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4. Spec Reference Manual

Spec is a language for writing specifications and the first few stages of successive refinement
towards a practical implementation. As a specification language it includes constructs (quanti-
fiers, backtracking or non-determinism, some uses of atomic brackets) which are impractical in a
final implementation; they are there because they make it easier to write clear, unambiguous and
suitably general specifications. If you want to write a practical program, avoid them.

This document defines the syntax of the language precisely and the semantics inf¥iooally
should read thelntroduction to Spe¢handout 3pefore trying to read this manual In fact,

this manual is intended mainly for reference; rather than reading it carefully, skim through it, and
then use the index to find what you need. For a precise definition of the atomic semantics read
the forthcoming handouttomic Semantics of Spekhe handout oformal Concurrencyives

the non-atomic semantics sefoimally.

1. Overview

Spec is a notation for writing specifications for a discrete system. What do we mean by a
specification? It is the allowed sequences of transitions of a state machine. So Spec is a notation
for describing sequences of transitions of a state machine.

Expressions and commands
The Spec language has two essential parts:

An expressiordescribes how to compute a value as a function of other values, either
constants or the current values of state variables.

A commandiescribes possible transitions, or changes in the values of the state variables.

Both are based on tistate which in Spec is a mapping from names to values. The names are
called state variables or simply variables: in the examples below theyaad .

There are two kinds of commands:

An atomiccommand describes a set of possible transitions. For instance, the command
<i=i+l>> describes the transitions. -i=2,i=2  -i=3 , etc. (Actually, many
transitions are summarized By -i=2 , for instance(i=1, j=1) - (=2, j=1) and (i=1,

j=15) - (i=2, j=15) ). If a command allows more than one transition from a given state we
say it isnon-deterministicFor instance, the commang,i:=1[i:=i+1>>

allows the transitions2 -i=1 andi=2 -i=3 . More on this irAtomic Semantics of Spec

A non-atomiccommand describes a set of sequences of states. More onRbisial
Concurrency

A sequential program, in which we are only interested in the initial and final states, can be
described by an atomic command.
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Spec’s notation for commands, that is, for changing the state, is derived from Edsger Dijkstra’s
guarded commands (E. Dijkstra Discipline of ProgrammingPrentice-Hall, 1976) as extended

by Greg Nelson (G. Nelson, A generalization of Dijkstra’s calcé@y TOPLASL], 4, Oct.

1989, pp 517-561). The notation for expressions is derived from mathematics.

Organizing a program

In addition to the expressions and commands that are the core of the language, Spec has four
other mechanisms that are useful for organizing your program and making it easier to
understand.

A routineis a named computation with parameters (passed by value). There are four kinds:
A functionis an abstraction of an expression.
An atomic procedurds an abstraction of an atomic command.
A general procedure is an abstraction of a non-atomic command.
A threadis the way to introduce concurrency.

A typeis a stylized assertion about the set of values that a name can assume. A type is also an
easy way to group and name a collection of routines, calleteifsodsthat operate on
values in that set.

An exceptionis a way to report an unusual outcome.

A moduleis a way to structure the name space into aléwelhierarchy. An identifieir
declared in a moduleis known as inmand asn.i throughout the program. élassis a
module that can be instantiated many times to create many objects.

A Spec program is some global declarations of variables, routines, types, and exceptions, plus a
set of modules each of which declares some variables, routines, types, and exceptions.

Outline

This manual describes the language bottgim-
Lexical rules
Types
Expressions
Commands
Modules

At the end there are two sections with additional information:
Scope rules
Built-in methods for set, sequence, and routine types.

There is also an index. Thetroduction to Spebas a one-page language summary.
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2.  Grammar rules

Nonterminal symbols are in lower case; terminal syma@spunctuation other thar , or are
guoted, or are in upper case.

Alternative choices for a nonterminal are on separate lines.
symbol* denotes zero of more occurrencesyafbol .

The symbokmpty denotes the empty string.

If x is a nonterminal, the nonterminalst is defined by

xList =X
X, XList

A comment in the grammar runs frento the end of the line; this is just like Spec itself.

A [n] in a comment means that there is an explanation in a note |gh)etteat follows this chunk
of grammar.

3. Lexical rules

The symbols ofhe language are literals, identifiers, keywords, operators, and the punctuation
O} ;<< >>==> > . Symbols must not have embedded white
space. They are always taken to be as long as possible.

A literal is a decimal number such#&5, a quoted character such»as, or a doubleguoted
string such asHello\n"

An identifier (id ) is a letter followed by any number of letters, underscores, and digits followed
by any number of ' characters. Case is significant in identifiers. By convention type and
procedure identifiers begin with a capital letter. An identifier may not be the same as a keyword.
The predefineddentifiersAny, Bool, Char, Int, Nat, Null, String, true, false , and

nil are declared in every program. The meaning of an identifier is established by a declaration;
see section 8 on scope for details. Identifiers cannot be redeclared.

By conventiorkeywordsare written in upper case, but you can write them in lower case if you
like; the same strings with mixed case are not keywords, however. The keywords are

ALL APROC AS BEGIN BY CLASS
CONST DO END ENUM EXCEPT EXCEPTION
EXISTS EXPORT Fl FUNC HAVOC IF

IN IS LAMBDA MODULE oD PROC

RAISE RAISES RET SEQ SET SKIP
SUCHTHAT THREAD TYPE VAR WHILE WITH

An operatoris any sequence of the charact@ss"&*-+=:.<>?\|~ except the sequences

L << >> == > (these are punctuation), or one of the keyword operasrs , andis .

A comment in a Spec program runs fromautside of quotes to the end of the line. It does not
change the meaning of the program.
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4. Types

A type defines a set of values; we say that a val@s typeT if v is inT's set. The sets are not
disjoint, so a value can belong to more than one set and therefore can have more than one type.
In addition to its value set, a type also defines a set of routines (functions or procedures) called
its methodsa method normally takes a value of the type as its first argument.

An expression has exactly one type, determined by the rules in section 5; the result of the
expression has this type unless it is an exception.

The picky definitions given on the rest of this page are the basis for Spec’s type-checking. You
can skip them on first reading, or if you don’t care about type-checking.

About unions: If the expressi@nhas typer we say thag¢ has a routine typeif T is a routine
typewor if T is a union type and exactly one tywen the union is a routine type. Under
corresponding conditions we say thatas a sequence or set type, or a record type with 4 field

Two types arequalif their definitions are the same (that is, have the same parse trees) after all
type names have been replaced by their definitions amdTaliclauses have been discarded.
Recursion is allowed; thus the expanded definitions might be infinite. Equal types define the
same value set. Ideally the reverse would also be true, but type equality is meant to be decided by
a type checker, whereas the set equality is intractable.

A typeT fits a typeu if the type-checker thinks they may have some values in common. This can
only happen if they have the same structure, and each pafitothe corresponding part of
‘Fits’ is an equivalence relation. Precisetyfits U if:

T=U.

TIST SUCHTHATF Of(..+T'+..) andT' fits U, or vice versa. There may be no

values in common, but the type-checker can't analyzsuloeiTHATlauses to find out.

T andu are tuples of the same length and each componaerfitefthe corresponding
component ofJ.

T andu are record types, and forexy decl id: T'
U' inuUsuch that fits u', or vice versa.

in T there is a correspondirgcl id:

T=T1->T2 RAISES EXt andu=U1->U2 RAISES EXu , Or one or botiRAISES are missing, and
T1 fits U1 andT2 fits U2. Similar rules apply foPROCandAPROQypes.

