6.730 Physics for Solid State Applications

Lecture 32: Introduction to Boltzmann Transport

Outline

e Non-equilibrium Occupancy Functions

e Boltzmann Transport Equation

» Relaxation Time Approximation Overview
April 28,2004 e Example: Low-field Transport in a Resistor

Scattering Rate Calculations
Overview
Step 1: Determine Scattering Potential
Ug(r, t) = U*(r)e ™ 4+ US(r)et™t

Step 2: Calculate Matrix Elements

i = [ w0 V20D i) d

Step 3: Calculate State-State Transition Rates
2
Sk, K) = == [|Hiy PS(E(K) = E(k) — Tuw) + [Hiy PS(ER) — B(k) + Fw)

Step 4: Calculate State Lifetime
1
—— =Y S(k, k) (1 - f(K
5 % (k. k) (1 = F())
Step 5: Calculate Ensemble Lifetime
<T>




Occupancy Functions and Quasi-Fermi Functions

F(E) vs. f(k)
f(E,7) flk,m)
f(E,r,1) fk,m,1)

Equilibrium occupancy function...

folk,r) = L

1 + e(Be(rk)=EBpg,) /kpT

Quasi-equilibrium occupancy function...

1
1+ e(Ec(r,k)—EFc(r))/kBT

flk,r) =~

Properties of the Occupancy Function
Moments of f (r,k,t)

Carrier density...

n(rt) == £(r.k,1)
V%
Current density...

%Krt)—-v? > ViB(k) (r, k)

k1)

o~ _q
Energy density...
1
W) = Y BR) 5k, )
k

R2k2

Z

k

f(r k,t)

All the classical information about the carriers is contained in 7(r,k,0




Rate Equations for Occupancy Function

Previously we developed rate equation for model 3-level system...

NQ% = +k1o N1 No [f1 (1 = f2) — A12 fo (1 = f1)]

—ko3z No N3 [fo(1 — f3) + A23 f3(1 — f2)]

Now, generalize for the whole occupancy function...

w =3 (£ = F)) S, k) = f(R)(1 = F(K) S(k, )
kl
Rate Equations for Occupancy Function
df (r,

d_tk’t) =3 (£ - £(B) SKK k) — F(R)(1 — f(K) S(k, K))
k/

IS(K’, k) rate of scattering from k' to k

S(k,k')  rate of scattering from k to k'

Perturbations that cause scattering....
e Impurities or defects
 Electron-phonon scattering
 Electron-photon scattering

Use Fermi’s Golden Rule to calculate scattering between Bloch functions...




Last Look at Equilibrium Occupancy Functions

fr k) = 1+ EW+E-EA /oy

~ e~ [E(R)+Ec(r)—Ef]/kpTy,

(Boltzmann Limit)

o (Bf=Ee(r)/kpTL ,—h2k?/2m*kpTy,

E (k)

N

= standard dev ~ T, =T,

Intuition for Non-equilibrium Occupancy Functions

\ E(k) / E(k)
y \ G /\
Kz kz,drift Kz

Out of equilibrium it is possible to get current....
....there are more electrons at +k, than |-k,




Boltzmann Transport Equation

T = S (SO0 - 160 SR — FB( 1) S0, 8))
1-D

df (r, k, 1) of A Oof or Of Ok / ; /
Ta =T or ot on o = 2 UEISHR —SWISGK))

Inserting semi-classical equations of motion...

- S = ; (FEDSE k) — F(k)S(k, k)

of O8f Rk Of F
3-D

af
8t

rf+_ Vif = Zf(k)S(k' k) — Zf(k)S(k k')

Boltzmann Transport Equation

Boltzmann Transport Equation

S(K', k) g S(k, k"
f(p—dp)zf
k + dk ;
o+
* T
P
f(p E
T r 4+ dr

Boltzmann Transport Equation is a continuity equation for 7(r,k,t)...

of _ _orof ok of :
= ot a5 ak+zf(k)5(k k) — Zf(k)S(k k")




Solving Boltzmann Transport Equation

8f

o T V'rf"‘_ Vif = Zf(k)S(k' k) — Zf(k)S(k k')

e Usually solve BTE numerically or under the relaxation time
approximation (RTA)

* We will derive RTA next time, today lets see what it is and how it is
used...

E(k)

For low-field transport...

F(k) = fs(k) + fa(k) = fo(k) + fa(k)

‘

Relaxation Time Approximation

S (FSK k) — f(R)SCk, K))

k,/

=Y (fs(K)S(K k) — fs(k)S(k, k")) + 3 (Fa(K)S(K k) — fa(k)S(k, k')

K K

For low-field transport... f¢(k) = fo(k)

~ Y (FaGDSK k) = fa(k)S(k, K))
k/

_ ; Fa(K) Sk, k)

- _%WC) (S(k’k) (1 - fA(/c)S(k,w))

', k)

S(k,k’)> S(k, k")

= £ Y <1 - J;;“(’“ )
k/

_ fa(k)
(k)




Resistor Example
BTE Solution under RTA

ﬁ+—k Vo4 ka = —Tf;‘) ~ _(f(;)f")

For steady-state transport under a uniform electric field....

af _
= — =0 =
En = V,f 0

For low field transport....
f=1Ffs+ fa =fakfs =fs=fo

—q Afo —fa 8fo
. AE = = (k)L E
BTE reduces to R Tl o ) fq4 = 7( ) 2

Resistor Example
BTE Solution under RTA

f=Ffs+17a

fo(r, k)

F(r k) ~ folr k) + r(k)% B

Can equate this to the Taylor Series Expansion of shifted occupancy function...

