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Problem 1

We have an imaginary vector area da =dan =dax, asshown
in the sketch. The electric field E makes an angle & with
respect to the n =X direction, and the y axis is in the plane
formed by Eand n, as indicated.

a. If the second rank tensor T = ¢, {EE —ET Ez} , What are d
2 d

the X, y, and z components of vector T-A=T-X in terms of the

quantities given? You must derive your answers from the definition of T and T-A and show
the derivation, to get credit.

E=EcosdX+Esingy (T-A) =Tyn, =T,

(T-ﬁ ):TXX5(+TYX9 +T,2=¢, (EXEX —%E2j$(+goExEy9

T-A =goE2(C0829—%)§(+80E28in 0cos 6y

:%gOE2 (cos20%+sin209)

b. One side of a capacitor plate is shown in the figure,

N
along with an imaginary pill-box enclosing the plate, with Capa( or y
the right end of the pill box extending into the space T

between the capacitor plates. The electric field strength Wa

between the plates is E with the orientation shown. What A
is the value of qS'T'-ﬁ da integrated over the pillbox. The da ' X
area of the top and bottom of the pillbox is da. The . P|”bOX

electric field is zero in the region to the left of the
capacitor wall shown. Justify your answer.

From the above, we see that the only contribution to the integral c.f)'T' -nda is from the right face

(the integral over the sides of the cylinder sum to zero when we do the complete integral). The
integral over the right face represents a “pull”, and we have

qﬁ?-ﬁda:%goEzdaR
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c. One side of a solenoid is shown in the figure, N\

along with an imaginary pill-box enclosing the

solenoid wall, with the right end of the pill box SOIGr d y

extending into the space interior to the solenoid. Wa

The magnetic field strength in the interior of the

solenoid is B, with the orientation shown. What N\
is the value of S[)‘T’-ﬁ da integrated over the d a . X
pillbox? The area of the top and bottom of the e

pillbox is da. The magnetic field is zero in the P | | | bOX

region to the left of the solenoid wall shown.
Justify your answer.

From the above, we see that the only contribution
to the integral cﬁT'-ﬁ da is from the right face (the integral over the sides of the cylinder sum to

zero when we do the complete integral). The integral over the right face represents a “push”,
and we have

Problem 2:

A metal sphere of radius R whose center is at the origin is being
charged by a constant current | carried by a wire extending from FAN
the surface of the sphere vertically upwards to infinity along the Z
z-axis (see sketch). The current in the wire is flowing downward

in the —z direction, and the current density J_.  is given by ] l

wire

Jure =—1,6(X)6(y)2 for z=R

wire o}

We have dQ/dt=1, > Q(t)=1.t. R Q(t)

Once the charge carried by the wire arrives at the surface of the \
sphere, we assume that it spreads out uniformly over the surface

of the sphere, carried by currents on the sphere which are always

perpendicular to the radial direction.

We also assume that the electric field for this situation is just the
quasi-static field, that is, we assume that

Q)
E(r,t)) =4 dng,I?
0 r<R

r>R
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. . . . 1 .
a. What is the total electric energy stored at time t, e.g. what is I —¢,E* d°x, in terms of the

all space

quantities given?

J' %(%Ez d3X=J.dQTI’2dr%£o {mj =47errlg Q*(t) Q%(t)

47z, 17 2" (47, r*  875,R

all space

b. What is the rate at which electromagnetic energy is being created over all space, that is, what
is [ —J-Ed*?

all space

We only need to do the integral along the wire from R to infinity. There are currents flowing on
the sphere but by assumption on the sphere the currents are perpendicular to the electric field,
and therefore J-Eis zero there. Thus

[ —3-Edx=+ [ 1,6(x)8(y)

all space all space

Q(t)2 cosdd*x = 1, T Q)

R

PRCIOR10
Ame v Are, 2 4re, R dt

c. We want to find the magnetic field just outside the wire on a small circle of radius at a
distance z > R up the z-axis. Find this magnetic field by using the integral form of the Ampere-
Maxwell equation applied to the Amperean loop with radius & shown in the figure. Why can we
neglect the displacement term oc dE / dt when we find the expression for the magnetic field, if
we assume that ¢ is arbitrarily small, but not zero? Show your work.

