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Energy Conservation Basics:

Problem 1 (SG): STUDY: Energy conservation riddles

AD.1 (S)
(a)

Answer:

John is holding a 17 inch computer monitor, with a mass of 25 kg, at a constant height.
He complains that it is hard work, and he is becoming exhausted. Jim, who is taking
physics, tells him that since there is no displacement in the direction of the applied
force, he is not doing any work, and therefore should not be tired. Who is right, and
why?

Mary is riding an elevator from the 4th to the 7th floor, wearing a backpack of mass
M. Between the 5th and 6th floors the elevator is moving at constant speed, through
a distance £. Joan, another physics student, argues that since the velocity of Mary’s
backpack is constant, the total force must be zero, and therefore Mary is applying
an upward force just enough to cancel that of gravity, Mg. Since the displacement is
upward by a distance ¢, the work that Mary has done on the backpack is W = Mg/.
Mary, on the other hand, points out that the weight she feels is just the same as it
would be if she were stationary on the sidewalk, in which case there would be no
displacement and therefore no work. Since she is burning no more calories than she
would if she were on the sidewalk, and since energy cannot be created from nothing,
there is no energy available for her to do work on the backpack. Who is right, and
why?

A skater on a frictionless ice rink is initially stationary. Holding onto a rope attached
to the wall, he gives a yank and starts himself moving toward the wall. Jean, a physics
student who is watching, tells her friend Joe that since the kinetic energy of the skater
has increased, work must have been done. It was the rope that applied the force, Jean
explains, so it was the rope that did the work on the skater. “Nonsense,“ Joe replied,
“ropes can’t do work! Ropes don’t have any source of energy, so the principle of energy
conservation implies that they can’t do work. Obviously it was the skater who did the
work.” “But the skater can’t possibly exert a net force on himself, “ retorted Jean, “so
he can’t have done the work.” Who is right here, and why?

See complete solution in the Study Guide.

Problem 2 (SG): Potential energy of a spring

4B.3

Suppose that a spring obeys Hooke’s law with spring constant k. Show that the
potential energy stored in it when it is compressed (or extended) by an amount z is
given by %k‘xQ, taking the potential energy of the unstretched spring to be zero.
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Answer:

The general formula for potential energy for a force in one dimension is

where Hooke’s law for an ideal spring implies that F,, = —kx. Therefore
* / / 1 2
U(x)=U(0) —I-/ kxz'dx’ = U(0) + 51{:;1? .
0

If we take the potential energy U(0) of the unstretched spring to be zero, we see that

the potential energy stored in the spring when it is stretched by a distance x is %k‘xQ.

Problem 3 (SG): STUDY: Energy considerations in lifting a box

4B.2 (S)  You lift a box of mass m from the floor and place it on a shelf a height h above floor
level.

(a) How much work have you done on the box? What is the total work done on the box?
What happens to the energy of the box? Do the details of the motion of the box
during the lift make a difference to your answers?

(b) At the instant when the box has reached height %h, is the work you have done on it so
far more or less than half of the total work you will do during the lift? Explain your
reasoning.

Answer:  See complete solution in the Study Guide.

Problem 4 (Y&F): Spring, block, and table top with friction
7.43: The initial and final kinetic energies are both zero, so the work done by the spring
is the negative of the work done by friction, or %kx2 = u,mgl, where [ is the distance the
block moves. Solving for u,,

1/ 2kx* _ (1/2)100 N/m)(0.20 m)>

- mgl - (0.50kg)(9.80 m/sz)(l.OO m) B

k

Problem 5 (SG): STUDY: Firing a spring gun into the air

4D.5 (S) A spring with spring constant k is used to power a spring gun which launches a ball
of mass m vertically upwards. If the spring is compressed by an amount x beyond its
equilibrium position to launch the ball, derive an expression for the maximum height
reached by the ball, measured from its position when the spring is compressed. If & is
200 N/m, m = 50 g, and the spring is initially compressed by 4 ¢cm, how high will the
ball go?
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Answer:  See complete solution in the Study Guide.

