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1 Outline

This report is based primarily on [KGG], which deals with relay networks —
multi-terminal networks where a single pair of terminals wish to communicate
and all other terminals function as relays, assisting communication between the
pair. In the special case where there is only a single relay, forming a three-
terminal network, we have a relay channel. Such channels were first studied
by van der Meulen [vdMT71] and finding their capacity has remained an open
problem since. We therefore have little hope of finding the capacity of relay
networks, but we can bound it through the design of particular strategies and
assessing the rates that they achieve.

We commence by introducing a model for relay networks in Section 2. Then,
in Section 3, we give an upper bound on the capacity of relay networks. The two
strategies that we consider, decode-and-forward and compress-and-forward, are
discussed in Sections 4 and 5, respectively, whilst a mixture of the two strategies
is discussed in Section 6. We specialize to the wireless setting in Section 7.

2 Model

We consider networks consisting of 7' terminals: a source terminal (terminal
1), T — 2 relays (terminals ¢ with ¢ € 7 := {2,3,...,T — 1}), and a desti-
nation terminal (terminal T'). The source has a message W that it wishes to
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Figure 1: The relay network model.




communicate to the destination. At each time i € {1,2,...,n}, each terminal
te{l,2,...,T—1} sends X;; € Ay, and each terminal ¢ € {2,3,..., T} receives
Yii € Vi The {X3;} are a function of W, and the X; are functions of terminal
t’s past outputs Y; ! = (Y31, Yoo, . .. , Yi(i—1))- The network is memoryless and
time-invariant, so
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The destination makes its message estimate W from Y7 See Figure 1 for an
illustration of the model.

3 An upper bound on capacity

A capacity upper bound is obtained by straightforward application of the cut-set
bound for multi-terminal networks [CT91, Section 14.10]. Let Xs := {X:}tes.
Then we have

Proposition 1 The T-terminal relay network capacity satisfies

C< max  min I (X1 Xs; Yse Y| Xse)

PX1Xg--Xp_q1 SCT
where 8¢ is the complement of S in T .

For the relay channel, for example, we have T' = 3, so

C < max min(f(X; Y2Y3|X9), I(X1X9;Y3)). (1)

PXxiXo

4 Decode-and-forward

In decode-and-forward schemes, the relays are able to fully decode the message
and use their knowledge of the message to assist the source’s transmission. Thus,
in a wireless setting, decode-and-forward achieves the gains related to multi-
antenna transmission. The particular decode-and-forward scheme we consider
is that from [XK].

4.1 Single relay

For simplicity, we first consider the case of a single relay. We divide the message
w into B blocks wi,ws, ..., wp of nR bits each, where

R < max mln(I(Xl,Y2|X2),I(X1X2,Y3))

PXxiXo

Note that the maximum allowable rate differs from the upper bound on capacity
(1). The transmission is performed in B 4 1 blocks by using random codewords



Block 1 Block 2 Block 3 Block 4

Xt = | aii1(1,u) Ty (w1, w2) 13 (w2, w3) 21y (w3, 1)
X3 = 23 (1) 2o (w1) zh3(w2) 23 (ws3)

Figure 2: A decode-and-forward strategy for the single-relay network.

of length n. Hence, the overall rate is B-nR/{(B + 1)n} = R- B/(B + 1) bits
per use, which can be made arbitrarily close to R by taking B arbitrarily large.
Code construction: Take a joint distribution px, x,. For block b, b =1,2,..., B+
1, generate 2"% codewords zhy(v), v =1,2,.. ., 2" by choosing the symbols
{x2p;(v)} independently using px,. Then, for every 7, (v), generate 2" code-
words 2%, (v,w), w = 1,2,...,2"% by choosing the {z15;(v,w)} independently
using {px, |x, (-|T2pi (v))}-

Source terminal: In block b, the source transmits x7, (wp—1,ws), where wy =
WB4+1 = 1.

Relay terminal: For the first block, the relay transmits z%; (1). After transmis-
sion of block b, the relay tries to find a w; such that

n ~(2 ~ n ~(2 n n
(xlb(wl(y_)lawb)ax2b(wl()—)1)7y2b) € AE )(pX1X2Y2)a (2)

. (2) . . . -
where wéjl is the relay terminal’s estimate of wy_1. If one or more such w are

found, then the relay chooses one of them and sets 121,52) equal to it; otherwise,
it sets 12),(]2) = 1. The relay transmits x;‘(bﬂ)(uﬁéz)) in block b+ 1.
Destination terminal: After transmission of block b, the destination tries to find

a Wp—_1 such that

~(3 ~ 7 ~(3
(xgl(bfl)(wlgf)%wal)’x;(bfl)(wl(y—)Z)’y{?(bfl)) € Agn) (Px1X2v5) (3)
and
(‘Tgb(wb—l)vygb) € Agn) (pX2Y3)7 (4)
(3)

where w;”, is the destination terminal’s estimate of wy_». If one or more such

wp_1 are found, then the destination chooses one of them and sets 7111()?:)1 equal

to it; otherwise, it sets u?l(i)l =1.

