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Applications of Kepler’s Laws:

Problem 1 (Y&F): Planet Vulcan

Problem 2 (Y&F): Determining the mass of the Sun from the orbit of Venus

Problem 3 (Y&F): The orbit of Helios B around the Sun
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More Sophisticated Orbit Problems:

Problem 4 (SG) STUDY: Kepler’s second law of planetary motion and the conservation
of angular momentum

9B.2 (S) One of the first achievements of the modern scientific method was Johannes Kepler’s
analysis of Tycho Brahe’s observations of planetary positions. Kepler deduced three
empirical laws governing planetary motion, from which Newton subsequently devel-
oped his law of universal gravitation.

Kepler’s second law states that “a line drawn from the Sun to any planet sweeps out
equal areas in equal times”. Show that this law implies that the angular momentum
of the planet due to its orbital motion is constant.

Answer: See the complete solution in the Study Guide.

Problem 5 (SG) STUDY: Comet orbits

9B.3 (S) Comets, in contrast to planets, follow very elongated elliptical orbits, so that their
distance from the Sun varies greatly over the course of the orbit. Suppose that a
short-period comet has an orbit whose closest approach to the Sun (or perihelion) is
5 × 1010 m, the furthest point (or aphelion) being 2 × 1012 m. What is its speed at
perihelion?

Answer: See the complete solution in the Study Guide.

Problem 6 (SG): Disposing of nuclear waste in the Sun

9B.4 (H) Suppose that we wished to dispose of nuclear waste by launching it into space and
‘firing it into the Sun’. One simple plan would be to start by putting the rocket into a
circular orbit about the Sun at the same radius (and hence the same orbital speed) as
the Earth. The rocket would then fire its engines in reverse for a short burst, slowing
the rocket just enough so that the resulting orbit would graze the surface of the Sun,
causing the rocket to be vaporized. By how much would the speed have to be changed?
For comparison, if the rocket fired its engines forward for a short burst, by how much
would the speed have to be changed for the rocket to leave the solar system altogether?
[The Earth’s orbit has a radius of 150 million kilometers and the Sun’s radius is about
700 thousand kilometers. The mass of the Sun is 2.0× 1030 kg, and the value of the
gravitational constant G is 6.67× 10−11 N ·m2/kg2.]

Challenge Problem:

The method of reaching the Sun described above is far from being the most fuel-
efficient. Find a flight plan by which the rocket could reach the Sun with a significantly
smaller change in speed required from the engines, and thus with significantly less fuel
consumption.
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Answer: This problem can be solved using en-
ergy and angular momentum conserva-
tion. Let us assume that the rocket first
orbits the Sun together with the Earth at
a radius R = 150× 106 km. It takes one
year to complete an orbit around the Sun,
i.e. the angular velocity is ω = 2π/year.
The corresponding linear velocity is v =
Rω. Now the rocket fires its engine in re-
verse and thereby decreases its linear ve-
locity to v′. After that it has an angular
momentum L about the Sun given by

L = Rmv′ ,

where m is the mass of the rocket.
The total energy of the rocket is the
sum of its kinetic and potential energies

E =
1
2
mv′2 − GMm

R
,

where M = 2 × 1030 kg is the mass of the Sun and G = 6.67× 10−11 N · m2/kg2 is
the gravitational constant. After firing its engines the rocket is now in an elliptical
orbit around the Sun. We want it to touch the Sun’s surface at the point of the ellipse
closest to the Sun. At that point the distance to the center of the Sun is given by
the Sun’s radius r = 700, 000 km. At that point the angular momentum of the rocket
takes the form

L = rmv′′ ,

where v′′ is the velocity of the rocket when it touches the Sun’s surface. The energy
of the rocket then takes the form

E =
1
2
mv′′2 − GMm

r
.

Angular momentum conservation thus implies

v′′ =
Rv′

r
,

and energy conservation implies

1
2
v′2 − GM

R
=

1
2
v′′2 − GM

r
=

R2

2r2
v′2 − GM

r
,

which leads to

v′ =

√
2GMr

R(R + r)
.
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Inserting the appropriate numerical values, the change in speed of the rocket is given
by

w = v′ − v = −27 km/s .

