6.730 Physics for Solid State Applications

Lecture 29: Electron-phonon Scattering

Outline

« Bloch Electron Scattering

e Deformation Potential Scattering

e LCAO Estimation of Deformation Potential

e Matrix Element for Electron-Phonon Scattering
e Energy and Momentum Conservation

April 21, 2004 Lundstrom, Chapter 2

General Scattering Potential
Ug(r, t) = U*(r)e ™ 4+ US(r)et™t

S(k, k') = 2% Hpip 26 (E(K) — E(k) = Tw) + |Hiy [26(B(K) — E(k) + Tw)|

U*(r) e™™" final state energy is greater than initial ===p  absorption

Ue(r) et final state energy is less than initial =)  emission

Lundstrom, Sec 1.7




Matrix Elements for Bloch States
i = [ o) Us(r,8) () dr
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Approximation for slowly varying scattering potential...

~ ; e~ i(K'=k)zm Us(zm) /A Uppt (2)unp(2) dz
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I(k,k';n,n') Overlap integral ~ +
for n=n’, and k=k’

Scattering from a Slowly Varying Potential
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Matrix element is just the Fourier component U, ., of the scattering

potential at ¢ = k — k'
For more quantitative work will need to evaluate overlap integral.




Scattering Rate Calculations
Example: 1-D Scattering from Traveling Wave

Up(z,t) = Ag eTHBz—wt)

_ 13 +iBza—i(k—k)z
Hk/k_z/_zLAﬁe e dz
=Ag (K =k+p) d=0or1
S(k, k) = 2% |4l 8 (E(K) — E(k) — Tw) 6(K' = k+8)

 Periodic potentials conserve total momentum..

K=k+p

Scattering Rate Calculations
Overview
Step 1: Determine Scattering Potential
Ug(r, t) = U*(r)e ™ 4+ US(r)et™t

Step 2: Calculate Matrix Elements

i = [ w0 V20D i) d

Step 3: Calculate State-State Transition Rates
2
Sk, K) = == [|Hiy PS(E(K) = E(k) — Tuw) + [Hiy PS(ER) — B(k) + Fw)

Step 4: Calculate State Lifetime
1

ke %:S(k:, K) (1 - f(6))

Step 5: Calculate Ensemble Lifetime
<T>




Electron-Phonon Scattering Potential
Beyond the Born-Oppenheimer Approximation...
« Phonons change the electron energies by changing the bond displacement
» Both shear strain and local volume changes alter the electron energy
...change in the bandstructure due to a dilatation of solid by sound wave...

OHe
He_ijon = Ue—phonon & W|€q~ AV

_OEa(k)
Toav

AEn(k AV
leq. AV = < n(k) eq,v>

oV

OEn (k) o V)

Dy = acoustic deformation potential = ( G

Relate the phonons to local changes in the volume (lattice constant)....
Lundstom, 2.2.2

Electron-Phonon Scattering Potential

a(r,t) = A sin(B-7— wt)

V- -a(r,t) = B8-u(rt)

vV —

— =V .u= u

\%
_ \VA%
BJ_H 7%0
— vV
Blu o #0

Only LA phonons cause local changes in the volume (lattice constant)....




Electron-Phonon Scattering Potential

Ue—ph = DAV'H(Tat) = DAB' u(r,t)

o (50 )

Conduction band (diamond):

d ]
EC(I_) =E;+ |4‘/sscr|
Valence band (diamond): Virml 1
4 38
Ey(M) = Ep — |§Vpp0 - g%pﬂ E. I mm) Dy, <0
2
Virm = sz/mh— Ey | =D Dy, >0
md?

Electron-Phonon Scattering Potential

OEn (k)
A= ;V |eq Vv
R2 AV
Virm = Mirm—— Tﬂ = —2Virm
. 8En(l‘)| V= 8En(l‘)| 8d(r)| V= 8En(l‘)| g
T oav TN T e T ey YT T a4 13
1 d 8
E(I")=Es+ |4Vsso| =) DAc = _8|V:95(7|g ’ g = _5“/550'

4 38 2 4 38
Ey(T) = Ep — |§Vpp0 - g%pﬂ > Dy, = +§ |§Vpp0 - §Vpp7r|




Electron-Phonon Scattering Potential
Silicon Example

Y
1 d 2 4 38
Dy, = —8|Vssa|g 3= ——|Vssa| Dy, = +3 |3Vpp0 - §Vpp7r|
— _5.42  LCAOTheory — 4175  LCAOTheory