The scheme is depicted in Figure 2 for B = 3. To see that it achieves reliable
communication, note that the probability that there exists w, # wy satisfying
(2) can be made arbitrarily small by taking n arbitrarily large provided that its

. A (2
past message estimate w,()_)1 was correct and

R < I(X1;Y2|X2), (5)

and that the probability that there exists wy_1 # wp—1 satisfying (3) and (4)

can be made arbitrarily small by taking n arbitrarily large provided that its
3)

5 was correct and

past message estimate

R<I(X1,Y3|X2)+I(X2,Y3):I<X1X2,YE),) (6)



Block 1 Block 2 Block 3
X7 (1,1, wy) Py (1, w1, we) s (wy, wa, w3)
X3 x5, (1,1) z5p(1,w1) Th3(w1, w2)
Xy i (1) z35(1) ri3(wr)

Block 4 Block 5 Block 6
Xy 2ty (wa, w3, wy) s (ws, wy, 1) g (wy, 1,1)
X3 = | ahy(wz,ws) o5 (w3, wy) 56 (ws, 1)
X3 = gy (w2) g (ws) w55 (wa)

Figure 3: A decode-and-forward strategy for the two-relay network.

By assumption, there exists a distribution px, x, such that conditions (5) and
(6) are both satisfied.

4.2 Multiple relays

The generalization to multiple relays follows quite straightforwardly from the
single relay case. For two relays, for example, we divide the message w into B
blocks wi,ws,...,wp of nR bits each, where

R < max I’IllIl(I(Xl, YQ‘XQX:}), I(XlXQ, Yg‘X3)7 I(X1X2X3; Y4))
PX1Xo9X3
The transmission is performed in B 4 2 blocks by using random codewords of
length n. Hence, the overall rate is B - nR/{(B + 2)n} = R - B/(B + 2) bits
per use, which can be made arbitrarily close to R by taking B arbitrarily large.
The scheme for B = 4 is depicted in Figure 3.
In this case, terminal 2 can reliably decode wy, after the transmission of block

b if n is large, its past message estimates, ng and wﬁ)l, were correct, and

R < I(X1,1/2|X2X3)

Terminal 3 can reliably decode wy_1 after the transmission of block b if n is

. . ~(3 ~(3
large, its past message estimates, wl()jg and wéj2 were correct, and

R < I(XlXQ;Y3|X3).

Terminal 4 can reliably decode w;,_o after the transmission of block b if n is

. . (4 (4
large, its past message estimates, wz()_)4 and wl()_)3 were correct, and

R < I(X1X2X3; Y4)

By assumption, there exists a distribution px, x,x, such that the above condi-
tions are all satisfied, and reliable communication is achieved.



By generalizing to T-terminal relay networks, the following theorem can be
proved. Let 7w be a permutation on 7, and define 7(1) := 1, n(7T') := T, and

m(i:g) = A{n(i),7(i +1),...,7(j)}.
Theorem 1 Decode-and-forward achieves any rate up to

RDF = max max min 1 I<X7r(1:t)§ Yﬂ(t+1)|Xﬂ.(t+1:T_1)). (7)

PX1Xo - Xp_q1 T 1<t<T—

5 Compress-and-forward

In compress-and-forward strategies, the relays do not decode the message and,
rather, forward compressed versions of their observations. Thus, in a wireless
setting, compress-and-forward achieves the gains related to multi-antenna re-
ception.

5.1 Single relay

Again, we first consider the case of a single relay. The scheme we describe is
essentially due to Cover and El Gamal [CEGT9, Section VI|. We divide the
message w into B blocks wy,ws, ..., wp of nR bits each, where

R < max I(X];?2Y3|X2)

PX1PXoPy,|x5Y,
subject to the constraint
I(Yy; Yo| XoV3) < I(X2;Y3).