T=SETT' andu=SETU' andT' fitsu'.

T=Int->T OrSEQT anduU=SEQU' andT fitsu'.

T includesu if the same conditions apply with “fits” replaced by “includes”, all the “vice versa”
clauses dropped, and in therule “T1 fits U1” replaced by U1 includesT1 andexXt is a superset
of Exu”. If T includesu thenT’s value set included's value set; again, the reverse is intractable.

An expressior fits a typeu in states if e’s type fitsu and the result of in states has typeJ or

is an exception; in general this can only be checked at runtime untedsdese’s type. The
check that fits T is required for assignment and routine invocation; together with a few other
checks it is calletlype-checkingThe rules for type-checking are given in sections 5 and 6.
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type =name
"Any"
"Null*
"Bool"
"Char"
"String"
"Int"
"Nat"
SEQ type
SET type
(typelList)
[ declList ]
(union)
aType -> type raises
APROC aType returns raises
PROC aType returns raises
type WITH { methodDefList }
type SUCHTHAT primary
IN exp

id [ typeList] . id

name s=id . id

id

type . id
decl i=id : type

id
union i=type + type

union + type
aType 2=()

type
returns =empty

-> type
raises i=empty

RAISES exceptionSet

exceptionSet::={ exceptionList }
name
exceptionSet + exceptionSet
exceptionSet - exceptionSet

exception r=id
method r=id

stringLiteral
methodDef ::=method := name
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% name of a type

% every value has this type

% with value sefnil}

% with value seftrue, false}

% like an enumeration

% = SEQ Char

% integers

% naturals: non-negative integers
% sequence [1]

% set

% tuple;(T) is the same ab

% record with declared fields

% union of the types

% function [2]

% atomic procedure

% non-atomic procedure

% attach methods to a type [3]

% restrict the value set [4]

% =T SUCHTHAT (\t: T | t IN exp)
% whereexp’s type has atN method
% type from a module [5]

% the first id denotes a module

% short form.id if id is declared

% in the current modulm, and for

% Global.id  if id is declared globally
% theid method otype

%id has this type

% short forid: Id  [6]

% only for procedures

% the exceptions it can return

% a set of exceptions

% declared as an exception set
% set union

% set difference

% meansid"

% the string must be an operator
% other thar’=""or"#" (see section 3)
% name is a routine

1999
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The ambiguity of the type grammar is resolved by takingp be right associativend giving
WITH andRAISES higher precedence than.

[1] A SEQ T is just a function frono, 1, ..., size-1} toT. That is, it is short for

(Int->T) SUCHTHAT (\ f: Int->T | (EXISTS size: Int |
(ALL i: Int | fli= (i IN O .. size-1)))
WITH { see section P
This means that invocation, and* work for a sequence just as they do for any function. In
addition, there are many other useful operators on sequences; see sectiogtrthgThey/pe is
justSEQ Char ; there arestring  literals, defined in section 5.

[2] A T->U value is a partial function from a state and a value of tytpea value of type. A
T->URAISES xs  value is the same except that the function may raise the exceptiens in

[3] We saymis amethodof T defined byf, and denoteé by T.m, if

T=TWITH{., m:=f, ..} andmis an identifier or iSop" whereop is an operator
(the construct in braces isr@thodDefList ), or

T =T WITH { methodDefList }
of T* defined byf, or

, mis not defined immethodDefList , andmis a method

T=(..+T+.)
union with a methoth

, mis a method of" defined byf, and there is no other type in the

There are two special forms for invoking methadsnfixOp e2 orprefixope , and

elid(e2) oreid oreid() .They are explained in notgs and[3] to the expression grammar

in the next section. This notation may be familiar from object-oriented languages. Unlike many
such languages, Spec makes no provision for varying the method in each object, though it does
allow inheritance and overriding.

A method doesn’t have to be a routine, though the special forms won't type-check unless the
method is a routine. Any methatbf T can be referred to bym.

[4] In T SUCHTHAT f, f is a predicate om's, that is, a functio(T ->Bool) . The type
T SUCHTHAT f has the same methodsTaand its value set is the valuesrdbr whichf is true.
See section 5 fqwimary

[5] If a type is defined byn[typeList].id andmis a parameterized module, the meaning is
m'.id wherem' is defined byMODULE m' = m[typeList] END m' . See section 7 for a full
discussion of this kind of type.

[6] 1d is theid of a type, obtained fromd by dropping trailing ' characters and digits, and
capitalizing the first letter or all the letters (it's an error if these capitalizations yield different
identifiers that are both known at this point).
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5. Expressions exp
An expression is a partial function from statesetgults; results are values or exceptions. That is,

an expression computes a result for a given state. The state is a function from names to values.
This state is supplied by the command containing the expression in a way explained later. The
meaning of an expression (that is, the function it denotes) is defined informally in this section.

The meanings of invocations and lambda function constructors are somewhat tricky, and the
informal explanation here is supplemented by a formal accodtbmic Semantics of Spec

Because expressions don’t have side effects, the order of evaluation of operands is irrelevant (but
seg[5] and[13]).

primary

Every expression has a type. The result of the expression is a member of this type if it is not an
exception. This property is guaranteed bytiipe-checkingules, which require an expression

used as an argument, the right hand side of an assignment, or a routine result to fit the type of the
formal, left hand side, or routine range (see section 4 for the definition of ‘fit"). In addition,
expressions appearing in certain contexts must susv@bletypes: inel(e2) , el must have a

routine type; irel+e2, el must have a type with"a® method, etc. These rules are given in

detail in the rest of this section. A union type is suitable if exactly one of the members is suitable.
Also, if T is suitable in some context, so ar&/TH{.. } andT SUCHTHATF.

literal

arguments

An expression can be a literal, a variable known in the scope that contains the expression, or a
function invocation. The form of an expression determines both its type and its result in a state:

literal  has the type and value of the literal.

name has the declared type efme and its value in the current statege("name”) . The
form T.m (whereT denotes a type) is also a name; it denotemthethod ofr. Note that if
nameisid andid is declared in the current module then it is short fom.id .

invocationf(e) :f must have a function (not procedure) tyseT RAISES EX or U->T (note
that a sequence is a function), anehust fitu; thenf(e) has typer. In more detail, if has
resultrf ande has typeJ' and resulte , thenu' must fitu (checked statically) and must
have typeu (checked dynamically ifi* involves a union o8 UCHTHATIf the dynamic check
fails the result is a fatal error). Thege) has typer.

If eitherrf orre is undefined, so ige) . Otherwise, if either is an exception, that exception
is the result of(e) ; if both aresf is the result.

If bothrf andre are normal, the result ef atre can be:

constructor

fieldDef
result

A normal value, which becomes the result(@f .

An exception, which becomes the resultef . If rf is defined by a function body that
loops, the result is a special looping exception that you cannot handle.

Undefined, in which casé) is undefined and the command containing it fails (has no
outcome) —failure is explained in section 6.

