6.730 Physics for Solid State Applications

Lecture 13: Electrons in a Periodic Solid

Outline

Brillouin-Zone and Dispersion Relations
e Introduce Electronic Bandstructure Calculations
e Example: Tight-Binding Method for 1-D Crystals
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Approaches to Calculating Electronic Bandstructure

Nearly Free Electron Approximation: w(r) = cheikr
» Superposition of a few plane waves R

Cellular Methods (Augmented Plane Wave):

« Plane wave between outside r;
« Atomic orbital inside 7, (core)

Pseudopotential Approximation:

‘Wave function Pseudofunction
L

« Superposition of plane waves
coupled by pseudopotential
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» Superposition of bandedge (k=0) wavefunctions

Tight-binding Approximation (LCAO): ~ %i(r) = > Y ¢; 4R, — Rn)
o R,

= Superposition of atomic orbitals




Band Formation in 1-D Solid

+ Simple model for a solid: the one-dimensional solid, which consists of a single, infinitely long
line of atoms, each one having one s orbital available for forming molecular orbitals (MOs).
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( When the chain is extended:
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—— -3 => The range of energies covered by the MOs
is spread

(c) E _EeE 3 =>» This range of energies is filled in with more
and more orbitals
=>» The width of the range of energies of the

(d)_c — 4+ e———— % MOs is finite, while the number of molecular
orbitals is infinite: This is called a band .
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Tight-binding (LCAQ) Band Theory
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LCAO Wavefunction
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Write general LCAO: Sum over types of orbitals (o = 1s, 2s, 2p,
etc.) within a unit cell and sum over unit cells

Pi(r) = Z Z Ci,a[Rn]¢a(T —Rn)
« RTI,

Special case: take only one type of s-orbital per unit cell

P(r) = i c[n]o(r — naix) o o.o o

n=-—oo

Energy for LCAO Bands with one-orbital per unit cell

Finite-basis set approximation gives:

>, H(n,m)lm]=E > S(n,p)clp]

m=—o0 p=—0c0

H(n,m) = (¢(r — naix) |H|o(r — maix))

S(n,p) = (¢(r — naix)|¢(r — paix))
Z-transform, just like lattice waves!

clp+ 1] = ¢[p]z~1 and c[p] = ¢[0]zP
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Energy for LCAO Bands

( Z H(n’m)e—ik(n—m)a> P E( Z S(n,p)e_ik(n_p)a) €
m=—00 p=—00

H(n,m) = H"(m,n) = H(n — m) and
S(n,m) = S*(m,n) = S(n —m)

Reduced Hamiltonian Matrix: Reduced Overlap Matrix:

H(k) = i H(p)e tpa S(k) = i S(p)e—ikpe

p=—00 p=—oo

H(k)e=ES(k)e

Reduced an NxN
E(k) = H(k) eigen value
S(k) problem to a 1x1

Reduced Overlap Matrix for 1-D Lattice
Single s-orbital, single atom basis

Sk = 3 S(peihe

p=—00

5(0) = (p()|p(r)) =1 5(1) = (¢(r — aix)|6(r))

5(1) = S(-1)

S(k) = 14 S(1)(etka 4 o—ikay




Reduced Hamiltonian Matrix for 1-D Lattice
Single s-orbital, single atom basis

HB = Y H(pe
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= F;
. 2
H(1) = (6(x = ai)| >+ Vo + AV(D)[6(r))
= Vsso
= H(-1)
H(k) — ES + Vssa(eika + e—ika)
Energy Band for 1-D Lattice
Single orbital, single atom basis
H(k)e=ES(k)e
Ek) = H(k) _ E, +Vssa(€ika +e—ika)
T OS(k) 14 S(1)(etha 4 eika)
E(k) =FE(k+n2
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LCAO Wavefunction for 1-D Lattice
Single s-orbital, single atom basis
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V(1) = Yk, (r)

LCAO Wavefunction for 1-D Lattice
Single orbital, single atom basis
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LCAO Wavefunction for 1-D Lattice
Single orbital, single atom basis
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Yp(r) =€ > e~ knagr  paiy)
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k=0

Yr=0(r) = €[+ + ¢(r + aix) + ¢(r) + ¢(r — aix) + #(r — 2aix) + ¢(r — 3aix) +...]

AL M

Bonding

ANANANANANNANNANANL W
remember H, ?
lowest energy (fewest nodes) 2

k—=1n/a

Vh=rja(t) = €[+ — ¢(r 4 aix) + ¢(r) — ¢(r — aix) + ¢(r — 2aix) — ¢(r — 3aix) +...]

of |
B LUAVAN
b, T G

highest energy (most nodes)

Bloch's Theorem

LCAO gives: 4 (r) =¢ i e~ knagp _ paiy)

n=-—oo

Translation of wavefunction by a lattice constant...

Yp(r+aix) =¢ > ey (r 4 aiy — naiy)

n=-—oo

O =

n=—o0
...yields the original wavefunction multiplied by a phase factor

Yp(r + aix) = ey (1)

Consistent that the probability density is equal at each lattice site

This is not a proof of Bloch’s theorem, only showing that LCAO satisfies Bloch’s Theorem




Wavefunction Normalization

Using periodic boundary conditione for a crystal
with N lattice sites between boundaries...
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Counting Number of States in a Band

Combining periodic boundary condition...

Yr(r + Naix) = ¢ (r)
...with Bloch’s theorem...

Yr(r + Naix) = Ny (r)
...yields a discrete set of k-vectors

2
k=m>"  where m=0,41,42, -
Na

Within the 1st Brillouin Zone there are N states or 2/ electrons




2N electrons each

Overview

Highest level of p band (fully antibonding)
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Electrons (LCAO)
(SN (k) H(K))e = Ee

H,B,a(k) =

S (¢p(r — Rs — Rp)|H|da(r — Re))e KEp
Rp

Sﬁ,a(k) =

Y (dp(r — Rs — Rp)|galr — Re)e K Rp
Rp

E(k) = E(k + n2n/a)

Tight-binding and Lattice Wave Formalism

Lattice Waves
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w(k) =w(k +n2n/a)