The transmission is performed in B 4 1 blocks by using random codewords of
length n. Hence, the overall rate is B-nR/{(B+1)n} = R- B/(B + 1) bits per
use, which can be made arbitrarily close to R by taking B arbitrarily large.
Code construction: For block b, b = 1,2,..., B + 1, generate 2"% codewords
zt(w),w = 1,2,...,2"" by choosing the {z1p;(w)} independently using px, .
Similarly, generate 2"%2 codewords zh(v),w =1,2,..., 2nF2 by choosing the
{z2p:(v)} independently using px,. Define Py, 1%, using px,, PV, Xy and
Py1vz| X1 X,; then, for each a3y (v), generate a “quantization” code-book by gen-
erating 27"+ 82) codewords g3, (v, t,u), t = 1,2,...,2"M% u = 1,2,... 278
by choosing the {§2p;(v,?,u)} independently using {py, y, ([z20i(v))}-

Source terminal: In block b, the source transmits x1p(wy), where wpy1 = 1.
Relay terminal: For the first block, the relay transmits z3; (1). After transmis-
sion of block b, the relay tries to find a (¢, ), such that

(ggb(vb’ Eba ab)a mgb(”’?)? ygb) € Agn) (pY2X2Y2)~
If one or more such (fy, ;) are found, then the relay chooses one of them and

sets vp41 = Up; otherwise, it sets vp41 = 1. The relay transmits xg(b+1)(vb+1) in
block b + 1.



Block 1 Block 2 Block 3 Block 4
X' = zy (wi) iy (w2) zy3(ws) ziy(wa)
X3 = 23 (1) z35(v2) z33(vs) 234(v4)
Vo= | a5 (Lt,ve) || 9551, 00,08) | |985(va, 3, 0a)

Figure 4: A compress-and-forward strategy for the single-relay network.

Destination terminal: After transmission of block b, the destination tries to find
a Up such that

(xgb(ﬁb% y;,Lb) € Agn) (szys)'

If one or more such 7, are found, then the destination chooses one of them and

sets 1723) equal to it; otherwise, it sets @ég)

find a #_71 such that

= 1. Next, the destination tries to

~n ~(3) 7 ~(3 n ~(3 n n
(y2(b—1)(vz§31vtb—1,vz§ ))7x2(b—1)(vl§31)7y3(b—1)) € AE )(p{@xzyg)v

~(3 . . . . .
where U,E_)l is the destination terminal’s estimate of vp_1. If one or more such

tp—1 are found, then the destination chooses one of them and sets fé?i)l equal to

it; otherwise, it sets fgg_)l = 1. Finally, the destination tries to find a w,_1 such
that

() 3 50

n/ ~ PN RPN n ~(3 n n
(@16-1)" (Wo—1), Gy (071, 1,71, By, )’xQ(b—l)(vlg—)l)ayS(b—l)) € Al )(leYQXng)'

If one or more such wy_; are found, then the destination chooses one of them
and sets 11)1()?:)1 equal to it; otherwise, it sets u?l()?:)l =1.
The scheme is depicted in Figure 4 for B = 3. The relay can reliably encode

to (tp, up) after the transmission of block b provided that n is large and
Ro + R, > 1(Ya; Y| Xs). (8)

The destination can reliable decode (vp,tp—1,wp—1) after the transmission of

block b provided that n is large, its past estimate @éi)l was correct,

Ry < I1(X3;Y3), 9)
RYy < I(Ya;Ys| Xo), (10)

and .
R < I(Xl;Y2Y3|X2). (11)

By assumption, there exist distributions px,, px,, and DY, 1Xavs such that con-

dition (11) is satisfied. We can satisfy (10) by setting R}, := I(Ya; Y3| X2) — € for
some € > 0. Then, condition (8) becomes

Ry > I(Ya; Ya| Xa) — I(Ya; V3| Xo) 4 € = I(Ya; Ya| X2 V3) + ¢, (12)



and we see that conditions (9) and (12) can be satisfied since we have imposed
the constraint R
1(Y2; Y| XoY3) < I(Xo;Y3).

5.2 Multiple relays

The compress-and-forward strategy just described does not generalize to multi-
ple relays as straightforwardly as the decode-and-forward strategy of Section 4.
The main complication that arises is that when the relays forward their ob-
servations to the destination, they do so simultaneously, interfering with each
other’s observations as well as causing interference at the destination. Kramer
et al. [KGG] deal with this complication by allowing for terminals to partially
decode each other’s codewords, and they prove the following theorem.

Theorem 2 Compress-and-forward achieves any rate up to

Rep = max I(X1;YrYp|Ur X 1) (13)

px1{PUsX Py, Uy xy v, JtET

where

I(Ys; Ys|Ur X7VseYr) + Z I(Ye; X\ 1y [UT X2)

tes
M
< I(Xs;Yr|UsXse) + Y 1Uk,; Yo Ui, Xrimy) - (14)
m=1

for all S C T, all partitions {K.,}M_, of S, and all r(m) € {2,3,...,T} such
that r(m) & Kp,. For r(m) =T, we set X := 0.

6 Mixed strategies

The decode-and-forward and compress-and-forward strategies can be combined
so that the relays partially decode the source’s message and use their partial
decoding for co-operative transmission while compressing and forwarding the
remainder. Such a scheme is described for the single-relay network in [CEG79,
Section VI].