A function invocation in an expression never affects the state. If the result is an exception,
the containing command has an exceptional outcome; for details see section 6.

seqGen

pred
quantif

The other forms of expressionsiq , constructor s, prefix and infix operators, combinations,

and quantifications) are all syntactic sugar for function invocations, and their results are obtained
by the rule used for invocations. There is a small exception for conditighaiw for the

conditional logical operators ,v , and==> that are defined in terms of conditiona!s).
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=primary
prefixOp exp
exp infixOp exp
infixOp : exp
exp IS type
exp AS type

=literal
primary . id
primary arguments
constructor
(exp)
( quantif declList | pred )
(pred => exp 1 [ exp
(pred=>exp 1)

=intLiteral
charLiteral
stringLiteral

:=(expList)
0

=={}
{ expList }
(‘expList)
name {}
name {expList}
primary { fieldDefList }
primary { exp -> result }
primary {* ->result}
( LAMBDA signature = cmd )
(\declList | exp)
{ declList | pred|exp}
{'seqGenlList | pred | exp }

=id == exp
=empty
exp

RAISE exception

:=id := exp BY exp WHILE exp
id :IN exp

EXISTS
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% [1]

% [1]

% exp’s elements combined mp [2]
% (EXISTS x: type | exp = x)

% error unlesgexp IS type) [14]

% method invocation [3] or record field
% function invocation

% N\:{d | p} for ALL,V for EXISTS [4]
% if pred thenexp 1 elseexp 2 [5]
% undefined ifored is false

% sequence of decimdigits
% 'x" , x a printing character
% "xxx" , with\ escapes asin C

% the arg is the tupl@xpList)

% empty function/sequence/set [6]

% sequence/set constructor [6]

% tuple constructor

% name denotes a func/seg/set type [6]
% name denotes a seq/set/record type [6]
% record constructor [7]

% function or sequence constructor [8]
% function constructor [8]

% function with the local state [9]

% short for(LAMBDA(d)->T=RET exp ) [9]
% set constructor [10]

% sequence constructor [11]

% the function is undefined
% the function yieldexp
% the function yieldexception

% sequence generator [11]

% predicate, of typ8ool
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(precedence)
infixOp B % (8)
* % (7)
%
%
/ % (7)
I % (7)
+ % (6)
%
%
%
- % (6)
%
%
! % (6)
I % (6)
. % (5)
<= % (4)
%
%
< % (4)
%
> % (4)
%
> %)
%
= % (4)
# % (4)
%
<<= % (4)
IN % (4)
A\ % (2)
vV % (1)
==> % (0)
op % (5)
prefixOp n=- % (6)
~ % (3)
op % (5)
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argument/result types

(Int, Int)->Int
(Int, Int)->Int
(SETT,SETT)->SETT
(T->U, U->V)->(T->V)
(Int, Int)->Int
(Int, Int)->Int
(Int, Int)->Int
(SETT,SETT)->SETT
(SEQT,SEQT)->SEQT
(T->U, T->U)->(T->U)
(Int, Int)->Int
(SETT,SETT)->SETT
(SEQT,SEQT)->SEQ T
(T->U, T)->Bool
(T->U, T)->Bool
(Int, Int)->SEQ Int
(Int, Int)->Bool
(SET T, SET T)->Bool
(SEQ T, SEQ T)->Bool
(T, T)->Bool, T with <=
el<e2 = (el<=e2 N\ el#e2)
(T, T)->Bool, T with <=
el>e2 = e2<el
(T, T)->Bool, T with <=
el>=e2 = e2<=el
(Any, Any)->Bool
(Any, Any)->Bool
el#e2 =~ (el=e2)
(SEQ T, SEQ T)->Bool
(T, SET T)->Bool
(Bool, Bool)->Bool
(Bool, Bool)->Bool
(Bool, Bool)->Bool
not one of the above

Int->Int
Bool->Bool
not one of the above

1999

operation

exponentiate
multiply
[12] intersection
[12] function composition
divide
remainder
add
[12] union
[12] concatenation
[12] function overlay
subtract
[12] set difference
[12] multiset difference
[12] function is defined
[12] func has normal value
[12] subrange
less than or equal

[12] subset
[12] prefix
less than

greater than
greater or equal

[1] equal
not equal

[12] non<contiguous sub-seq
[12] membership

[13] conditional and

[13] conditional or

[13] conditional implies

(1]

negation
complement

[1]
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The ambiguity of the expression grammar is resolved by takinigfit@ms  to be left
associative and using the indicated precedences fpreth®ps andinfixops  (with 8 foris

andAs and 5 for: or any operator not listed); higher numbers correspond to tighter binding. The
precedence is determined by the operator symbol and doesn’t depend on the operand types.

[1] The meaning ofrefixOpe  iST."prefixOp"(e) , WhereT ise’s type, and of

el infixOp e2 IS T1."infixOp"(e1, e2) , WhereT1 isel’s type. The built-in typesit (and

Nat with the same operationgpol,  sequences, sets, and functions have the operations given
in the grammar. Section 9 on built-in methods specifies the operators for built-in types other than
Int andBool . Special case1 INe2 meansr2."IN"(el, e2) , WhereT2 ise2’s type.

Note that the- operator does not require that the types of its arguments agree, since bath are
Also, = and# cannot be overridden lwITH. To define your own abstract equality, use a different
operator such as=".

[2] Theexp must have typSEQ T or SET T. The value is the elementsexp combined into a
single value bynfixOp , which must be associative and have an identity, and must also be
commutative ifexp is a set. Thus

+:{i:Int|O<iNi<5|i*2}=1+4+9+16=30 s
and ifs is a sequence of strings,s is the concatenation of the strings. For another example,
see the definition of quantifications[#]. Note that the entire set is evaluated;[sele

[3] Methods can be invoked by dot notation.
The meaning of.id ore.id() isT.ide) ,whereTise’s type.
The meaning ofl.id(e2) isT.id(el, e2) , WhereT isel’s type.
Section 9 on built-in methods gives the methods for built-in types othemthamdBool .

[4] A quantification is a conjunction (if the quantifierasL) or disjunction (if it iSEXISTS) of
thepred with theid ’s in thedeclList bound to every possible value (that is, every value in
their types); see section 4 fdwcl . Precisely(ALLd |p)=A:{d|p} and

(EXISTS d | p)=V:{d|p} . All the expressions in these expansions are evaluated,
unlikee2 in the expressionsl Ae2 andelVe2  (se€10] and[13]).

[5] A conditional(pred => el [*] e2) is not exactly an invocation. ffed is true, the result
is the result oé1 even ife2 is undefined or exceptional;gfed is false, the result is the result of
e2 even ifel is undefined or exceptional.dfed is undefined, so is the resultpitd raises an
exception, that is the result.[ffe2  is omitted andgred is false, the result is undefined.

[6] In aconstructor  {expListt ~ eachexp must have the same typethe type of the
constructor  IS(SEQT+SETT) , and its value is the sequence containing the values of the
exp S in the given order, which can also be viewed as the set containing these values.

If expList is empty the type is the union of all function, sequence and set types, and the value is
the empty sequence or set, or a function undefined everywhere. If desired, these constructors can
be prefixed by aame denoting a suitable set or sequence type.

A constructort{ed, ..., en} , WhereT is a record typl: T1, ..., fn: Tn], is short for

a record constructor (S€g) T{fl:=edl, ..., fn:=en}

[7] Theprimary must have a record type, and the constructor has the same typeiaarits
and denotes the same value except that the fields namediéfthesList have the given

Handout 4. Spec Reference Manual 10



6.826—Principles of Computer Systems 1999

values. Each value must fit the type declared fad ité the record type. Theimary may also
denote a record type, in which case any fields missing fromieldmzefList are given
arbitrary (but deterministic) values. ThuR#{a: Int, b: Int] ,R{a:=3,b:=4} isa
record of typer with a=3 andb=4, andR{a := 3, b := 4{a := 5} is a record of type with
a=5 andb=4. If the record type igualified by aSUCHTHATthe fields get values that satisfy it,
and the constructor is undefined if that's not possible.

