Physics 8.07 Final 2010

Solutions 8.07 Final Exam December 14, 2010

Problem 1: Faraday’s Law
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A rectangular loop lies in the xy plane and is made out of wire with zero resistance. The loop has

mass m, inductance L, width W, and length I. It oscillates back and forth with frequency @ in the
x-direction in an external magnetic field that is out of the page for x < 0 with magnitude B,, and
zero for x > 0. The position x(t) of the center of the loop at time t is given by

X(t) = X, sin(awt) X <— (1.1)

(see figure). Thus some part of the loop is always threaded by the external magnetic field. The
velocity of the loop is V (t) = dx(t) /dt The current in the loop is I(t). Att =0, the currentin the
loop is zero and the center of the loop is at x = 0.
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(a) State two conservations laws for this system. Name them and give a quantitative expression
for each in terms of 1(t), x(t),V (t) and the parameters given above. Evaluate the two constants

of the motion associated with these conservation laws at t = 0 in terms of o, x,,W, 1, B, and m.

(Hint: if you have trouble formulating the conservation laws, you can derive them from
Faraday’s Law and F = Ma, but you do not have to do that if you do not need to, it is enough to
simply state what is conserved).

Conservation of magnetic flux, assuming | is positive counterclockwise:
LI(t) + BW FI _ x(t)} “lewi
2 2
Conservation of energy
1

Lamve+ 107 —constant= 1w [,
2 2 2

(b) Use your results in (a) to deduce the frequency @ of the oscillations in terms of the
parameters given above, i.e. m, L, W, I, and B, (your answer might not contain all of these
parameters).

. . : : BW
Solving the equation for conservation of flux gives I (t) = BW x(t)

Inserting this into conservation of energy gives

. 2
im[a)x0 cos(et)] s L{—BC’W % sm(a)t)} = 1m[a)xo]2
2 2 L 2

For this equation to be true we must have

2
Lm[ox ] =S 1| 2%
2 2 L
or w= 5
<mL

Another way to do this is as follows. If the student does it this way and works backwards to get
conservation of energy and flux, | would give him or her full credit.
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Using Faraday's Law and Ohm's Law, we can write
dl d

IR=-L—-— [ B 0A, andsinceR = 0,
dt dt area loop
- Ld—l—i BW 1I —-X(t) |= —Ld—|+ BWV (t) =0, so
dt dt 2 dt
V(t) = _L d
B,W dt
If we look at the equation of motion of the loop it is
m(jj—\: =-B,WI so we have a differential equation for | which is
2
mid—2|+ B,WI =0 and therefore o= BW
BW dt vmL

Problem 2: Amending Maxwell’s Equations to Include Magnetic Monopoles

We want to amend Maxwell’s Equations to account for the possible existence of magnetic

t
monopoles. Let the mass of a magnetic monople be m_, its 4 vector position be X*(t) = [ij,

its ordinary velocity be u(t) = d f;t(t) , and its 4 vector velocity be »* = di X#“(7) . We have for
T
d o
an electric monopole that md—ﬂﬂ =qF*n,, so we guess that for a magnetic monopole we
T

should have

d 1

m, —n" =—0q,G"n,_ 1.2
dr g c q T (1.2

where we have chosen the factor of — to give us in the non-relativistic limit m_a=q,B for the
c

space component of Eq. (2.1).

(@) Whatis Eg. (2.1) in ordinary coordinate form, that is in terms of the ordinary position and
velocity of the monopole, with any time derivatives in terms of coordinate time t. Give both the
time and space components of your 4 vector Eq. (2.1) in terms of these quantities. Your final
equations should be relativistically correct, even though written in in terms of the ordinary
position and velocity of the monopole and differentials with respect to coordinate time t.
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d 1 d 7.C
m —p“==q G* A XH — u
ngp ! =W e and 77 == (7) [yuu(t)j
0 B, B, B, -7,C
d( 7c ) 1 |-B 0 -EJ/c Elc || yult)
"drlpu®)) c " -B, Ef 0 -Ef | pu,
-B, -E/c E/lc 0 7,u, (t)
y,u-Blc
7| B -—(u,EuE,)|
L C _ y,u-Blc
d | 7c - .
m, — = Unm 1 =0, 1
dz‘(;/uu(t)j 74 By_c_z(qux_usz) }/U—Z[B—UXE]
i i C
B L E E
I z_C_z(ux y —Uy x)

So our equations for the magnetic monopole are

_ d( 7c . y,u-Blc
m7u dt m

y.u(t) yuCiZ[B—uXE]
Or
%mmcz =q,u-B
m, %yuu(t) =0, |:B—Ci2u>< E}

(b) Let the density of magnetic monopole charge per unit volume be p,, and the current
density be J_,. What is the manifestly co-variant equation that tells us how to amend the two