To leave the solar system, the total energy of the rocket needs to be changed to zero.
The required speed v′′′ is thus given by

1
2
mv′′′2 − GMm

R
= 0 =⇒ v′′′ =

√
2GM

R
.

The change in speed required to leave the solar system is thus given by

w′ = v′′′ − v = 12 km/s .

The above strategy to dispose of nuclear waste is much harder to realize than to
leave the solar system entirely (which is another way to get rid of the waste). However,
it is possible for the rocket to reach the Sun with less fuel consumption than used with
the method described above. The rocket can fire its engines forward and almost —
but not quite — catapult itself out of the solar system. At the farthest point from the
Sun — thanks to the large distance from the Sun — the rocket can change its angular
momentum by a large amount by changing its velocity just a little bit. A small burst
of the rocket can bring the angular momentum to zero, and then the rocket will fall
straight into the Sun.

Black Holes:

Problem 7 (Y&F): Black hole at the center of the Milky Way galaxy
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Problem 8 (Y&F): Tidal forces near a black hole
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Simple Harmonic Motion:

Problem 9 (Y&F): The simple harmonic motion of an oscillating toy

Problem 10 (SG) STUDY: Pendulum motion

2D.2 (S) (a) A pendulum consists of a 250 g bob suspended by a string of negligible mass. If I hold
the bob so that the string is taut and makes an angle θ with the vertical, and then
release it, what forces are acting at the moment of release?

(b) If I agree to displace the bob by no more than 5◦ from the vertical, find a differential
equation that describes (to a good approximation) the subsequent motion of the bob.
Show that this equation is satisfied if the motion of the bob takes the form

θ = A sin(ωt + φ)

where A and φ are arbitrary constants, and derive an expression for ω. Describe in
words the motion of the bob.

(c) I wish to use the pendulum to drive a clock. What length of string should I use to get
a period of 1.00 s, and how fast will the bob then move at the bottom of its sweep if
the maximum angle is ±2◦?
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Answer: See the complete solution in the Study Guide.

Problem 11 (SG): A mass between two springs

2D.3 (H) A small object of mass m is held by two springs with spring
constant k1 and k2 as shown. The mass rests on a smooth
surface so that the effects of friction are negligible. Left
undisturbed, the mass sits at position x = 0.

(a) If it is now displaced to position x = −A and released,
what forces are acting on it at the instant of release?

(b) Obtain a differential equation describing the motion of the
mass after its release, and use this to derive an expression
for its period of oscillation.

(c) If I turn the device on end, so that the springs hang vertical, what is the effect on the
position of the stable configuration and on the motion of the mass when displaced?
Assume the springs themselves have negligible mass.
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Problem 12 (SG) STUDY: Mass sliding in a spherical bowl

4E.2 (S) (a) The interior of an ornamental bowl forms a hemisphere of radius 10 cm. The surface is
smooth and highly polished. If I place a small object at a distance s from the bottom
of the bowl (where s is measured along the inner surface of the bowl, so that s varies
from 0 to πR/2, R = 10 cm), how fast will it be moving when it reaches the bottom
of the bowl?

(b) What is the form of the potential energy of the object if s is small? Deduce the force
acting on the object if it is displaced slightly from the bottom of the bowl and then
released, and describe the resulting motion.

Answer: See the complete solution in the Study Guide.
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More Complicated Oscillators:

Problem 14 (SG): A mass suspended on a spring

4E.5 (H) A 1 kg mass is suspended from a spring of spring con-
stant 120 N/m. The coordinate system is defined so
that y is directed vertically upwards and y = 0 when
the spring is at its natural length. The mass is first
positioned at y = 0, and then lowered gently until it is
hanging freely from the spring.