[8] Theprimary must have a function or sequence type, and the constructor has the same type as

itsprimary and denotes a value equal to the value denoted lpyirttaey  except that it maps

the argument value given leyp (which must fit the domain type of the function or sequence) to
result  (which must fit the range type if it is @rp ). For a function, ifesult isempty the
constructed function is undefinedeap , and ifresult IS RAISE exception , thenexception

must be in th®AISES set ofprimary ’s type. For a sequenessult  must not bempty or

RAISE, andexp must be irprimary.dom  or the constructor expression is undefined.

In the* form theprimary must be a function type or a function, and the value of the constructor
is a function whose resultissult  at every value of the function’s domain type (the type on the
left of the->). Thus ifF=(Int->Int) andf=F{*->0} , thenf is zero everywhere an@->1} is

zero except at, where it isl. If this value doesn't have the function type, the constructor is
undefined; this can happen if the type hawaHTHATlause. For example, the type can't be a
sequence.

[9] A LAMBDAconstructor  is a statically scoped function definition. When it is invoked, the
meaning of the body is determined by the local state wharntheDAvas evaluated and the
global state when it is invoked,; this is ad-hoc but convenient. See sectiosighdore and
section 6 foremd. Thereturns  in thesignature  may not beempty . Note that a function can'’t
have side effects.

The form(\ declList | exp) is short fOLAMBDA (declList) -> T = RET exp) , WhereT

is the type okxp. See section 4 farec .

[10] A setconstructor { declList | pred | exp } has typeseT T, whereexp has typer
in the current state augmenteddayiList ; see section 4 farecl . Its value is a set that
containsx iff (EXISTS declList | pred A x = exp) . Thus

{i: Int | 0<i \i<5 | i*2} = {1, 4, 9, 16}
and both have typgET Int . If pred is omitted it defaults toue . If |exp
defaults to the lastt declared:

{iInt| O<iNi<5}={1,2,3,4}
Note that ifs is a set or sequenas,s is a type (see section 4), so you can write a constructor

like {i:INs|i>4} for the elements af greater than 4. This is shorter and clearer than
{i|iINsNi>4}

is omitted it

If there are any values of the declaieds for whichpred is undefined, opred is true ancxp
is undefined, then the result is undefined. If nothing is undefined, the same holds for exceptions;
if more than one exception is raised, the result exception is an arbitrary choice among them.

[11] A sequence catructor{ seqGenList | pred | exp } has typesEQ T, whereexp has
typeT in the current state augmenteddeyGenList , as follows. The value of
{x1 :=e01 BY el WHILE p1, ..., xn := eOn BY en WHILE pn | pred | exp}
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is the sequence which is the valueesfit  produced by the following program. Hess has
typeT andresult is a fresh identifier (that is, one that doesn’t appear elsewhere in the program).
There’s an informal explanation after the program.
VAR x2 := €02, ..., xn := e0n, result := T{}, x1 := e01 |
DO pl =>x2:=e2; p2=>..=>Xxn:=en; pn=>
IF pred => result := result + {exp} [*] SKIP FI;
x1l:=el
oD
However,e0i andei are not allowed to refer t¢ if j>i . Thus then sequences are unrolled
in parallel until one of them ends, as follows. All but the first are initialized; then the first is
initialized and all the others computed, then all are computed repeatedly. In each iteration, once
all thexi have been set, fiied is true the value afxp is appended to the result sequence; thus
pred serves to filter the result. As with set constructors, an onpitted defaults tarue , and an
omitted| exp defaults td xn . An omittedwHILE pi defaults toVHILE true . An omitted
:=e0i defaults to
= {x: Ti | true}.choose
whereTi is the type o#i ; that is, it defaults to an arbitrary value of the right type.

The generatoi :IN ei generates the elements of the sequende order. It is short for
j:=0BYj+ 1WHILE j < ei.size, xi BY ei(j)

wherej is a fresh identifier. Note that if thi&l isn’t the first generator then the first element of

ei is skipped, which is probably not what you want. Note:tRatin a sequence constructor

overrides the normal use iofs as a type (s€eo]).

Undefined and exceptional results are handled the same way as in set constructors.

Examples
{i:=0BY i+1 WHILE i <= n}
(r := head BY r.next WHILE r # nil | | r.val}
{X:IN's, sum := 0 BY sum + x}

=0.n={0, 1, ..., n}
theval fields of a list starting atead
partial sums of

{X:IN's, sum := 0 BY sum + x}.last +:s , the last partial sum
{X:IN s, rev := {} BY {x} + rev}.last reverse of
{X:INs|[f(x)} s*f

{i:INL.n|i//f2#0]i*i}
{i :IN 1..n, iter := e BY f(iter)}

squares of odd numbers n

ffte), f 2(e), ..., f "e)}

[12] These operations are defined in section 9.

[13] The conditional logical operators are defined in terms of conditionals:
elV e2=( el=>true [*]e2)
el e2=(~el=>false[]e2)
el==>e2=(~el=>true [*]e2)
Thus the second operand is not evaluated if the value of the first one determines the result.

[14] As changes only the type of the expression, not its value. Tlwe iE type) the value

of (exp AS type) is the value oéxp, but its type isype rather than the type ekp.
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6. Commands

A commandchanges the state (or does nothing). Recall that the state is a mapping from names to
values; we denote it byate . Commands are non-deterministic. An atomic command is one
that isinside<<..>> Dbrackets.

The meaning of an atomic command is a set of possible transitions (that is, a relation) between a
state and an outcome (a state plus an optional exception); there can be any number of outcomes
from a given state. One possibility is a looping exceptional outcome. Another is no outcomes. In
this case we say that the atomic commiaild; this happens because all possible choices within

it encounter a false guard or an undefined invocation.

If a subcommand fails, an atomic command containing it may still succeed. This can happen
because it's one operand[pfor[*] and the other operand succeeds. If can also happen because
a non-deterministic construct in the language that might make a different choice. Leaving
exceptions aside, the commands with this property] aardVvAR (because it chooses arbitrary

values for the new variables). If we gave an operational semantics for atomic commands, this
situation would correspond to backtracking. In the relational semantics that we actually give (in
Atomic Semantics of Spei corresponds to the fact that thedicate defining the relation is the

“or” of predicates for the subcommands. Look there for more discussion of this point.

A non-atomic command defines a collection of possible transitions, roughly one for each

<<..>> command that is part of it. If it has simple commands not in atomic brackets, each one
also defines a possible transition, exceptsignment s andinvocation S. Anassignment

defines two transitions, one to evaluate the right hand side, and the other to change the value of
the left hand side. Amvocation ~ defines a transition for evaluating the arguments and doing

the call and one for evaluating the result and doing the return, plus all the transitions of the body.
These rules are somewhat arbitrary and their details are not very important, since you can always
write separate commands to express more transitions, or atomic brackets to express fewer
transitions. The motivation for the rules is to have as many transitions as possible, consistent
with the idea that an expression is evaluated atomically.

