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Problem 1: Short answer questions (25 points)
(a) A simple trajectory (10 points)

A ball is thrown from a cliff, with an initial velocity that is exactly horizontal, with a
magnitude of 20 meter/second. It travels under the influence of gravity, and for numerical
simplicity we use the approximate value g = 10 meter/second? for the acceleration of
gravity. Use a coordinate system in which the ball is thrown from [0, 0, 0], and travels
initially in the positive xz-direction. Ignoring all frictional effects, indicate the trajectory
followed by the ball by putting a dot on the following graph at the location of the ball at
t=1, 2, 3, and 4 seconds.
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Name

(b) (10 points) Ifa = (2m)i— (4 m)j+ (4m)k and b= (3 m)i — (2 m)k, find:

(i) (2 points) a + b=

~

bm)i—(4dm)j+(2m)k .

(i) (2 points) a — b=

~

—(1Im)z—(4m)j+ (6m)k .

(iii) (2 points) a+ 2b =

(8m)i—(4m)j.

(iv) (2 points) |a] = /(2 m)2+ (4 m)2+ (4 m)2 = V36 m2 =|6 m .

(v) (2 points) Construct a unit vector in the direction of a.
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(¢) (& points) Suppose that a particle is moving in a circle of radius 10 cm,

at a speed of 2 m/s.

(i) (3 points) What is the magnitude of the acceleration?

r

a =

v?2 (2 m/s)? _
0lm

40 m/s” .

(ii) (2 points) On the diagram below, draw an arrow showing the direction of the
acceleration when the particle is at the position shown by the dot.

2 m/s
a |10c

Ay

10cm

\\
NI

x

When a particle moves in a
circle at a constant speed,
the acceleration 1is centri-
petal, i.e., towards the cen-
ter of the circle.
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Problem 2: Tracing the flight of bees (25 points)

At time ¢t = 0, three bees are located at the origin of a coordinate system. From that
time onward, the first bee travels at a constant velocity [0,0,v,]. The second bee has an
initial velocity [vp, 0,0], and accelerates with a uniform acceleration [0, a, 0]. The third bee
flies at a constant velocity, and collides with the second bee at time ¢t = ¢y. Note that
[x,y, z] has the same meaning as z% + yj + zlzz; you may express your answers in either
notation.

(a) (6 points) Find the displacement vector r1(t) which describes the position of the first
bee as a function of time, valid for times ¢ > 0.

- L 1.
Fi(t) =To +Vit+ S t2 =10,0,0] +[0,0,v,t] +[0,0,0] =| [0,0,vq4t] .

(b) (6 points) Find the displacement vector ra(t) which describes the position of the sec-
ond bee as a function of time, valid for ¢t > 0.

- - - 1. 1 1
rao(t) =ro+vat+ 532 t2 =10,0,0] + [vpt, 0,0] + 5[0,&, 0]t? = {vbt, 5&252,0] .

(c) (6 points) Find the velocity vector va(t) of the second bee as a function of time (for
t>0).

- dra(t) d 1
wa(t) = T = 5 o,

5&252,0] =| [wp,at,0] .

where I used the fact that a vector in Cartesian coordinates is differentiated by differ-
entiating each component separately, and of course the fact that %tQ = 2t.

(d) (7 points) With what speed vs does the third bee travel?

Be sure to express all your answers in terms of the given variables, v, s, a, and t;.

4
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At time ty, the 2nd bee is at

o 1
I'Q(tf) = |i’Ubtf, §G/t§,0:|

Since the 3rd bee collides with the 2nd at this time, the 3rd bee must be at the same position.
Since this bee also started at [0,0,0] and traveled at a constant velocity, that velocity must

be Az - ( )
- r Iro fo 1
= — = f— — t O .
V3T AL ts {%2& P ]

The speed s then

o 1
v = |v3| = vi + Za?t?c .
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Problem 3: Vertical trajectories on an exotic planet (30 points):

A crewman on the starship Enterprise @ QD
is on shore leave on a distant planet. He ¥ h
drops a rock from the top of a cliff and ob- i ¥
serves that it takes time ¢; to reach the bot- \
tom. He now throws another rock vertically |7 7= 3
upwards so that it reaches a height h above w
the cliff before dropping down the cliff face. <« 12
The second rock takes a total time ¢5 to b dl
reach the bottom of the cliff, starting from £
the time it leaves the crewman’s hand. The
planet has a very thin atmosphere which
offers negligible air resistance. How high is
the cliff, and what is the value of g on this
planet?

