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Description of Perfect Diamagetism
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Total Flux Uniform Applied Induced Magnetic
Density Distribution Magnetic Field Dipole Moment

Surface currents or internal induced magnetization?

Massachusetts Institute of Technology:
6.763 2003 Lecture 8




Methods I and 11

(a) (b)
B = ,LLOHI B = o (HII + M)
Method 1 Method 11

B field is the same in both methods.
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Example: Magnetized Sphere

R/r,

AR

M Lines

VxH=J=0 W) H=_vy
V-B=0

B=uo<H+M>} — V=V -M

For this example: VQ’(p — O Laplace’s equation
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Boundary Conditions

Inside the sphere:
Y(r < R) =C1rcosd ‘ H(r < R) = —C7(cosfi, —sinfiy)

Outside the sphere:
C : o
Ww(r > R) = Co coze mm) H(r>R)= r—g(zcoselr + sinfip)
Tr

Boundary Conditions:
nx (H—H;) =K ‘ 01R3:02

n-(Bo—-—B;)=0 ‘ i <H|T=R+ B H|r=R—> = ir- M|, =p-

M
Therefore, M = M, (cos@i, — sinfiy) BBy C1 = ?O
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Magnetized Sphere

M M
H(r < R) = _?Oiz — —?O(coseir—sineig)

My [ R\
H(r > R) = 30( > (2cosfir +sinbiyp)
7/1

6 (30 @)

M Lines H Lines B Lines
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Magnetized Sphere 1n field

T_%/r. H(r < R) = (HO — %) i
it

Happ — HO iz

H(r > R) = (Ho—l— 3M0(§>3>c059i7«
_ (HO— %MO (?)3> sin 6 ig

For this to describe a superconductor (bulk limit), then B=0 inside.

Therefore, 0=M+ H(r < R) = Mi, + (HO — %) i,

So that Mz_gl—jo
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Comparison of Methods

Method I Method II
B! = u H! B = 1, (H” n M)
Inside a bulk superconducting sphere:
B/ =0 B/l =0
1 —o H!! = gHOiZ
KI=—Re{gﬁosin9}i¢ M:_gH‘)iz
K/l =0

B field 1s the same, but not H.
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Methods I and II: Summary

Maxwell’s Equations

Method I vV.B=0 Method 11
vV xH =J! Vv x ! = g
B = uH! B = o (H'! 4+ M)
VXB:,LLOJI VXB:MOJH—I—,LLOVXM
I
J' = ({Saapp =+ JS,iﬂSi) + Jn JII = Js,app —+ Jn JS,il’]d
b
S .
London Equations
_ 0 _ 9 (a9

0= 0 () B = 5 () + 5, 7 )
V X (/\JIs) = —-B V x (M) 4+ V x (A(V xM)) = -B
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Why Method 11

Question:
The constitutive relations and London’s Equations have
gotten much more difficult. So why do Method II?

Answer:
The Energy and Thermodynamics are easier, especially
when there 1s no applied current.

So we will find the energy stored in both methods.

Poynting’s theorem is a result of Maxwell’s equation, so both methods give

oD | OB
_]{Z(EXH)‘CZS—/V (E It - H - a— + E- J) dv
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Method I: The Energy

Combining the constitutive relations with Poynting’s theorem,

oD 0B 0
h— I . — * — In— I.— I -
74 (ExH")-ds / <E . + H . + J< . (/\JS)> dv—l—/ E-Jndv

S—_ 7
—

Power dW/dt in the E&M field

The energy stored in the electromagnetic field is
dW=/V (E-dD +H'-dB 4 JL - d (AJL)) dv

So that the energy W is a function of D, B, and AJ /= v, .
However, one rarely has control over these variables, but
rather over their conjugates E, H!, and J ..
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Method I: The Coenergy

The coenergy is a function of E, H!, and J ! is defined by

W+I7[7=/V(E.D+HI-B+JIS-(/\JIS))dv

and with

dW = E-dD+H .aB+JL.a(AJL))d
W = [ (B aD a3 (A2
1VEeS
stV « EQS » < MQS >

o~

dW = V(D-dE—I—B-dHI—l—/\JIS-dJIS>dv

(The coenergy 1s the Free Energy at zero temperature.)
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Interpretation of the Coenergy

Consider the case where there are only magnetic fields:

W:/ dW:/B-dHIdv W=/dW=//HI-dde
H! 14 B B JV

H

Coenergy P"i?n B =B(H)or H=H(B)

" YA

The energy and coenergy contain the same information.

