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For motion in one dimension:

Az .
Vav = < Average velocity;
dx .
v = T Instantaneous velocity;

For motion in three dimensions:

. _dr . dv  df - - b - - b
VEE; a:E:@; r(t1)=r0+/0 vdt; V(tl)ZVO—l—/O adt .

For constant acceleration a, if r = ¥y and v = vg at time ¢t = 0, then

<l

(t) = vo + at
T B
r(t) =ro + vot + iat .

For one-dimensional motion with constant acceleration a:

v? =3 + 2a(x — o) .

For circular motion at constant speed v:

where 7 is the radius of the circle, and the acceleration is directed towards the center of
the circle.

If an object has position r and velocity v, its position and velocity relative to an
observer with position ¥y and velocity vy are given respectively by

F/ZF—F(), V/ZV—V().
Average velocity and acceleration are given by

. AR L AV

Vaverage - At 9 aaverage = At .



Mass, Acceleration, and Force:

F = ma (Newton’s second law);

- GMm

F=——{3—7 (the gravitational force between two particles);

r

po_1 Q. . o

= — T (the electrostatic force between two particles);
dmeg T
F, = —kx (Hooke’s law);

where 7 is a unit vector pointing from the particle which is the source of the force,
toward the particle on which the force is acting.

Friction:
Fu N (kinetic friction);

:/’Lk

F, N (static friction).

< ps

Kinetic Energy, Work, and Potential Energy:

Description 1 Dimension 3 Dimensions
Workdoneby_} W = FAx W=F-Ar
a constant force F
Work done b T
O COne By W= [ F(z)de w=[ F.-a
a varying force F )

Potentlal energy Ulz,) = Uy / Fde UGE,) = Us _/ B
derived from force F o i

potential energy dz 9z’ oy 0z

Force derived from dU B { oUu oU oU }




-b = [a]|b]| cos ¥

(SR

(scalar (or dot) product of two vectors);
= azb; + ayby + a.b,

1
E, = §mv2 (kinetic energy of a particle);

(work-energy theorem: always true if Wi includes work

ot — E - E 1 . . . .
Wot ko k, due to all forces; a non-rigid object can do work on itself!);

Eyi +U; + Wother (generalized work-energy theorem: always true if Wogper
=E, ¢+ Uy includes work due to all forces not included in U);
1 (conservation of mechanical energy: true in the absence

—muv? + U(x) = constant

2 of dissipative forces);
1 1, (conservation of mechanical energy for a projectile: true
imv +mgh = §mv0 in the absence of dissipative forces);
1
W = ika (work to compress a spring);
U= ika (potential energy for spring force);
W = mgh (work to lift a body near the surface of the Earth);
. (gravitational potential energy, near the
U'=mgh surface of the Earth);
GMm
U=- (gravitational potential energy, spherical bodies);
r
_ 1 Qq : : -
U= P —— (electrostatic potential energy, spherical charges).
TEY T

Momentum, Center of Mass, and Systems of Particles:

Fap = —Fpa (Newton’s third law);
p=mv (momentum);
dPot (conservation of momentum
=0 .
dt in absence of external force)
F— @ (Newton’s second law in terms of
S dt momentum);
- 1 -

m;r; (position of center of mass);



Vem = miVv; velocity of center of mass);
N A Mo i ( Y )i
| o . .
Fiit = Miotacm d;Ot (acceleration of a system of particles);
Py = Z miVi = MiotVem (momentum of a system of particles);

1 1 o o
Kiot = §Mt0tv§m + Z §mi (vi — vcm)2 (K.E. of a system of particles);

. ta to d
J= / Fdt = / i P2 — P1 (impulse-momentum theorem).
t1 t

Rotation in Two Dimensions:

Most of the equations for this topic are most easily remembered in the context of
the analogous equations for linear motion in one dimension:

TRANSLATION (one dimension) ROTATION (about fixed axis)
Name Symbol Name Symbol
Position x Orientation 0
Velocity v = i—:f Angular velocity w = j—f
Acceleration a= dv Angular acceleration o= dw
dt dt
Mass M = Zmi Moment of inertia I = ZmiR?
t=F R
Force F Torque .
= +|F|R}
Force equation Z F<t — \f Aerm Torque equation Z ' = Jo
Momentum p= Mv Angular momentum L=1Iw
Kinetic energy %M’UZ Kinetic energy %Iu)2
Work done F.Ar Work done z A0




Other equations about rotation in two dimensions:

v, =0; v, =Rw (velocity of point on rotating body);

2

v
ar = -5 = —Rw?:; a, =Ra (acceleration of point on rotating body);
v =t R|w| (rolling without slipping);
- . do
>OF = Mio, =
(combined translational and rotational motion);

Set = fopa = S

- cm dt

(kinetic energy for combined translational

2 1 2
Kiot = s Mv3y, + 5lemw : .
tot = 277 Yem T 3 em and rotational motion);

Iy =Iem + M d? (parallel-axis theorem);

I.=1,+1, (perpendicular-axis theorem).