Where does the mass come to rest? What then is its
gravitational potential energy, and what is the poten-
tial energy stored in the spring, compared to their val-
ues when the mass is at y = 0? Explain why these two
quantities are not equal. What work was done (i) by
gravity, (ii) by the spring force, as the mass was low-
ered from y = 0 to its equilibrium position? If instead
of being lowered gently the mass had simply been re-
leased at y = 0 and allowed to fall under the combined
effects of gravity and the spring force, at what speed
would it be moving when it crosses the equilibrium
value of y, and what would be its subsequent motion (be quantitative as far as possi-
ble)?

Answer:

When the mass comes to rest there is no net force acting on
it, so

�Fspring + m�g = 0 .

By Hooke’s law, the y-component of this equation becomes:

Fy = −kyeq − mg = 0 ,

so

yeq = −mg

k

= −1 kg× 9.8 m/s2

120 N/m
= − 1 kg× 9.8 m/s2

120 (kg ·m/s2)/m
= −0.082 m = −8.2 cm.

The gravitational potential energy of the mass is given by

Ugrav(yeq) = Ugrav(0)−
∫ yeq

0

�Fgrav ·d�r = Ugrav(0)−
∫ yeq

0

(−mg)dy = Ugrav(0)+mgyeq .
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Therefore

Ugrav(yeq)− Ugrav(0) = mgyeq = 1 kg× 9.8 m/s2 × (−0.082 m) = −0.80 J.

For the potential energy stored in the spring,

Uspring(yeq) = Uspring(0)−
∫ yeq

0

�Fspring · d�r = Uspring(0)−
∫ yeq

0

(−ky) dy .

Therefore

Uspring(yeq)− Uspring(0) =
1
2
ky2

eq =
1
2
× 120 N/m× (−0.082 m)2 = 0.40 J .

The magnitudes of the two potential energies are not equal, because the spring force
decreases as |y| decreases, so in the region 0 ≤ |y| ≤ |yeq| the spring force is smaller in
magnitude than the gravitational force. As the mass is lowered, the magnitude of the
work done by the spring force is therefore less than that of gravity, so the magnitude of
the potential energy stored in the spring is less than that of gravity. However, since the
kinetic energy of the mass is zero both before and after it is lowered, the work-energy
theorem tells us that the total work done on the mass during the lowering process must
be zero. The extra contribution to the total work is provided by the person lowering
the mass “gently” to its equilibrium point. This person exerts an additional upward
force to prevent the mass from falling freely, so she does negative work as the mass is
lowered.

(i) The work done by gravity is equal to minus the change of gravitational potential energy.
So gravity does 0.80 J of work on the mass as it is lowered.

(ii) The work done by the spring as the mass is lowered is minus the change in the spring’s
potential energy, or -0.40 J.

If the mass were allowed to fall from rest starting at y = 0, then its speed at yeq can
be calculated by conservation of energy. If we take Ugrav(0) = Uspring(0) = 0, then the
initial potential energy is zero. Since the initial kinetic energy is also zero, the initial
total mechanical energy is zero. Thus, the total mechanical energy at y = yeq must
also be zero. So

0 = Ugrav(yeq) + Uspring(yeq) +
1
2
mv2

= −0.80 J + 0.40 J +
1
2
mv2 ,

and

v =
√
0.80 J/kg =

√
0.80(kg ·m2/s2)/kg = 0.89 m/s .

The subsequent motion can be found most clearly by defining a new variable, y′ =
y − yeq, so y′ = 0 at the equilibrium position. Then if the mass is displaced from
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y′ = 0 there is a net restoring force Fy(y′) = −ky′ in the y′ (or y) direction. Thus the
equation of motion for the mass m becomes

m
d2y′

dt2
= −ky′ ,

or
d2y′

dt2
= − k

m
y′ = −ω2y′ , with ω =

√
k

m
.

Therefore the subsequent motion of the mass will be simple harmonic motion with
amplitude 8.2 cm and

period =
2π
ω

= 2π

√
1 kg

120 N/m
= 2π

√
1 kg

120 (kg ·m/s2)/m
= 0.57 s .

Problem 15 (Y&F): A torsional pendulum

Problem 16 (Y&F): The relation between a simple pendulum and a physical pendu-
lum