A complete collection of possible transitions defines the possible sequences of states or histories;
there can be any number of histories from a given state. A non-atomic command still makes
choices, but it does not backtrack and therefore can have histories in which it gets stuck, even
though in other histories a different choice allows it to run to completion. For the details, see
handout 17 on formal concurrency.
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cmd 1=SKIP
HAVOC
RET
RET exp
RAISE exception
invocation
assignment

cmd [l emd
cmd [*] ecmd
pred => cmd
VAR declinitList | cmd
cmd ; cmd
cmd EXCEPT handler

<< cmd >>
BEGIN cmd END
IF cmd FI
DO cmd OD

invocation  ::=primary arguments

assignment :=lhs = exp
Ihs infixOp := exp
lhs := invocation
(IhsList) := exp
(IhsList ) := invocation
lhs =name
Ihs . id
Ihs arguments

declinit :=decl
id : type := exp
id = exp

handler ;= exceptionSet => cmd

The ambiguity of the command grammar is resolved by taking the command composition opera-

1999

%
%
%
%
%
%
% [4

% or [5]

% else [5]

% guarded cmd: ipred thencmd [5]
% variable introduction [6]

% sequential composition

% handle exception [9]

EUCSNNEE

% atomic brackets [7]

% just brackets

% just brackets [5]

% repeat untitmd fails [8]

% primary  has a routine type [3]

% state := state{name -> exp} [4]
% short forlhs := Ihs infixOp exp

% of aPROCor APROC

% exp a tuple that fitshsList

% defined in section 4
% record field [4]
% function [4]

% initially any value of the type [6]

% initially exp , which must fittype [6]
% short forid: T := exp , Where

% T is the type ofxp

% [9]. See section 4 fa@xceptionSet

tions;, [ ,and[¥ to be left-associative arekCEPTto be right associativend giving] and
[ lowest precedencey and| next (to theight only, since their left operand is exp), ;

next, andEXCEPThighest precedence.

[1] The empty command argkiP make no change in the statavogroduces an arbitrary
outcome from any state; if you want to specify undefined behavior when a precondition is not

satisfied, write-precondition => HAVOC

[2] A RETmay only appear in a routine body, andeke must fit the result type of the routine.
Theexp is omitted iff thereturns ~ of the routine’signature  is empty.

[3] Forarguments see section 5. The argument are passed by value, that is, assigned to the
formals of the procedure A function body cannot invokea@acor APROG together with the rule
for assignments (s¢®) this ensures that it can't affect the state. An atomic command can
invoke anAPROGuUt not aPROC A command is atomic iff it is< cmd >> , a subcommand of an
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atomic command, or one of the simple commaside, HAVOGRET, or RAISE . The type-
checking rule foinvocation s is the same as for function invocations in expressions.

[4] You can only assign to a name declared WitRor in asignature . In anassignment the
exp must fit the type of thias , or there is a fatal error. In a function badgignments must be

to names declared in the signature or the body, to ensure that the function can’t have side effects.

An assignment to a left hand side that is not a name is short for assigning a constructor to a
name. In particular,
Ihs(arguments) := exp is short fofhs := Ins{arguments->exp}
lhs . id =exp is short fonhs := Ins{id := exp}
These abbreviations are expanded repeatedlyltntils aname.
In an assignment the right hand side may bievanation ~ (of a procedure) as well as an
ordinary expression (which can only invoke a function). The meaniihg efexp  or
Ihs := invocation is to first evaluate thexp or do theinvocation  and assign the result to a
temporary variable, and then dths :=v . Thus the assignment command is not atomic unless
itis inside<<...>>

,and

If the left hand side of asssignment is a(lhsList) , theexp must be a tuple of the same
length, and each component must fit the type of the correspanslindlote that you cannot
write a tuple constructor that contains procedure invocations.

[5] A guarded command fails if the resultppéd is undefined ofalse . It is equivalent temd if
the result opred istrue . A pred is just a Booleaexp ; see section 4.

S1[1S2 chooses one of th& to execute. It chooses one that doesn't fail. Usisllgnds?2
will be guarded. For example,
x=1=>y:=0[]x>1=>y:=1
x=1=>y:=0[| x>=1=>y:=1

setsy to 0 if x=1, to 1 if x>1, and has no outcomexi€1. But
might sety to0 or 1 if x=1.

S1[*]S2 is the same a&l unlesssi fails, in which case it's the samess

IF...FI are just command brackets, but it often makes the program clearer to put them
around a sequence of guarded commands, thus:

IF x<0=>y:=3

I x=0=>y:=4

[ y:=5

Fl
[6] In avARthe unadorned form ekclinit  initializes a new variable to ambitrary value of
the declared type. The form initializes a new variable texp . Precisely,

VARId: T:=exp|S
is equivalent to

VAR id: T | id := exp; S.
Theexp could also be a procedure invocation, as iasaignment .

Severabeclinit s aftervARis short for nestedARs. Precisely,
VAR declinit,  decllnitList | cmd

is short for
VAR declinit | VAR declinitList | cmd

This is unlike a module, where all the names are introduced in parallel.

[7] In an atomic command the atomic brackets can be used for grouping insseaiNof.

END since the command can’t be any more atomic, they have no other meaning in this context.
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[8] Executecmd repeatedly until it fails. [émd never fails, the result is a looping exception that
doesn’'t have a name and therefore can't be handled. Note thatthishie same as failure.

[9] Exception handling is as in Clu, but a bit simplified. Exceptions are named by literal strings
(which are written without the enclosing quotes). A module can also declare an identifier that
denotes a set of exceptions. A command can have an attached exeepiion , which gets to

look at any exceptions produced in the commandR@gE or by an invocation) and not handled
closer to the point of origin. If an exception is not handled in the body of a routine, it is raised by
the routine’s invocation.

An exceptiorex must be in th®AISES set of a routine if eitherRAISE ex or an invocation of a
routine withex in its RAISES set occurs in the body ofoutside the scope of a handler éar

7. Modules

A program is some global declarations plus a set of modules. Each module contains variable,
routine, exception, and type declarations.

Module definitions can be parameterized wihrmals after the modul@l , and a

parameterized module can be instantiated. Instantiation is like macro expansion: the formal
parameters are replaced by the arguments throughout the body to yield the expanded body. The
parameters must be types, and the body must type-check without any assumptions about the
argument that replaces a formal other than the preseno#iofialause that contains all the

methods mentioned in the formal parameter list (that is, formals are treated as distinct from all
other types).