Problem 6 (Y&F): Inclined plane with a spring
7.74: a) From either energy or force considerations, the speed before the block hits the
spring is

V= \/ZgL(sin 0 -, cos )

= \/2(9.80 m/sz)(4.00 m)(sin 53.1° — (0.20) c0s 53.1°)

=7.30 m/s.
b) This does require energy considerations; the combined work done by gravity and
friction is mg(L +d)(sin @ — 4, cos @), and the potential energy of the spring is Lkd?,

where d is the maximum compression of the spring. This is a quadratic in d, which can be
written as

d’ k
2mg(sin @ — u, cos @)

-d-L=0.

The factor multiplying d” is 4.504 m™, and use of the quadratic formula gives
d =1.06 m. c¢) The easy thing to do here is to recognize that the presence of the spring

determines d, but at the end of the motion the spring has no potential energy, and the
distance below the starting point is determined solely by how much energy has been lost
to friction. If the block ends up a distance y below the starting point, then the block has
moved a distance L+d down the incline and L+ d — y up the incline. The magnitude of

the friction force is the same in both directions, 4, mg cos@, and so the work done by
friction is — 44 (2L + 2d — y)mg cos @ . This must be equal to the change in gravitational
potential energy, which is —mgy sin . Equating these and solving for y gives

‘2,ukcos€ —(L+d) 2u, .
sin@+ i, cos tan @ + 4,

y=(L+d)

Using the value of d found in part (b) and the given values for 4, and & gives
y=132m.

Problem 7 (SG): Potential energy of gravitation and electrostatics

4B.5 (H) Derive expressions for, and plot, the potential energy

(a) of a space probe of mass m as a function of distance from the Sun, which has mass M

(neglect the effect of the planets);
(b) of a positive charge ¢ as a function of distance from a positive charge Q;

(c) of a negative charge —q as a function of distance from a positive charge Q.

It is convenient to be able to draw the plots in a way that is independent of the specific
values of M, m, @, and ¢. To do this, introduce an arbitrary reference distance ry. In



Answer:
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case (a) the scale on your y-axis should be in terms of GMm/rq, while in cases (b) and
(c) the scale is in terms of Qq/(4megry). In all cases the horizontal axis can be taken as
r/ro, and Uy should be defined so that U is zero when the distance is infinitely large.
For simplicity you may treat this as a one-dimensional problem, considering motion
only along a line joining the two objects. (The correct answer to the one-dimensional
problem is also valid in three dimensions, but you are not asked to show this.)

Derivations:
p GMm GMm|" GMm
— / Fdr = / [ ] dr = — = — .
e} [e'e} r e} ’I"p
"p 1 1 " 1
- / Fdr= / [ @ ] ar= Q47 _ 1 Q1
oo o |4meg T dmeg T dmeg 1)
. o 1 Qq
Same as (b), but with opposite sign, so U(r,) = .
47T€0 Tp
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Energy Conservation and Circular Motion:

Problem 8 (SG): The pin and the pendulum

4D.4 (H)

Answer:

(a)

A simple pendulum consisting of a mass m attached to a string of length ¢ is
released from rest at an angle 6y. A pin

is located at a distance L below the pivot (a) (b)

point. When the pendulum swings down, o

the string hits the pin as shown. L% L L%
What is the maximum angle « that the 14 ¢

string makes with the vertical after hit- \
ting the pin?

If the bob had been released with an ini-
tial velocity vg as shown, what would be m
the maximum value of a? How would Vo
this be affected if vg were in the opposite

direction?

In this problem mechanical energy (i.e., kinetic energy plus potential energy) is con-
served. No work is done when the string hits the pin and partially wraps around it,
because the part of the string that experiences a force is the part that is in contact
with the pin, and is stationary. Work can be done on an object only if the object
moves.

