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1. Magnetoquasistatic Equations
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A. Infinite Slab
i. Poorly conducting regime
il. Perfectly conducting regime
B. Sphere : Magnetic scalar potential

C. Cylinder: Current biased solutions
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MagnetoQuasiStatics

VxH=J

V-B=0 » Solve first i(1)

V.-J=0

VXE=— @ Solve for E once B i1s found

ot

Boundary conditions:

nx(Hy-Hy) =K n(By-By)=0  n(lp-Jy)

0
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MQS: Magnetic Diffusion Equation

Forametal B=p,H, D=¢,E and J = 6 /E, so that

0 >
V<IH=0
(W"ﬁt )

Magnetic Diffusion Equation
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Infinite Slab

Let H(r,t) = Re {I:I(y) ejm} 1,

Therefore,
d? \ -
e <jW,UUo — @) H(y) =0
and

<2a»

H(y) = C cosh ky + Dsinh ky

— 7 Jwt
Happ = Re {Hoe }lz so that

(MUO% - Vz) H=0 k2 = JWHOTo
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General Solution

k2 = jopo, mmmpy =115

0

2

WHO o

where the magnetic diffusion lengthis  §

Boundary Conditions demand D=0, so that H(y) = C cosh ky

Boundary Conditions demand
Hz(a,) — Hz(_a> — CCOSh ka — -HO

Therefore, H = Re {HO cosh ky ejm} 1y
cosh ka

Massachusetts Institute of Technology: Kol
6.763 2003 Lecture 3




Fields and Currents for |y|< a

. coshky . inhky
H = Re {H eJWt} i — A o DINNRY ot .
.. Il 1]

Poor conductor limit A

Thin film limait

aKd — wm<Kl » I A ;)
Perfect conductor limit ) 5 -
Bulk limit —\ it — *A”
a>0 < wrm > 1 - 75, ’ r .

Massachusetts Institute of Technology:
6.763 2003 Lecture 3




Fields and Currents for |y|< a

__ coshky , nhku
H = Re {H eJWt} i — . SINNRY ot -
" cosh ka © o TEReqfk coshka . J'*
Poor conductor limit H = Re { H, ejwt} i, and J=0
Thin film limait AAA AL A 4

aKLd < wmKl

Perfect conductor limit g — g and K = J§ = Re { i, eth} i
Bulk Iimit A A A A

a>0 <— wrm>1
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Sphere 1n a magnetic field

Poorly conducting regime Perfectly conducting regime

0> R 0K R
WwTm <K 1 wTm > 1

(a0 )

3 )
H(r > R) = Re {Ho (1 - (5) ) cosaej“’t} ir
T
3 .
—Re {HO (1 + % <§> ) sin eefwt} ig .

K(r=R)=0 K(r = R) = —Re {2 fpsingeit} i,

T
E

Happ = Re {Ffo ej“Jt} iz
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Sphere 1n the perfectly conducting regime

Ho »€0, O

In this bulk approximation, there 1s no
current density J = 0, only a surface
current K. Therefore, 1n all space

VH=0
V-H=0

Define a magnetic scalar potential
which then satisfies Laplace’s equation

V- Vi =V =0
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Solutions to Laplace’s Equation

= V) Spherical Cylindrical
Y xrcostd ==z
Uniform field Y X rCosfH =z
Y X z
1
Monopole field P o< — w ~x Inr
T
- cos 6 cos 6
Dipole field W o W o
’rz T
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Sphere 1n a magnetic field

Potential for the uniform field:
Yo = Re {—FIO’F COS erwt} = Re {onejuﬂf}

To have H = 0 for r <R, the surface current
K must produce a potential such that

din(r <R) = Po(r < R) + ¢x(r < R)
—Hyrcos + Circosd

To match the boundary conditions for all
angles, a dipole field 1s needed on the outside

5 Yout(r > R) = vo(r > R) + ¢x(r > R)
VoY =0 = —Hyrcosf + Cs(cosf/r?)
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Inside the Sphere

AARMAAAAAM A
11

QZin("“ < R)

ho(r < R) + ¢k (r < R)
—Horcos® + Cqrcos6

Therefore, Ci1 = H,
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Outside the Sphere

AARMAAAAAM A

Yout(r = R) = vo(r > R) + ¢x(r > R)
= —Hyrcos® + Cx(cosb/

Use the boundary condition
Ir - <_M0V¢out Mv¢in)

1 .
Therefore, Co=—7 R3H,
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Outside the Sphere

AARMAAAAAM A
11

Yout(r > R) = do(r > R) + ¥x(r> R)
= —Hyrcosf — ;R3 H,(cos8/r?)

_ R\3 .
H(r > R) = Re {Ho (1 — (—) ) COSQeJ“’t} i
T

3 .
~ Re {FIO (1 + % <E> > sin 063‘“} ig .
T

3 .
K(r = R) = —Re {5 Hysin 96-7“”5} i
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Current along a cylinder

Poorly conducting regime Perfectly conducting regime
0> R 0 < R
wTm <K 1 WTm > 1
A A A
AT o
N LV |
NERiP% |
Jr<R)=0
J(r<R)=——
mR? K(r=R)=——
2R
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Current along a cylinder: poor conductor

The fields from Ampere’s law

]{H-cﬂ:/J-ds
C S
I

Inside: H27mr = —— wr?
nside s
Ior .

prm © _ pIwtly

H(r < R) Re{%RRe }1¢

Outside: H 2 _ L R2
. wr = vis
utsi1dace 7TR2

I, .
H(T > R) = Re{ © ejwt} iqb

2mr

Therefore, K(r=R)=0
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Current along a cylinder: perfect conductor

The fields from Ampere’s law

]{H-cﬂ:/J-ds
C S

Inside: H2nmr =0
H(r<R)=0
QOutside: H2mr =1

I, .
H(T > R) = Re{ © ejwt} iqb

2mr

I
Therefore, K =R =_—
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