Each module is a separate scope, and there is alsbaai scope for the identifiers declared at
the top level of therogram . An identifierid declared at the top level of a non-parameterized
modulemis short form.id when it occurs im If it appears in thexports , it can be denoted by
m.id anywhere. When an identifier that is declared globally occurs anywhere, it is short for
Global.id . Global cannot be used as a modidle

An exportedd must be declared in the module. If an expoitetas awITH clause, it must be
declared in the module as a type with at least those methods, and only those methods are
accessible outside the module; if there ismtH clause, all its methods and constructors are
accessible. This is Spec’s version of data abstraction.

program ::=toplevel* module* END
module ::=modclass id mformals exports = body END id
modclass ::=MODULE
CLASS % [4]
exports := EXPORT exportList
export r=id
id WITH {methodList} % see section 4 fanethod
mformals r=empty
[ mfpList ]
mfp r=id % module formal parameter
id WITH { declList } % see section 4 fatecl
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body ::=toplevel* % id must be the module id
id [ typeList] % instance of parameterized module
toplevel :=VAR declinit* % declares thdecl ids [1]
CONST declInit* % declares thdecl ids as constant
routineDecl % declares theoutine  id
EXCEPTION exSetDecl* % declares the exception set ids
TYPE typeDecl* % declares thgype ids and any
% ids inENUM
routineDecl ::=FUNC id signature = cmd % function
APROC id signature =<<cmd>> % atomic procedure
PROC id signature = cmd % non-atomic procedure
THREAD id signature = cmd % one thread for each possible
% invocation of the routine [2]
signature ::=(declList ) returns raises % see section 4 foeturns
0) returns raises % andraises
exSetDecl :=id = exceptionSet % see section 4 faxceptionSet
typeDecl :=id = type % see section 4 faype

id = ENUM [ idList ] % a value is one of thd 's [3]

[1] The “=exp ”inadecinit  (defined in section 6) specifies an initial value for the variable.
Theexp is evaluated in a state in which each variable used during the evaluation has been
initialized, and the result must be a normal value, not an exceptiorxd tsees all the names
known in the scope, not just the ones that textually precede it, but the relation “used during
evaluation of initial values” on the variables must be a partial order so that initialization makes
sense. As in aassignment , theexp may be a procedure invocation as well as an ordinary
expression. It's a fatal error if thep is undefined or the invocation fails.

[2] Instead of being invoked by the client of the module or by another procedure, a thread is
automatically invoked in parallel once for every possible value of its arguments. The thread is
named by th& in the declaration together with the argument values. So

VAR sum :=0, count:=0

THREAD P(i: Int) =iIN0 .. 9 =>

VAR t |t := F(i); <<sum := sum + t>>; <<count := count + 1>>

adds up the values 5{0) ... F(9) in parallel. It creates a thread) for every integer; the
threadsP(0), ..., P(9) for which the guard is true involkg), ..., F(9) in parallel and
total the results isum. Whencount=10 the total is complete.

A thread is the only way to get an entire program to do anything (except evaluate initializing

expressions, which could have side effects), since transitions only happen as part of some thread.

[3] Theid 's in the list are declared in the module; their type isstigvtype. There are no
operations on enumeration values except the ones that apply to all types: equality, assignment,
and routine argument and result communication.

[4] A class is shorthand for a module that declares a convenient object type. The next few
paragraphs specify the shorthand, and the last one explains the intended usage.

If the classd is Obj, the moduled is ObjMod. Each variable declared in a top leveRin the
class becomes a field of twjrRec record type in the module. The module exports only a type
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Obj that is also declared globallybj indexes a collection of state records of tgpgRec stored
in the module’'sbjs variable, which is a functiobj->ObjrRec . Obj’s methods are all the
names declared at top level in the class except the variables, plew thethod described
below; the exportedbj’s methods are all the ones that the class exportsiglus

To make a class routine suitable as a method, it needs accessbReanthat holds the state of

the object. It gets this access througfela parameter of typebj, which it uses to refer to the
object statebjs(selfy . To carry out this scheme, each routine in the module, unless it appears
in awITH clause in the class, is ‘objectified’ by giving it an extia parameter of typebj. In
addition, in a routine body every occurrence of a varialleclared at top level in the class is
replaced bybjs(self).v in the module, and every invocation of an objectified class routine
getsself as an extra first parameter.

The module also gets a synthesized and objecsfi#tbw procedure that adds a state record to
objs , initializes it from the class’s variable initializations (rewritten like the routine bodies), and
returns itsobj index; this procedure becomes tlee method ofobj unless the class already has
anew routine.

A class cannot declareTelREAD

The effect of this transformation is that a variaitle of typeobj behaves like an object. The
state of the object ishjs(obj) . The invocatiorbj.m orobj.m(x) is short forobjMod.m(obj)

or ObjMod.m(obyj, x) by the usual rule for methods, and it thus invokes the mettiodis

body each occurrence of a class variable refers to the corresponding 6iglcsistate.

obj.new() returns a new and initializesbj object. The following example shows how a class is
transformed into a module.

CLASS Obj EXPORT T1, f, p, ... =

TYPET1 = ... WITH {add:=AddT}
CONST ¢ = ...

MODULE ObjMod EXPORT Obj WITH {T1, f, p, new } =

TYPE T1 = ... WITH {add:=AddT}
CONSTc = ...
VAR v1:Tl:=ei, v2:T2:=pi(v1), ... TYPE ObjRec =[v1: T1,v2: T2, ...]
Obj = Int WITH {T1, c, f:=f, p:=p,
AddT:=AddT, ..., new:=StdNew}
VAR objs: Obj -> ObjRec := {}

FUNC f(p1: RT1, ...)= ... vl ...
PROC p(p2: RT2, ...)=... V2 ...
FUNC AddT(t1, t2) = ...

FUNC f(self: Obj, p1: RT1, ...) = ... objs(self).v1 ...
PROC p(self: Obj, p2: RT2, ...) = ... objs(self).v2 ...
FUNC AddT(t1, t2) = ... % in T1's WITH, so not objectified

PROC StdNew(self: Obj) -> Obj =
VAR obj: Obj | ~ obj IN objs.dom =>
objs(obj) := ObjRec{};
objs(obj).v1 = ei;
objs(obj).v2 := pi(objs(obj).v1);
RET obj

END Obj END ObjMod
TYPE Obj = ObjMod.Obj

In abstraction functions and invariants we also vatiten  for field n in obj 's state, that is, for
ObjMod.objs(obj).n
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8. Scope

The declaration of an identifier is known throughout the smallest scope in which the declaration
appears (redeclaration is not allowed). This section summarizes how scopes work in Spec; terms
defined before section 7 have pointers to their definitions. A scope is one of

the wholeprogram , in which just the predefined (section 3), module, and globally declared
identifiers are declared;
amodule ;

the part of aoutineDecl ~ Or LAMBDAexXpression (section 5) after the
the part of a/ARdeclInit | cmd command after the (section 6);
the part of a constructor or quantification after the fir&ection 5).
a recordype or methodDefList  (section 4);
An identifier is declared by

a moduled , mfp, ortoplevel
routines),

(for types, exception sesNUMelements, and named

adecl in arecordype (section 4)] constructor
(section 6), routineignature

or quantification (section 5Jgeclinit
, Or WITH clause of anfp, or

amethodDef in theWITH clause of aype (section 4).

An identifier may not be declared in a scope where it is already known. An occurrence of an
identifierid always refers to the declarationiofwhich is known at that point, except when

is being declared (precedes,ahe= of atoplevel , the:= of a record constructor, or the or

BY in aseqGen), or follows a dot. There are four cases for dot:

moduleld . id — theid must be exported from the basic moduteluleld , and this
expression denotes the meaningdofn that module.

record . id — theid must be declared as a field of the record type, and this expression
denotes that field akcord . In anassignment ’'sIhs se€7] in section 6 for the meaning.

typeld . id — thetypeld denotes a typed must be a method of this type, and this
expression denotes that method.

primary . id — theid must be a method efimary 's type, and this expression, together
with any following arguments, denotes an invocation of that methog]seesection 5 on
expressions.

If id refers to an identifier declared byoglevel
If it refers to an identifier declared bytaplevel

in the current module, it is short form.id .
in theprogram , it is short forGlobal.id

Once these abbreviations have been expanded, every name in the state is either global (contains aFUNC FMin(s, f: (T,T)->Bool)->T = RET s.fsort(f).head

dot and is declared inteplevel
way).