A more restrictive, but more analytically tractable, approach is taken by
Kramer et al. [KGG] where each relay chooses either decode-and-forward or
compress-and-forward. Thus, the relay indices are divided into two sets 77 =
{2,3,..., 71+ 1} and 7o = {T1 +2,...,T — 1}, and the relays in 77 use decode-
and-forward while the relays in 75 use compress-and-forward. They prove the
following theorem.

Theorem 3 Choosing either decode-and-forward or compress-and-forward achieves



any rate up to
Rpcr

= max min( min I( X100 Yo | X (er1m41)) s
PX1 X1y {PUthpiq\UTQ xtyt}tETz 1<t<T

I(X1XTI;Y’TQYT|UTZXTQ)>

(15)
where m is a permutation on Ty, we set w(1) := 1, and
I(Ys, Ys|Up X5,V Yr) + Y I(Yy; Xgp\ (13 Uz, Xo)
teS
M
SI(XS;YT|U5X5c)+ Z (U’Crn7 ‘U;cc ( ))
m=1

for all S C Tz, all partitions {Kn}M_, of S, and all r(m) € To U {T} such that
r(m) ¢ K,,. Here, S denotes the complement of S in Ty. For r(m) =T, we
set X1 :=0.

7 The wireless setting

In the wireless setting, we have

Z X, + 2,

s#t St

where dg; is the distance between terminals s and ¢, « is an attenuation expo-
nent, X, is a ny x 1 complex vector, A is a ny X ng matrix whose Agzt’j) is a
complex fading random variable, and Z, is a n; x 1 noise vector whose entries are
ii.d. circularly-symmetric complex Gaussian random variables of unit variance.
There are per-symbol power constraints E[X EX <) < Ps for all s, where X Z is
the complex-conjugate transpose of X ..

Several different kinds of fading are considered in [KGG]. We shall only

review the case of no fading, where Agt’J ) is constant for all s, t, 4, and j. The

results with fading are of a somewhat similar nature.



7.1 Single relay

In this case, it is shown that the cut-set bound (1) is maximized by making
(X1, X3) zero-mean jointly Gaussian, so the bound becomes

1 1
< i - —1p|?
= g min (e (o1 () 0 -7

P, P, 2pPi P
log |14 -+ =+ L2 ) ],
dfy — d3s dy4 " dos

where p is the correlation coefficient of X; and Xs.
The best decode-and-forward rate (7) is

_ . Pl 2
Rpr = 0212%{1 min (log (1 + —(1—p| )) ,

da
12
P P. 2p\/ P, P
log [ 1+ -+ —= + % :
dfs ~ dgs dy5 " dys
For the compre§s—and—forvyard strategy, we choose X; and X5 to be Gaussian
and Y; = }/2 + Z5, where Z5 is a Gaussian random variable with zero-mean and
variance Na. The rate (13) is then

P P
Rcr =log 1+—1A+Tl ;
d$y(1+ No) — dfy

where the choice
N2 _ Pi(1/d$y) +1/d§s) +1
Py /dg,

satisfies (14) with equality.
Suppose di13 = 1. As the relay moves towards the source (di2 — 0), the
quantities C' and Rpp converge towards

log (1 + P+ P +2\/P1P2> )

whilst Rop converges towards
RCF = 10g(1 + P1 + PQ),

so Rpr tends towards capacity. Similarly, as the relay moves towards the des-
tination (doz — 0), the quantities C' and Rcop converge towards

log(1 +2P,),
whilst Rpp converges towards
log(1+ Py),

so Ror tends towards capacity. These observations are consistent with the inter-
pretation that decode-and-forward achieves the gains related to multi-antenna
transmission while compress-and-forward achieves the gains related to multi-
antenna reception.



7.2 Multiple relays

Suppose we have two relays and that dy4, the distance between the source and
destination terminals, is 1. If the relays are within a distance d of the source,
then the decode-and-forward rate (7) becomes the capacity as d — 0, which is

RDleog(1+ VPP P3]2>.

Similarly, if the relays are within a distance d of the destination, then the
compress-and-forward rate (13) becomes the capacity as d — 0, which is

Ror =log(l+3Py).

Finally, if one of the relays moves towards the source and the other towards the
destination (for example, dj2 — 0 and ds4 — 0), then the mixed-strategy rate
(15) tends towards the capacity, which is

Rpor = log (1 +2 [Pl Pyt 2\/P1P2D :

These results relating to the case of two relays generalize to T terminals; hence,
if we have T terminals forming two closely spaced clusters, then choosing either
decode-and-forward or compress-and-forward at each relay approaches capacity.
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