Aec — Ay :DAC_DAU
= -7.17 LCAOTheory

= -10 ApproxExperiment

From Lecture 12: _ _
Operators for the Lattice Displacement

1
H = Z Z hwi, {a;rmaka + E]
k ©
—ikR.:
~ € L wka
Aky = Z ko t] +i MU[R',t])
& VN (V V20T,
ikR;
~t _Ze . (/ Yka \ it / . )
a c ko ] MU[R 7t]
k & VN

h ~  ikRi | s _—ikR;\ =
u[R;, t] = — (& e+ a4, e i)e
[R; t] % 2MNwU( ko® 0+ At ) &

We will now use this for electron-phonon scattering...




Phonon Displacement Operator
Ue—ph = D4V U(r,t) = D4 8- Uﬁ(rat)
See Lecture 12...phonon displacement operator, with time dependence,

h ~  _ikR: | s _—ikR:\ =
u[R;, t] = — (& e+ 4a,: e i)e
[R; t] % 2MkaU( ko kio ) ko

h
2prﬂ

D Ug(r,t) = %; (aﬂei(ﬁr—wt) + age—i(ﬁr—wt)) >

relating mass for continuum solid and discrete lattice pV = MN

B h =~ i(Br—w ~t —i(Br—w
Ue_Ph = ZDA (66,8) JWQ (aﬂe (8 t) 4+ age (8 t))
B

Scattering Rate Calculations
Overview
Step 1: Determine Scattering Potential

Ue_Ph = ZDA (Bgﬁ) (aﬂei(ﬂr_“’t) + age—i(ﬂr—wt)>
B

Qpr/g

Step 2: Calculate Matrix Elements
Step 3: Calculate State-State Transition Rates
Step 4: Calculate State Lifetime

Step 5: Calculate Ensemble Lifetime




Electron-Phonon Matrix Element

B h =~ i(Br—w ~t —i(Br—w
Ue—ph = _Da (Beg) \JQ;}T% (aﬂe (Br—wt) 4 age 8 t))
B

Consider the coupled electron-phonon wavefunction

[V >= |bpi > Ing >= |pp,ng >

Phonon absorption... [¥f >= [y > ng—1>= [¢,p,ng— 1
Phonon emission... [V >= |Ypp > Ing+1>= |Pp,ng+ 1>
Hypr = Z (5 : Eﬁ) Dy <"/’nk’anﬂ -1 ‘age+iﬂr‘ ¢nk,n,@>

2pr5

+ Z 2pr (B ) gﬁ) DA <d]nk’7 ng +1 ‘aEC_i’BT‘ 'Ll)nk, TLB>

Electron-Phonon Matrix Element

Hkk/ - Z 2pr (E . Eﬁ) DA <z/1nk/,nﬁ -1 ‘aﬁe+iﬂr‘ ¢nk,nﬁ>

+ Z 2pr (B ) gﬁ) DA <d]nk’7 ng +1 ‘aEC_i’BT‘ 'Ll)nk, TLB>

Hk‘k/ = Z

efiﬂ-r‘wnl» /7”/34‘1)

o (5°28) D (77 ) 5 + (o

: T
For long wavelength phonons, can make slowly-varying approx... 8 < .

= Z (8€5) Da (V5 Smivas + s+ 1 Guip)

Qpr/g




Scattering Rate Calculations
Overview

Step 1: Determine Scattering Potential

7:1' IWPr—w —1 T—Ww
eph_ZDA(Be,B)\j 2oV (age(ﬂ t)-l-aT (6 t>)

Step 2: Calculate Matrix Elements

Hkk’_ Z ( 6/3) DA (\/7 (Skl k45 + 1/TLB+1 5k’ f— B)

2pr,3

Step 3: Calculate State-State Transition Rates

Step 4: Calculate State Lifetime

Step 5: Calculate Ensemble Lifetime

Electron-Phonon Scattering Rate

2 h 5 5
‘Hgk’ - 2pVwg pD% ng 5k'=k+ﬂ
\H“ 2 = B2D2 (ng+1) 61—
k! 2pr A\g k'=k-p

D3 ng Sy=ptp 6 (B() — E(k) — Fuwp)