), or local (does not contain a dot and is declared in some other

Exceptions look like identifiers, but they are actually string literals, written without the enclosing
guotes for convenience. Therefore they do not have scope.
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9. Built-in methods

Some of the type constructors have built-in methods, among them the operators defined in the
expression grammar. The built-in methods for types othenthaandBool are defined below.
Note that these are not complete definitions of the types; they do not include the constructors.

Sets
A set has methods for

computing union, intersection, and set difference, and adding or removing an element, testing
for membership and subset,

choosing (deterministically) a single element from a set, or a sequence with the same
members, or a maximum or minimum elemant turning a set into its characteristic
predicate (the inverse is the predicatets method).

We define these operations using a module that represents a set by its characteristic predicate.
PreciselySET T behaves as though it weset[T].S , where

MODULE Set[T]

TYPE S = Any->Bool SUCHTHAT (\'s | (ALL any | s(any) ==> (any IS T)))
% Defined everywhere so that type inclusion will work; see section 4.
WITH {"+":=Union, "*":=Intersection, "-":=Difference, "IN":=In,
"<=":=Subset, choose:=Choose, seq:=Seq, pred:=Pred,
perms:=Perms, fsort:=FSort, sort:=Sort,
fmax:=FMax, fmin:=FMin, max:=Max, min:=Min}

EXPORT S =

FUNC Union(s1, s2)->S =RET (\t|s1(t) V s2(t)) % sl +s2
FUNC Intersection(sl, s2)->S = RET (\ t | s1(t) A s2(t)) % sl *s2
FUNC Difference(sl, s2)->S =RET (\t| s1(t) A ~s2(t)) %sl-s2
FUNC In(s, t)->Bool = RET s(t) %tINs
FUNC Subset(s1, s2)->Bool = RET (ALL t| s1(t) ==> s2(t)) % sl <=s2
FUNC Size(s)->Int = % s.size

VARt | s(t) => RET Size(s-{t}) + 1 [*] RET 0

FUNC Choose(s)->T =VAR1t]|s(t) =>RETt

% Not really, sinc&/ ARmakes a non-deterministic choice,

% butchoose makes a deterministic one. It is undefinesl i empty.

% s.choose

FUNC Seq(s)->SEQ T = % s.seq
% Defined only for finite sets.
RET {q: SEQ T | g.set = s /\ g.size = s.size}.choose
FUNC Pred(s)->(T->Bool) =RETs % s.pred
% s.pred is justs. pred is for symmetry withseq, set , etc.
FUNC Perms(s)->SET SEQ T = RET s.seq.perms % s.perms
FUNC FSort(s, f: (T,T)->Bool)->S = RET s.seq.fsort(f) % s.fsort(f) ; f is<= for sort
FUNC Sort(s)->S = RET s.seq.sort % s.sort ; only if T has<=
FUNC FMax(s, f: (T,T)->Bool)->T = RET s.fsort(f).last % s.fmax(f) ; a max undef
% s.fmin(f) ; a min undef

FUNC Max(s)->T = RET s.fmax(T."<=")

FUNC Min(s)->T = RET s.fmin(T."<="

% Note that these functions are undefinesl i empty. If there are extremal
% elements not distinguished byor "<=" | they make an arbitrary deterministic choice.

% s.max ; only if T has<=
% s.min ; only if T has<=

END Set
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There are constructofs for the empty sefel, e2, ...}
{declList | pred | exp}
described in6] and[10] of section 5. Note that| p}.pred = (\t| p)
| p).set={t|p}

for a set with specific elements, and

, and similarly( t

Functions
The function types->U andT->U RAISES XS have methods for
composition, overlay, inverse, and restriction;

testing whether a function defined at amrgument and whether it produces a normal (non-
exceptional) result at an argument, and for the domain and range;

converting a function to a relation (the inverse is the relatioms method).

In other words, they behave as though they weetion[T, U].F
for the fact thaks andv are pulled out of thin air):

, where (making allowances

MODULE Function[T, U]

TYPE F = T->U RAISES XS WITH {"*":=Compose, "+":=Overlay,
inv:=Inverse, restrict:=Restrict,
"I'":=Defined, "!"":=Normal,
dom:=Domain, rng:=Range, rel:=Rel}
R = (T, U) -> Bool

FUNC Compose(f, g: U -> V) -> (T -> V) = RET (\t | g(f(t)))

FUNC Overlay(f1, f2) -> F = RET (\ t | (f2!t => f2(t) [*] f1(t)))
% (f1 + 2) isf2(x) if that is defined, otherwisi(x)

EXPORT F =

FUNC Inverse(f) -> (U -> T) = RET f.rel.inv.func
FUNC Restrict(f, s: SET T) -> F = RET (\t| (t IN s => f(t)))

FUNC Defined(f, t)->Bool =
IF f(t)=f(t) => RET true [*] RET false FI EXCEPT XS => RET true

FUNC Normal(f, t)->Bool =
IF f(t)=f(t) => RET true [*] RET false FI EXCEPT XS => RET false

FUNC Domain(f) -> SET T = RET {t | fit}
FUNC Range (f) -> SET U = RET {t | filt | f(t)}
FUNC Rel(f) -> R=RET (\t, u | f(t) = u)

END Function

Note that there are construct@rsfor the function undefined everywhemg -> result} for

a function of type whose value igesult  everywhere, antlexp -> result} for a function
which is the same asexcept akxp, where its value igsult . These constructors are described
in [6] and[8] of section 5. There are also lambda constructors for defining a function by a
computation, described [g] of section 5.
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A total functionT->Bool is a predicate and has an additional method to compute theT&et of
that satisfy the predicate (the inverse is the gedts method). In other words, a predicate
behaves as though it wepeedicate[T].P , where

MODULE Predicate[T]

TYPE P =T -> Bool WITH {set:=Set}
FUNC Set(p) -> SET T = RET {t| p(t)}
END Predicate

EXPORT P =

A predicate withr = (T0, U0) is a relation and has additional methods to turn it into a
function, a total function, or a function to setsJofs, and to get its domain and range, invert it
or compose it (overriding the methods for a function). In other words, it behaves as though it
wereRelation[T0, UOL.R , where (making allowances for the fact ta pulled out of thin air

in Compose):

MODULE Relation[T, U]
TYPE R = (T, U) -> Bool WITH {func:=Func, totalF:=TotalFunc, setF:=SetFunc,

dom:=Domain, rng :=Range,
inv:=Inverse, "*":=Compose}

EXPORT R =

FUNC Func(r) -> (T -> U) =
% The result function is defined @tiff r relates to a singleu.
RET (\t | (r.setF(t).size = 1 => r.setF(t).choose))

FUNC TotalFunc(r) -> (T -> (U + Null)) =

% The result function is defined everywhere, returning some rdlhatechil if there is none.
RET (\t| (r.setF(t) #{} => r.setF(t).choose [*] nil))

FUNC SetFunc(r) -> (T -> SET U) = RET (\ t| {u | r(t, u)})

% The result function is defined everywhere, returning the set of réJated

FUNC Domain(r) -> SET T=RET {t, u | r(t, u) | t}
FUNC Range (r) -> SET U = RET {t, u | r(t, u) | u}

FUNC Inverse(r) -> ((U, T) -> Bool) = RET (\ u, t | r(t, u))

FUNC Compose(r: R, s: (U, V)->Bool) -> (T, V)->Bool =
RET (\t, v | (EXISTS u | r(t, u) A s(u, v)) )