Let us adopt a coordinate system with the y-axis vertical, and with y = 0 at the top
end of the string. We can also choose the gravitational potential energy at y = 0 to
be zero, so the potential energy of the pendulum bob is given by U = mgy. Since the
string is massless, the only energy of the pendulum is that of the bob. Since the bob
is initially at rest, its initial mechanical energy is solely its potential energy:

Einitial = U(0y) = —mgl cosby .

When the bob reaches its maximum height on the left side it will again be stationary,
so again the only mechanical energy will be potential:

Efna = Upin(amax) = _mg[L + (E — L) CcOoS amax] .

(Note that although Upin(umax) and U(6y) both represent the same physical quantity,
the potential energy of the bob, they do so under different circumstances. Upin(@max)
applies when the string hits the pin, and U () applies when it does not. They therefore
have different mathematical forms, so they are different mathematical functions. I have
chosen to distinguish them by using a subscript for one and no subscript for the other.
It would be bad notation to omit the subscript and call them U(amax) and U(6p),
because once U(fy) has been defined by U(fy) = —mglcosby, then the standard
conventions of mathematics imply that U(amax) should mean —mgl cosamax.) By
conservation of energy,

Efinal = Einitiat = {costy = L+ (£ — L) cos aupax ,
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SO

e — o1 lcosfy — L
max — E— L .

(b) If the bob has an initial speed vy, then its initial mechanical energy includes a kinetic
contribution:

1
Einitial = 5771@3 —mgf cosby .
The expression for Fg,a does not change form, so

1
Eeanal = Binitial = §mv§ —mglcosty = —mg[L + (£ — L) cos Omax] »

or

1 2
£cosly — §U—0 =L+ (£ — L) cos amax ,
g

SO

ECOSHO—L—;’—‘Q’

1 g
{—L

Olmax = COS

The initial mechanical energy does not depend on the direction of wvg, so

‘ max Will not depend on the direction of the initial velocity.

Problem 9 (SG): Sliding down an igloo

7.3 (H)

An Eskimo child is using her parents’ hemispherical igloo as a slide. She starts off
from rest at the top and slides down under the influence of gravity. The surface of the
igloo is effectively frictionless.

(a) What is her potential energy at point P (see diagram)?
Define the potential energy so that it is zero when the
child is on the ground.

(b) Draw a force diagram for her at point P.

(c) Does she remain in contact with the igloo all the way
to the ground? If not, at what angle 6 does she lose
contact?
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Answer:
(a) In general
U= Mgh,
where h is the height above the zero of potential, which in this case is the ground.
Since
h =rcosf ,
we have
U= Mgrcos# .
(b)
v A N
P
Mg
0 r
0] T

(c) She will remain in contact as long as the normal force is positive, but she will lose
contact if it ever falls to zero. To find the normal force, balance forces in the radial
direction. To know the radial acceleration, we must know v, which can be found by
energy conservation:

1
Mgrcos@—l—§Mv2:Mgr —  v? =2¢r(1 — cos¥b) .

The radial component of the F = Ma equation reads:
2
v
N —Mgcos =—-—M— |
r

SO
N = Mgcosf —2Mg(1 — cosf)

= Mg(3cosf —2) .
So N =0 when 3cosf — 2 = 0, at which point the child would lose contact. Finally,

2
Child loses contact at § = cos™* <§> .
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Energy Diagrams:

Problem 10 (Y&F): Equililibrium points in an energy diagram

7.38: a) Considering only forces in the x-direction, F, =—<Z  and so the force is zero

when the slope of the U vs x graph is zero, at points b and d. b) Point b is at a potential
minimum; to move it away from b would require an input of energy, so this point is
stable. ¢) Moving away from point d involves a decrease of potential energy, hence an
increase in kinetic energy, and the marble tends to move further away, and so d is an
unstable point.