“sourceless” Maxwell’s equations, which now have source terms in them, assuming that one of
these equations is V-B =y, p,,. Write the space part of your final four vector equation in the

form VXE = —%-F?, where you are to identify the ? term.
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We defined the four vector electric current to be J# = (cp, J) and with this definition the
terms in Maxwell’s equations with electric sources were given in manifestly co-variant form by
J,F*" =—p,J". This leads us to define the four vector magnetic current to be J; = (cp,,J,)
and to suggest the following form for the four vector equation we seek

yv__& v
a,G" = CJm (1.3)

where we have chosen the constant multiplying the four current density in (2.2) so that the time
component reducesto V-B = y,p,, . If we look at this equation in full, we have

0 B B B
-B 0 -E./lc E./c
gLl 0 0 2,8
“ cdt dx 2y dz'|-B, E,c 0 -El
-B —-E/c E,lc 0

z y X
-V-B
v /uo Cpm (14)
5 G" = __H -
722 o) (]
cl\ Jt

This gives us the desired equation V-B = x,p, for the time component and for the space
component we have

128 uxEe ——toy o VXE=—@—,UOJm (1.5)
c| ot C ot

(c) Before we introduced magnetic monopoles we found that we could write our conservation of
energy equation as

2
L L PRV L) S (1.6)
al2™" 2, 4

ExB

Ho
class notes has a sign mistake.

By considering V-[ J , derive the new form for this equation. Note that Eq. (4.4.1) of your
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v(EXB]=i(BVXE—EVXB)zi[B(_a_B_IUOJ j—E~(IL{0J+ﬂ0806_EjJ
luo luO ﬂo at at

(1.7)
___L BB &0EE ;. ;4
2u, ot 2 ot
So
2
Ly L P L) O (1.8)
al2™ T2 o

Problem 3: The field of a uniformly magnetized material

Suppose we have a sphere or radius R which has a uniform permanent magnetization M.
We are going to guess that the magnetic field due to this magnetization M is of the form

&choséif

A7 re

msin g ~ (1.9)

+& 0 r>R

4z 1’
B,Z r<R

Find the value of B, and m in terms of R and M and fundamental constants. You must justify
your answer to get credit, not simply state the results.

The magnetization current is given by

Knag =MxN=M2Zxr=Msind¢

(1.10)

To determine the constants we have at the poles that the normal component of B is continuous,
which is the radial part, so we have

2m
B, =Z‘—;? (1.11)

At the equator, we have the tangential component of B jumping by the surface current, so
iRﬂ+ B, = u.M (1.12)

Solving these equations gives
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3
Bo=guo|\/| mo=4ﬂR M
3 3
(1.13)

Problem 4: Transmission and reflection at a dielectric/vacuum interface

£, U, & MU,

x=0

A electromagnetic plane wave propagating from the left is incident on a dielectric with dielectric
constant K,. The incident electric field is polarized in the y direction The dielectric occupies

all space for x > 0. For x < 0 we have vacuum. Our electric and magnetic fields are given by

YOE, cosw(t —ijﬂ?éE, cosw[t+£j
c

C
E(x,t)= o (2.1)
YOE, cosa)(t — 2 J
c
A X\ s X
208, cosw(t——j—zéBr cosw(t+—] x<0
C C
B(x,t)= (2.2)
A Xy K
z§Btcosa)[t— e] x>0
C

(a) Using the boundary conditions on the electromagnetic fields at x = 0 and the relations
between SE; and 0B, oE, and 6B, and SE, and 6B, find the ratio of SE, / SE; and

oE, I 6E, interms of K,. Verify that your answers have the right behavior when K, —1 and
K, > .

We have that 6B, = SE, /¢, 6B, =JE, /c, and 6B, =/K,5E, /c. Thus we have
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C

E(xt)= (2.3)
YOE, cos a)[t - X\/K—e]

YSE, cosw(t —ijﬂ?&E, COSa)(t+i)
c

c

2(SE, /c)cosw(t—gj—i(ﬁEr /c)cosw(t+§j x<0
B(x.t)=

(2.4)
2(\/K_E§Et/c)cosa{t—x\/K—eJ x>0

C

We must have tangential E and tangential B continuous, giving

OE, +JE, = SE, SE, - SE, = /K, SE, (2.5)
These equations lead to
OE, 2 SE, 1-JK, 2.6)

SE, 14K, SE, 1+ K,

When K, —1 there is no reflected wave, and the transmitted wave has the same amplitude as
the incident wave. When K, — oo there is no transmitted wave and the amplitude of the

reflected wave is the same as that of the incident wave and they are 180 degrees out of phase,
given a zero electric field at x = 0 for any time. Both of these are the behaviors we expect.

(b) Show that rate at which energy is carried into the interface by the incident wave is equal to
the sum of the rates at which energy is carried away from the interface by the reflected and
transmitted wave.

We want to show that

SE,6B, = 6E,0B, +SE, 5B, (2.7)
But this is
OE? OFE?
SE? = /K SE*+SE*> or 1=./K R 2.8
i e 't r © §Ei2 é‘EiZ ( )

We have using our relations above that
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SE?  SE® 2 T [y ] 12K 4K,
K&Ez 5E2_\/K79[1+\/79] th\/i} (1+\/7) @)

as we were to show.
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