Massachusetts Institute of Technology:
6.763 2003 Lecture 8




Method 11

dW:/V(E-dD + HYaB + ¥ d (AT + AV x M) do
AW = /V (D-dE + B-dH" + (AJE+ AV x M) - dJ¥) dv
In the important case when of the MQS limit and JY = Js app = 0
AW}, ppp=o = | (H"-dB)dv

dW

Je app=0 = /V (B : dHH) dv

Note that these two relations apply also in free space.
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Example: Energy of a Superconducting Sphere

AARMAAAAAM A

=+ )

3
B(r<R)=0 H”(r<R):5HOiZ
3 3
H(r > R) = Re {FIO (1 — (%) ) cos@} i,—Re {HO (1 + % (%) ) sin 6 } ig
Winside = / / <HH - dB) dv=20
BJV

1 5
WoutsidGZ/B/V (H. 4B) @:/VM—B dv # 0
O
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Magnetic Levitation

i N N
l h : Superconducting >
./ Dis
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N
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L Image
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Magnetic vs. Gravitational Forces

Force

!

|
>l <=1 = 7 l<lf |
Magnet ' Magnet
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Magnetic Levitation Equilibrium Point

Flux
Source
/Rail

S R

Force mainly due to
bending of flux lines here.

® = 7R°B, = 2rRnB

a ( ) ¢ .

P2
Equilibrium point Jf m(ng) = mg ‘ TN Brpomg
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Levitating magnets and trains

B =1 Tesla
Area= 0.5 cm? B =2 Tesla
No=1cm Area =100 cm?
Force = 1 Newton No = 10 cm

Force = 1,200 Newtons

Enough to lift magnet,
but not a train Enough to lift a train
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Maglev Train

4 ~

Passenger
Compartment

Flux Source
Ohmic Rail
(For Levitation
And Lateral
Stability)

Wheel

(For Low

Speeds)

Magnets on the train are superconducting magnets;
the rails are ohmic!
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Principle of Maglev

The train travels at a velocity U, and the moving flux lines
and the rails “see” a moving magnetic field at a frequency of
o ~ U/R.
If this frequency 1s much larger than the inverse of the
magnetic diffusion time,
Tm = uooRd
then the flux lines are “repelled” from the ohmic rails.

wTm > 1 U >
,lea'od

From the previous numbers, U > 40 km/hr for levitation.
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Real trains have wheels and high-voltage rails

Rotor Follows Stator

B Field Wave
—
g Passenger ) _
Compartment
Rotor
Field [
I
IFNERRERERERRRRRENERRE
AN Ve B Repulsion Attraction
. F A '
- Wave
z aw ' Vcloc1ty U
<I>_> y b Stator

. : s e
5 Field
“Rotor” Flux Source  “Stator” which
Carries the Traveling

Wave

Synchronous motor action down the rails provides thrust
to accelerate train to the needed velocity to levitate, and
provides a source of energy to further accelerate the train

and to overcome the losses due to drag from the wind.
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Our Approach to Superconductivity

s’\"o\ Superconductor as a perfect
(,\05 conductor & perfect diamagnet
v

Macroscopic Quantum Model LI’(r)|

v

Supercurrent Equation J(r)

/ AW

Type II Superconductivity

Large-Scale Applications

Josephson Equations

Small-Scale Applications

Ginzburg-Landau
B(r) = | ()P e 0

Macroscopic Quantum Model

\ —

Microscopic Quantum BCS
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