Sk, k) = —~
( ) pVw

vy DA (gt ) dmy 0 (BQK) - B() + Tusg)




Scattering Rate Calculations
Overview

Step 1: Determine Scattering Potential

B h =~ i(Br—w ~t —i(Br—w
Ue_Ph = ZDA (66,8) JWQ (aﬂe (8 t) + age (8 t))
B

Step 2: Calculate Matrix Elements

Hkk’_ Z ( 6/3) DA (\/7 (Skl k45 + 1/TLB+1 5k’ f— B)

2pr,3

Step 3: Calculate State-State Transition Rates

"N o_ ™ /
S(k, k) = Ve Sp=ktp O (EGK) — E(k) — Tug)

™
vy DA () Sy 3 (BRD =BG + Py

Step 4: Calculate State Lifetime

Step 5: Calculate Ensemble Lifetime

Energy and Momentum Conservation

Crystal Momentum constraint Wk = Rk + BB
) KK =kk+t2kB+58 = k24 B2+ 2kBcosb
Energy constraint  E(k') = E(k) + Tiwg

thIZ ﬁ2k2
) = —— + Tuwyg
*

2m* 2m

Therefore: R2k2 n h232 N 2h%kBcoss _ k2

*

+ TLwB

* *

2m 2m 2m

25;/ 242 2 }{ "
h +TL,8 i 2h<k3 cos6 h + T 2m

For T 2w 2 /m X3

B

Lundstrom, Sec. 2.5
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Energy and Momentum Conservation

BE = Rk + BB E(K) = E(k) + hwg

e

2m*

2]

hB = F2hkcosf + - hwg

For acoustic phonons...

8 < g and  wg = vsf

‘ hB = F2hkcosl £+ 2m*ug

*
— 2Tk | cosf + U8
ik

Energy and Momentum Conservation

m*uvg
hf3 = 2hk cosé +
3 <¢ % )

Typical acoustic phonon velocity... vs & 10%cm/s

Velocity of typical electron (300 K)... vy = 1O7cm/s

hB ~ 2hk(F cosh)

’hﬁmam
O |
mﬁmax = 2hk
hk hk
final inital

11



Energy and Momentum Conservation

Maximum momentum exchange...

7iﬁma:c = 2hk

Maximum energy exchange...

hwﬁmax = hﬁmaxﬂs ~ 2. (m*vth)’l)s

~ 2 <% -1073%kg] - 107[cm/s]) 10°[em/s]

~2 (% 107 3%kg] - 105[m/s]) 103[m/s]
~ 107 %[eV] = 0.1[meV]

Acoustic phonon scattering is essentially elastic for 300K electrons...

Scattering Rate Calculations
Overview

Step 1: Determine Scattering Potential

_ 7 = i(Br—wt) 4 AT —i(Br—wt)
Ueeph, = %:DA (8-€3) 20V (aﬂe + age )

Step 2: Calculate Matrix Elements

(8- e8) Da (V715 Su—iys + /s +1 Sp—i_p)

Step 3: Calculate State-State Transition Rates
S(k,K') = ——p2D3 ng Sy—prp 6 (BE(K) — B(k) — Fuwg)

Hkk’ = Z
8 2pr,3

pVwg
n
+ M,BQD% (ng+1) Sp=p_p 8 (E(K) = E(k) 4 Twg)

Step 4: Calculate State Lifetime "
1 N(1_ fea =3"S(k, k)
= —%:S(k,k:)(l FOD) == %:

Step 5: Calculate Ensemble Lifetime
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2 *
5 (E(K) — B(k) T fug) =5<TL k8 (icosH 8

Energy and Momentum Conservation

E(K') = BE(k) + hwg

h2k2 n h232 N 2h%kBcosd  h2k2

+ TLwB

2m* 2m* 2m* 2m*

m*

hk

_ m* e m*uvg
T R2kpB

2k T hk

) <icos(9 +

)
)

S(k, k') =

1

k/

Electron-Phonon Scattering Time
Preview

T m* B

27

3
3 8n

%R

™ 2.2 m* 6 m*vs
T8 s o+ -
Ve | DA (TLQkﬁ) (+ CoSlt ok T Tk )

m*ug
k

= Y S ) =Y ShK) = /O deb /;o /711 S(k, k')dB d(cos6)

)

13