13 ok, L

qr(k) E.
I

fO (Tv kx’ky’kz + ) =~ fO(T’ km,ky,kz)'f'(

So, BTE solution is just a shifted version of the equilibrium occupancy....
<=
f(kz)

h




Resistor Example
BTE Solution under RTA

hk
Jz —qn<vz>—f zf(Tk)
1%
—q Rk )
= — k
i >
Rk
= 2 falr k)
k
o TemEfalnR) 1 s kz 7(h)a Bz 0fo(r.k)
’ Yrfo(rk) T mg m* R Ok
— 1 Z k.1(k)q Ez 0fo(r,k)
n 7 m* Ok
Resistor Example
BTE Solution under RTA
Fo(r k) = o(Ep—Ec)/kpTy e—h2k2/2m*kBTL

Ofo = e(EF_EC)/kBTL (_—TLka > e_7l2k2/2m*kBTL

Ok, m*kpTy,
fo — 2k,
8—kz = fo(r,k) (7m*kBTL)
<V = n ; m* Ok
1 k27(k)q E: (—K?)
— Z *2 fO(T’ k)
T n % m*<kgTry,




Resistor Example
BTE Solution under RTA

_1 k2r(k)q E. (—T°)
<vs 2= Z ( m*Qk:BTL

) fO(T7 k)

3

§IP—‘

2 2 E,
= I (L
BTy,

) fO(T7 k)

(r,k)

_Ek 2m

<E>

m* <E>

< ET(E) > q

=—F:un = Hn = <E> m*

Resistor Example
BTE Solution under RTA

BTE solution for mobility defines relationship between scattering and
mobility...

<ET(E)> ¢

= - -

Hon <FE> m*

In the Boltzmann Limit...

3
< EBE>= EnkBTL
1 wD3kgTy,

r(E)  Thpv2 9(&)

For Acoustic Deformation Potential Scattering...
1 * 2 * 2
<ET>:<§’I7’L’U T>=m <v°T>

%/_J ) )
4D D = diffusion constant




Relaxation Time Approximation

S (FESK k) — F(R)S(k, K))
k’/
= Y (fs(K)SUK k) — fs(k)Sh, k) + 3 (FAKDS k) — fa(k)S(h, k)

K K
For low-field transport... fg(k) = fo(k)

~ Y (Fa)S(K k) — fa(k)S(k, K))

k/
= N (1 — JaDSK, k)
=L a® (S(M) (1 fA<k>S(k,k'>)>

— _ fA(k,)S(klak> ’
=l 2 <1 Fa(k)S(k, k’)) Stk

Relaxation Time Approximation
Detailed Balance
’ / ! fA(k,)S(k,:k>> ’
YS! k) — f(R)S(k, EDN) = —falk 1 — 22— 2 Sk, k
S (FGDSH k) — F(R)S(R,KD) = —fa( )%( s ) SE R

kl
In equilibrium...

> (foUNSU k) — fo(k)S(k, K)) =0
kl
Detailed Balance...
S(K'\ k) _ fo(k)
Sk, k) fo(K)

Out of equilibrium...
df / S R fa(K)Y _ ' Fo(k)fa(k)
a2 SaWShED <1 - S(k,k'>fA<k>) = 2 LAtk ) (1 - fo(k’)fA(k)>

dt




Relaxation Time Approximation
Isotropic Scattering

df / fo(k)> S(k, k") fa(k")
= = —filk S(k, k k
o fa( )% (k, K') + fa( )<fA(k) % 00
S(k, k" = Sk, —k")
S(k, k) fa(k") _
R = I
d _ n _ —Jalk)
== —fa(k) % S(k, k") = (K
Relaxation Time Approximation
Elastic Scattering

d _ ' fo(k) S(k, k") fa(k")
i —fa(k) %: S(k, k) + fa(k) (fA(k:)> %: Fo(k)

Low-field transport...
—ar(K) fo(k)Fs -

falk) = rpTym* k = —ar(k)fo(k)Ekcosé
af , fo(k) am(EN) fo(EYEEK cos @’
a = 1Ak kZ Sk k) (1 " oK) ar(k) fo(k)Ek cos )
. ; T(E"Yk' cos o’
cos ¢’

= —fa(k) > Sk, k) <1 -
k!

cos @

> (Elastic scattering || = |k|)
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Relaxation Time Approximation

For isotropic scattering, RTA is exact....

e LA deformation potential scattering
 Highly screened impurity (3-function potential)

For elastic scattering, RTA is valid for low-field transport...

e Impurity or defect scattering (Coulomb potential)
e Low energy LA deformation potential scattering is nearly elastic
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