END Relation

A relation withT =U is a graph and has additional methods to test whether a sequeiis of

a path in the graph and to compute the transitive closure . In other words, it behaves as though it

wereGraph[T].G , where

MODULE Graph[T] EXPORT G =

TYPE G = (T, T) -> Bool WITH {isPath:=IsPath, closure:=TransitiveClosure }
P=SEQT

FUNC IsPath(g, p) = RET (ALL i :IN p.dom - {0} | g(p(i-1), p(i)))
% Any p of size<=1 is a path by this definition.
FUNC TransitiveClosure(g) -> G = RET (\t1, t2 |
(EXISTS p | p.size > 1 /\ p.head =t1 A p.last = t2 \ g.isPath(p) ))

END Graph
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Sequences

A function is called a sequence if its domain is a finite set of consecutii&starting at 0, that
is, if it has type
S =Int-> T SUCHTHAT (\ s | (EXISTS size: Int | s.dom = (0 .. size-1).set))

We denote this type (with the methods defined belowgegy T. A sequence inherits the
methods of the function (though it overridgsand it also has methods for

detaching or attaching the first or last element,

extracting a segment of a sequence, concatenating two sequences, or finding the size,

making a sequence with all elements the same

making a sequence into a tuple or s&j (also makes it into a set),

testing for empty, prefix, or sub-sequence (not necessarily contiguous),

lexical comparison, permuting, and sorting,

treating a sequence as a multiset with operations to:
count the number of times an element appears, test membership and multiset equality,
take differences, and remove an elemerit (s union anchddl adds an element).

All these operations are undefingdhey use out-of-range subscripts, except that an empty sub-
sequence is defined regardless of the subscripts.

We define the sequence methods with a module. Precs&syr is Sequence[T].S , where:
MODULE Sequence[T] EXPORTSS =
TYPEI = Int
S = (1->7)
SUCHTHAT (\s | (ALL i | sli= (0 <=i/\i < s.size)))
WITH { size:=Size, sub:=Sub, "+":=Concatenate,
head:=Head, tail:=Tail, addh:=AddHead, remh:=Tall,
last:=Last, reml:=Removelast, addl:=AddLast,
seg:=Seg, fill:=Fill, tuple:=Tuple,
iSEmpty:=IsEmpty, "<=":=Prefix, "<<=":=SubSeq,
lexLE:=LexLE,
perms:=Perms, fsorter:=FSorter, fsort:=FSort, sort:=Sort,
% These methods treat a sequence as a multiset (or bag).
count:=Count, "IN":=In, "==":=EqElem,
"-":=Diff, set:=S.rng }
FUNC Size(s)-> Int = RET s.dom.size
FUNC Sub(s, i1,i2) -> S = % s.sub(il, i2); yields

RET ({0, i1}.max .. {i2, s.size-1}.min) * s % {s(i1),...,s(i2)}

FUNC Concatenate(sl, s2) -> S = VAR s | % sl +s2
s.sub(0, sl.size-1) = s1 A\ s.sub(sl.size, s.size-1) =s2 => RET s
FUNC Head(s) -> T = RET s(0) % s.head; first element
FUNC Tail(s) ->S = % s.tail; all but first
s.size > 0 => RET s.sub(1, s.size-1)
FUNC AddHead(s, t) -> S =RET {t} +s % s.addh(t)
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FUNC Last(s) -> T = RET s(s.size-1)
FUNC Removelast(s) -> S =

s # {} => RET s.sub(0, s.size-2)
FUNC AddLast(s, t) -> S = RET s + {t}

%s.last ; last element
% s.reml ; all but last

% s.addl(t)

FUNC Seg(s, i, n: I) -> S = RET s.sub(j, i+n-1) % s.seg(i,n) ;n T 's froms(i)

FUNCFillt, n: 1) ->S=RET{i:INO..n-1| |t} % yieldsi copies ot

FUNC ISEmpty(s) -> Bool = RET (s = {})

FUNC Prefix(s1, s2) -> Bool = % sl <= s2
RET (EXISTS s | sl +s=s2)
FUNC SubSeq(s1, s2) -> Bool = % sl <<=s2

% Aresl’s elements irs2 in the same order, not necessarily contiguously.
RET (EXISTS p: SET Int | p <= s2.dom /\ s1 = p.seq.sort * s2)

FUNC LexLE(s1, s2, f: (T,T)->Bool) -> Bool =
% Issl lexically less than or equal 82. True ifsl is a prefix ofs2,
% or the first element in whic$il differs froms2 is less.
RET sl<=s2
V (EXISTS i :IN sl.dom * s2.dom| sl.sub(0, i-1) = s2.sub(0, i-1)
Ns1(i) # s2(i)) N f(s1(i), s2(i))

% s1.lexLE(s2, f); f is<=

FUNC Perms(s)->SET S =
RET {s' | (ALL t| s.count(t) = s'.count(t))}

% s.perms

FUNC FSorter(s, f: (T,T)->Bool)->SEQ Int = % s.fsorter(f) i fis<=
% The permutation that sogsstably. Note: can’t usein to define this, sincein is defined usingort .
VAR ps :={p :IN s.dom.seq.perms % all perms that sog
| (ALL i :IN (s.dom - {0}) | f((p*s)(i-1), (p*s)(i))) } |
VAR pO :IN ps |
(ALL p :IN ps | pO.lexLE(p, Int."<=")) => RET p0

% the one that reorders the least

FUNC FSort(s, f: (T,T)->Bool) -> S =
RET s.fsorter(f) * s
FUNC Sort(s)->S = RET s.fsort(T."<=")

% s.fsort(f) ; £ is<= for the sort

%s.sort ;only if T has<=

FUNC Count(s, t)->Int = RET {t' :IN s | t' = t}.size % s.count(t)

FUNC In(t, s)->Bool = RET (s.count(t) # 0)
FUNC EqElem(sl, s2) -> Bool = RET s1 IN s2.perms

%tINs
%sl==s2 ;equal as multisets

FUNC Diff(s1, s2) -> S = % sl -s2
RET {s | (ALL t | s.count(t) = {s1.count(t) - s2.count(t), 0}.max)}.choose

END Sequence

We can’t progranTuple in Spec, but it is defined as followssIfSEQ T , thens.tuple is a
tuple ofs.size  T's, the first equal ta(0) , the second equal t¢1) , and so forth. For the
inverse, ifu is a tuple off’s, thenu.seq is aSEQ T such thati.seq.tuple = u .Ifuis atuplein
which not all the elements have the same declared typey.tegn is aSEQ Any such that
u.seq.tuple =u

Int has a method for making sequences: j={, i+1, ..., j-1, j}
i.j={ . You can also write.. j as{k :=iBY k + 1 WHILE k <= j}
section 5Int  also has aeq methodi.seq=0..i-1

fj<i
; se€[11] in
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There is a construct@e1, e2, ...} for a sequence with specific elements and a constructor
{ for the empty sequence. There is also a constrsfetor>e2} , which is equal t except
atel (and undefined ié1 is out of range). For the constructors ggand[8] of section 5. To
generate a sequence there are construtokss | pred | exp} and{x := e1 BY e2

WHILE pred1 | pred2 | exp} . For these seg1] of section 5.

To map each elementofs tof(ty use function composition*f . Thus ifs: SEQ Int
s* (\i: Int | i*i) yields a sequence of squares. You can also write this
{i:INs||i*}
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