpm_)y(i—1),
w(w_y|m;_ 1), x,(s;_4|m;_ )
are jointly e-typical and that w/_,€S,,, and z;_,€S,,.
Then the codeword pair (x,(w/|m,w)), xz(s|m)) will be
transmitted in block /.
Decoding: At the end of block i we have the following.
i) The receiver estimates m; and s;, by first looking
for the unique e-typical o(m;) with y(i), then for the
unique e-typical x,(s;|m;) with (y(i), v(m,)). For
sufficiently large »n this decoding step can be done with
arbitrarily small probability of error. Let the estimates of
s; and m, be $, m; respectively.
ii) The receiver calculates a set L (y(i—1)) of w’
such that weL(p@i—1) if (w(w|m_), y(i— 1)) are

w/") be the message to be sent in

jointly e-typical. The receiver then declares that w_; was
sent in block i—1 if
W,_1E Sy, N Ly(p(i—1)). (85)

From Lemma 3, we see that w/_;=w/_, with arbitrarily
high probability provided » is sufflclently large and
R <I(V;Y)+I(U; Y|X,, V) —e¢ (86)
iii) The receiver calculates a set L,( y(i — 1)) of z such
that z € Ly(p(i— 1)) if (P,(z|W/_y, §i_y, M),
x,(8;_ 4|, _ ),y(i—1)) are jointly e-typical. The receiver
declares that 7,_, was sent in block i —1 if
fi—IESZs,ﬂLz(Y(i_l))- (87)
From [12] we see that Z,_,=z,_; with arbitrarily small
probability of error if » is sufficiently large and
I(Y; Y| X5, U)+e<I(¥; Y| X, U+ I(X,; Y| V) —€
1.e.,
I(Xy Y|V)SI(T ;Y| X,,U) = 1(T; Y| X, U) +2e.
(88)
But since
(Y3 Y, Y |X, U)=1(Y,;Y)| X5, U)
then condition (88) becomes
I(Xy Y|V)SI(Y; Y| Y, X, U)+2¢
which as e—0 gives condition (83c) in Theorem 7.
iv) Using both §,(Z,_,|W/_,8_,M;_) and yp(i—1),
the receiver flnally declares that W, was sent in block

Pi—= 1 af (e O0 s W), )’1(2 W1 S A ),
y(i—1)) are _|omt1y e-typical. W =w",_, with high prob-
ability if

R2=I(X15Y’);1]X2’U)_€ (89)

and n is sufficiently large.
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v) The relay upon receiving y,(i) declares that W' was
received if (u(W'|m),y,(0),x,(s;|m;)) are jointly e-typical.
w! =W with high probability if

R, <I(U;Y,| X, V) (90)

and n is sufficiently large. Thus, the relay knows that
W, ESim,

vi) The relay also estimates z, such that

(P12 W], 85, m), 1(0), x5(s;|m;)) are jointly e-typical. Such a
z; will exist with high probability for large n, therefore the
relay knows that z,€ S, .

From (86), (89), and (90), we obtain

R, <I(V;Y)+I(U; Y|Xp, V) —¢
R, <I(U; Y||X,, V)
R,=1(X,;Y,Y|X,,U)—¢

Therefore, the rate of transmission from X, to Y is
bounded by

R<I(U; Y| X, V)+I(X; Y, Y| X, V) — €
R<I(V;Y)+ I(U; Y|X, V)+ 1(X; ¥, T, | X,, U) = 2e.
(o1
Substituting from (88) we obtain
R<I(X,V;Y)—I(Y;Y,|Y, X, U)+ I(U; Y|X,, V)
+I1(X,; Y, 71X, U)—4e
=I(X,X,; V)~ I(Y; Y| X5, X, U, Y)—4e (92)

which establishes Theorem 7.

VII. CoNCLUDING REMARKS

Theorems 1, 2, and 3 establish capacity for degraded,
reversely degraded, and feedback relay channels. The full
understanding of the relay channel may yield the capacity
of the single sender single receiver network in Fig. 7. This
will be the information theoretic generalization of the
well-known maximum flow—minimum cut theorem [9].
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Computational Moments for Sequential
Decoding of Convolutional Codes

TAKESHI HASHIMOTO anp SUGURU ARIMOTO, MEMBER, IEEE

Abstract—The long standing conjecture is established that, for a dis-
crete memoryless channel, there exists a linear convolutional code with
infinite constraint length such that the pth (p > 1) moment of the number
of F-hypotheses in the Fano sequential decoding algorithm is bounded,
provided that the transmission rate R is less than Eq(p,r)/p, where r(x) is
a distribution over the channel input alphabet. A new concept of indepen-
dence for a finite set of message sequences plays an essential role in
averaging a product of likelihood ratios over an ensemble of code
sequences in a code tree. A simpler version of the method can be applied
to the proof of the conjecture for general tree codes.

1. INTRODUCTION

NE OF THE most important problems associated

with sequential decoding for a class of discrete mem-
oryless channels is to estimate a priori upper bounds on
the moments of the number of computation steps or
F-hypotheses in decoding. It has long been conjectured
that for any p>0, the pth moment of the number of
F-hypotheses is bounded for optimal tree codes or linear
convolutional codes with rate R, provided that

1
R<— EO(p’ r ),
p
where r(x) is a probability distribution over the channel
Manuscript received August 1, 1978; revised January 28, 1979.
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inputs,
o

Ego.r)=~In 3 [ 3 PO 0r(x) "

y x
and P(y|x) is the transmission probability function of the
discrete memoryless channel.

This conjecture was first proved by Falconer [1] for
p€[0,1], by Savage [2] for integer values of p, and by
Jelinek [3] for all p> 1. However, the results by Savage
and Jelinek do not necessarily imply the validity of the
conjecture for the ensemble of linear convolutional codes,
although Falconer’s result is valid for both tree codes and
linear convolutional codes. In addition, Savage’s method
(2], which is also used by Jelinek [3], is quite involved.

In this paper we prove the correctness of the conjecture
for any p > 1 in the case of infinite constraint-length linear
convolutional codes. To prove this on the basis of random
coding techniques we introduce a new concept of inde-
pendence, called N-independence, for a finite set of
message sequences with equal length. This is a generaliza-
tion of the pairwise independence of Gallager [4] and
Massey [6], and plays an essential role in averaging a
function of likelihood ratios over an ensemble of code
sequences in a code tree. A simpler version of the method
gives rise to a self-contained proof of the conjecture for
the case of general tree codes.

Throughout the paper we will assume that the reader is
familiar with the Fano algorithm for sequential decoding
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