TABLE OF STANDARD MOMENTS OF INERTIA:

Slender uniform rod of length /,
axis through center and 1—12m€2
perpendicular to axis of rod

Rectangular plate with
dimensions a X b, axis along
one of the b edges

ma

W=

Thin-walled hollow cylinder of )
radius R, axis along axis of mR
cylinder

Uniform solid cylinder of ) )
radius R, axis along axis of smR
cylinder

Thin-walled hollow sphere of 2, R2
radius R, axis through center 3

Solid uniform sphere of radius 2, R2
R, axis through center
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Rotations in Vector Notation:

cz = ayb, —azby ;
¢y = aby —azb, ; (vector cross product, component form);
C: = azby — ayb, .

¢| = |a||b|sin 6 (magnitude of vector cross product);
VO xT (velocity of atom in rotating body
- with a fixed point);
o - - o (velocity of atom in rotating body,
V=vp+wx(r-rp) general case);
I_; = Z r; X Pi (angular momentum, as vector product);
i —
7= ZFZ- x F; (vector torque, as vector product);
i
. dL .
T = — (torque equation);
dt
> . dp
Z Fext — Mag, = d_p
- t (combined translational and rotational motion);
Z ~ext dLcm
T =
dt

L= cm X Ptot

- - (angular momentum decomposition);
+ E Irel,i X M4Vrels

(2

T =Tcm X Ftot

o = torque decomposition).
+ Z Irel,i X Fz ( )
i

For Static Bodies:
Z Fext — () (total external force vanishes);

Z Tt = (total external torque about ANY point vanishes).



Gravitation:

G
F, = % (Newton’s law of gravity);
r
G
g= JZ;LE (Acceleration due to gravity at Earth’s surface);
E
G
U= mEm (Gravitational potential energy);
r
G
v = mE (Speed in cicular orbit);
r
9 9 3/2
=0 T (Period of a circular orbit);
v Gmpg
2GM
Rs = — (Schwarzschild radius).
c

1
f= T (Frequency and period);
2

w=2rf= = (angular frequency);
F, = —kx (simple harmonic oscillator);

k
w=1/— (angular frequency of simple harmonic oscillator);

m

x = Acos(wt + ¢) (motion of simple harmonic oscillator);

W — R (angular frequency w in terms of torsion constant
R x and moment of inertia I)



Special Relativity:

(1)

There are a few minor qualifications that must be appended to the above statements.
First, they hold only for inertial reference frames— they do not hold for rotating or
accelerating reference frames. Any reference frame which moves at a uniform velocity
relative to an inertial reference frame is also an inertial reference frame. Second, one
must define the word “appear” which occurs in each of the three statements. In

TIME DILATION: Any clock which is moving at speed v relative to a given
reference frame will appear (to an observer using that reference frame) to
run slower than normal by a factor denoted by the Greek letter v (gamma),
and given by .

ot Ve B=v/c.
LORENTZ-FITZGERALD CONTRACTION: Any rod which is moving at
a speed v along its length relative to a given reference frame will appear
(to an observer using that reference frame) to be shorter than its normal
length by the same factor v. A rod which is moving perpendicular to its
length does not undergo a change in apparent length.

Contracted
Uncontracted

RELATIVITY OF SIMULTANEITY: Suppose a rod which has rest length
ly is equipped with a clock at each end. The clocks can be synchronized
in the rest frame of the system by using light pulses. If the system moves
at speed v along its length, then the trailing clock will appear to read a
time which is later than the leading clock by an amount ¢y/c. If, on
the other hand, the system moves perpendicular to its length, then the
synchronization of the clocks is not disturbed.

v v
— —
@:@ Synchronized

Later
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plain English, the word “appear” normally refers to the perception of the human
eyes. However, in these situations the perception of the human eyes would be very
complicated. The complication is that one sees with light, and light travels with
a less-than-infinite speed. Thus, when an object is moving toward you, the light
which you see coming from the front of the object has left the object later than the
light which you see coming from the back of the object. Effects of this kind lead to
complicated distortions, which are not taken into account in the statements above.
For purposes of interpreting these statements, one can imagine that each reference
frame is covered by an infinite number of local observers, each of which observes
only events so close that the time delay for light travel is negligible. Each observer
carries a clock which has been synchronized with the others by light pulses. The
“appearance” is then the description which is assembled after the fact by combining
the reports of these local observers.

The Lorentz Transformation:

If an (2,3, 7',t') inertial coordinate system is moving to the right (positive = di-
rection) with speed v relative to an (z,y, z,t) inertial coordinate system, then the
coordinates are related by

' =~z — vt)
, vE
= (- )
Yy =y
Z =z
and
x =y(x' +vt')
B ,  vr!
=7 t+c—2
y=1
z=2z

Relativistic velocity addition and subtraction:

Ve — U
T 1_1161121

vl v
1+ %%

v
c2

Relativistic Doppler Shift (Electromagnetic Radiation):

ct+u (where u is the speed of approach

Freceivea = cC—u femittea between source and observer).



Relativistic Energy and Momentum:

mv

p=——— =ymv
P V1—v%/c? !
2

V1—v2/c?

K=F—mc* = (y — 1)mc?

E? — (pc)® = (m02)2

E =pc

- dp

F=—
dt

F =~v3ma

F =~ma

(relativistic momentum, where m is the
rest mass);

(relativistic energy);

(relativistic kinetic energy);

(relation between energy, momentum,
and mass);

(relation between energy and momentum of
massless particles, such as photons);

(force is the rate of change of momentum,
even in relativity)

(when F and ¥ are parallel);

(when F and ¥ are perpendicular).
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