DO NOT CARRY OUT THE ALGEBRA for this problem, but instead write down
a set of equations that could be solved to obtain the answer.

CLEARLY ENCLOSE IN BOXES the set of equations that needs to be solved. (5
points will be taken off for any irrelevant boxed equation, so don’t box everything!)

BE SURE TO DEFINE any variables you introduce into the discussion, beyond the
variables t1, t2, h, and g, which have already been defined.
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SOLUTION METHOD 1 (following study guide):
Let H = height of cliff above ground.
Let vy = initial upward speed of second rock.
Let tg = time at which 2nd rock reaches mazximum height.

There are now four unknowns, g, H, vg, and ty, so we need four equations. If z
1s the vertical coordinate, measured from ground level, then the statement that the
first rock hits the ground at time ty is written

1
z(t1) = H—igtfzo,

and the statement that the second rock hits the ground at time ts 1s written

1
z(t2) =| H +vota — 5gt§ =0.

If the 2nd rock reaches its maximum height at time tq, then it must have zero velocity
at this time, so

U(to) = Vo — gto =0.

Finally, the condition that the height of the 2nd rock above the ground is H + h at
time to 1s

1
Z(to)z H—l—h:H—l—Uoto—igtg.

SOLUTION METHOD 2:
Let H = height of cliff above ground.

Let vy = initial upward speed of second rock.

7
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This time we have only three unknowns, g, H, and vy, so we need only three equa-
tions. If z is the vertical coordinate, measured from ground level, then the statement
that the first rock hits the ground at time t1 is written

2(t)=| H—5gt1=0,

and the statement that the second rock hits the ground at time ts 1s written

1
Z(tQ) =| H + vots — 5925% =0.

The condition that the 2nd rock reaches a mazximum height h above the cliff is

vy = 2gh .

EXTENSION:

You were asked only to write the equations above, but now that the quiz is over you
might want to solve them. If you do, you should find

8t2h
g = )
(t3 —17)
and
"o 4t2t2h
—— .
(13 —17)
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Problem 4: Flying in the wind (25 points)

For this problem we will use a coordinate system in which the i
compass directions — North, South, East, and West — are oriented N,
with respect to the z- and y-axes as shown on the right. Suppose W, E
that an airplane is traveling due north, at a speed v,;, relative to the ) Tz
air. There is a wind blowing uniformly toward the west, at a speed gl
Vwind -

(a) (6 points) What is the velocity Vgrouna of the plane relative to the ground? Express

your answer as a vector of the form \_'/ground =71+73.

The key item here is the definition of relative velocity, which is defined on the formula
sheet as a difference in velocities; i.e., the velocity of some object A relative to some
object B is defined by vap = va — Vg, where va and Vg are measured in the same
coordinate system. Applying that definition to this case,

-

Vplane,air = Vplane,ground — Vair,ground »

SO . .
Vground = Vplane,ground

= Vair,ground + Vplane,air

- —Vwind? + Vair] -

(6 points) What is the speed of the plane relative to the ground?

Speed = }Vground‘ - \/m :

(6 points) What is the angle of the plane’s ground velocity relative to north? Be sure
to specify if the angle is east of north or west of north.

AY . . R
vYV_iI_lfl_ Vground = —VUwind? + Vair]
Vwind
— tan ¢ =
Vground Vair Vair

\4

/l} .
¢ = arctan ( Wmd) , west of north.

Vair
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(d) (7 points) Keeping the same speed relative to the air, vai,, the pilot turns the plane
at just the right angle so that its velocity relative to the ground is due north. What is
the ground speed (i.e., magnitude of the velocity relative to the ground) of the plane?

The vector relationship o
y4 Vair,ground

Vground = Vair,ground + Vplane,air i

continues to hold, since it follows from the definition of Vground 3

. ) . . 1 i
relative velocity. The wind wvelocity has not changed, so plane,att
Vair,ground = —Uwind ¢, and we are told that }vplane,air} = Vair.
This time, however, the direction of Vplane air S modified, so z

that \_}ground points due north. The picture is then as shown
on the right. The Pythagorean theorem then implies that

- - 2 - 2
}Vground} - \/}Vplane,air} - }Vair,ground

2 .2
air wind

which indicates that a wind perpendicular to the flight path slows the airplane down.
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