More Advanced Energy Conservation Problems:

Problem 11 (Y&F): Nonconservative force acting on an electron

7.28: a) From (0, 0) to (0, L), x=0 and so F =0,, and the work is zero. From (0, L) to
(L,L), F and dl are perpendicular, so F -dl =0. and the net work along this path is
zero. b) From (0, 0) to (L, 0), F -dl =0. From (L, 0) to (L, L), the work is that found in
the example, W, = CL?, so the total work along the path is CL’. c) Along the diagonal
path, x =y, and so F-dl = Cydy; integrating from O to L gives % (Itisnota

coincidence that this is the average to the answers to parts (a) and (b).) d) The work
depends on path, and the field is not conservative.

Problem 12 (Y&F): Determining potential energy from observed motions
Answer:

(a) Starting with the trajectory equations,

T = g coswyl , Yy = Yo sinwgt ,
one finds
d?x 9 9
F,=ma;, =m @ —MwjTo COsSwot =| —mwjx ,
and
2
F, = = _dy__ Zyosinwot =| —mw?
y—may—mdt2— mwyYo Sinwot = mwyy -

(b) The general expression for the potential energy function, given the force, is

I,
U(Fp)EUO—ﬁ F-dr.

Iy
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Here Uy represents the potential energy at r(, which is an arbitrary reference point.
For this problem we are told to take U = 0 at x+ = 0 and y = 0, so we take this
point as rg, with Uy = 0. For a conservative force the integral in the above equation
is independent of the path, so we can take whatever path seems the simplest. I will
choose to integrate from (x,y) = (0,0) to (z,0) along a straight line, and then from
(z,0) to (x,y) along a straight line. This gives

x Y
Ule,y) = / Fy (', 0) do’ — / F (e, y) dy’

z v
= mwg/ o' dz’ + mw] / y' dy’
0 0

1
= §mw§ (2 +y?) .

(c¢) (i) The velocity is given in general by

_dzx woxg

Vp = — = —woxo Sinwypt = — ,
at 0Zo 0 o Yy
_dy _ WoYo
vy = FT wolYo COSwol = 2 T
For z = 2y, y = 0, we have
E 1 2 oy _ 1 21 _ 1 99
o= om (12 02) = 3m [0+ (wowo)?] = gmead
and ) )
U= §mw§ (2 +y?) = §mw§x3 :
So

1
Eiow =E,+U = §m‘*’g($3 + yg) .

(ii) For x = 0, y = yo, we have

1 1 1
Ey = 5m (v; +vy) == gm [(=wow0)* + 0] = Smuwfag ,
and 1 1
U= §mw§ (z®+y?) = 577%031/3 :
So again,
1
Fiot = §mw§(a¢3 +33) -

Since mechanical energy is converved for a conservative force, it is not surprising that
this is the same answer as for case (i).
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Problem 13 (SG): STUDY: Deriving mgh from the general formula for spheres

4B.4 (S) The gravitational potential energy of a mass m outside a spherical body of mass M
is given by U(r) = —GMm/r, where r is the distance of the mass m from the center
of the body M. Show that this expression can be reduced to the form U = mgh for a
mass m near the Earth’s surface.

Answer:  See complete solution in the Study Guide.

Other Applications of Energy Conservation:

Problem 14 (Y&F): Hydroelectric power
7.80: (a) Stored energy =mgh = (pV)gh = pA(l m)gh
= (1000 kg/m3)(3.0><106 m”)(1 m)(9.83)(150 m)
=4.4x10" J.

(b) 90% of the stored energy is converted to electrical energy, so

(0.90) (mgh) =1000 kW h
(0.90)pV gh=1000 kW h
Ve (1000 kW h) (=3
(0.90)(1000 kg/m*) (150 m) (9.8 m/s*)

=27x10° m’
Change in level of the lake:
AAh = Vwater
3 3
V20 M g 0x107 m
A 3.0x10° m

Solutions written by Alan Guth.