d .
[ BdI=g, g + &0 — [ E-fida

bounding open
contour surface

d I
27eB, = u, {—IO +&,— Engz} and we can make the second term arbitrarily small, so
dt

| . )
B¢ = —% where we have taken into account that the current is downwards
e

d. Find the total energy flow though the surface of an

imaginary cylinder of radius & extending from the I m ag | n a ry

surface of the sphere up to infinity on the z-axis (see
sketch), where ¢ is arbitrarily small but not zero. Cyl | N d e r-

- Q(t)
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The energy flow is outwards and

[ (22) oot 2 o, 20,000 600

U, v Cdme7’ 4me,Rdt

surface

d. How do you interpret your answers from a), b) and d) in terms of the creation, flow, and
storage of electric energy? You can ignore any energy stored in the magnetic field in this
interpretation. Why are you justified in ignoring that magnetic energy? Explain.

From b), we see that the external agent causing the current to flow is creating electromagnetic
Q(t) do(t)
4rg, R dt

flowing out through the surface of our imaginary cylinder at the same rate at which it is being
Q) do(t)
dre,R - dt

d Q°(t) _ Q(t) dQ(t)

dt 8z¢,R 472'6‘ R dt

We can ignore the magnetic energy density because

energy along the z-axis at the rate . From c) we see this electromagnetic energy

created, . From a) we see that the total electric energy in space is increasing at the

rate of —

, which equals the creation rate and the flow rate.

| . . .
B, = % even if we include the displacement current, and
T

CB¢/E c:'UOO/ Q zrid—QzL<<l
271 dre,r? cQ dt cT

Problem 3:

A charged capacitor consists of identical A
circular plates of area A separated by a

distance d (see sketch). The plates L A
initially carry charges +Q, . \

a. Assuming that the electric field is d
uniform between the plates of the

capacitor and zero outside of the plates

(that is, ignore fringing fields), show that

the capacitance of this capacitor is given

by C=¢,Ald.

Gauss’s Law applied to a Gaussian

pillbox similar to the one shown in the figure in Problem 1b gives us the electric field inside the

Q Lg-Q

capacitor, dak = da —>E= . The potential difference between the plates is just

(0] 0

av]=

0

b
IE-dT‘=Ed =@—>C=50A/d
) As
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b. We have a cylinder of resistive material, resistivity o, - The cylinder has area A and
height d. The resistance R of this cylinder when inserted between the plates of the capacitor
above is R =d pqqviy / A We insert this resistive

material between the plates of the capacitor and it A
begins to discharge. Show that the charge on the
plates will subsequently decay in time according to

Q = Qoe_t/RC = Qoe_t/(gopresistivity) d
AV =IR = Rc(ij—? = —% —> Q(t) = Qoe—t/T where T =RC = gopresistivity

c. Consider the electrical dipole

Fa
radiation from this capacitor, assuming y
that the electric dipole moment vector is A
given by p=Qd Z. An observer P sits a g "_ D o=
distance D >>d ~ \/K from the - > X
capacitor on the x-axis, which goes ' P

through the middle of the capacitor (see

sketch). Sketch on the two graphs below

the time behavior of the x and the z components of the radiation electric field (and only the
radiation electric field). You do not need to label the vertical axis, just get the shape right. You
do need to label a time along the horizontal axis. Be careful of signs.

—t/T
b=Gd 2 :+—Q°iez 5
Qode—t/T ~ ~ ~
E (r t):+ 1 (pXﬁ)Xﬁ:-l- 1 (?ZXX)XX:— 1 Qode_t/Ti
et rc’ 4re, rc? 4 &, rc? 4z ,T°

So the time profile on the z-axis looks like an upside down dying exponential with an e-folding

time of T = &, o,y » @Nd there is no component of the radiation field on the x-axis.
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D/e : D/e ’

d. Compute the total energy radiated away into all solid angles in electric dipole radiation as the
capacitor discharges. Find the ratio of this radiated energy to the energy originally stored in the
capacitor before it began discharging (your ratio should be dimensionless). What condition do
you have to put on d and A for the energy radiated away to be very small compared to the
original electrostatic energy stored?

d\Neldip _ 1 g|p| ]i 2 Qod2 Nl dt_ 1 T 2 Qodz
dt  4rzg, 3 C° Warap = Vare 3¢ T* Are, 23 T
Worap 1 Zd[ j_lgdA
1Q/ 4re, 3¢ T3\ d 4z 3(cT)’

So to guarantee that the radiated energy is small compared to the stored energy, we need

12 dA

47 3 (cT)3

< 1, which is basically the electric dipole approximation.



