Physics 8.07 Practice Exam First Midterm Fall 2011
DETACH THESE SHEETS & USE AT YOUR CONVENIENCE
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Problem 1

The general solution for the potentials given the sources everywhere in space and time is
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Suppose we are far away from a localized distribution of charge and current that is varying
slowly in time.

/c

d°x" t, =t—|r—r

ret

a. From the equations above, with suitable approximations, derive the radiation part of the
magnetic field associated with the electric dipole moment p(t).
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Using the vector identity given on the equation sheet, we have that
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where we have used conservation of charge from the equation sheet and the definition of the
electric dipole moment from the equation sheet, on the second line of the equation above.

To find the magnetic field we must take the curl of A. Since we are only interested in the
radiation (1/r) terms, we have
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b. Given your answer in (a), which must be transverse to the radial direction n=—=r, what is
r

the associated radiation electric field?
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The wave is propagating radial outward so the magnetic field must be perpendicular to that
direction and the radiation electric field must both be perpendicular to the radial direction and to
the radiation magnetic field. A little thought shows us that we must have

4‘7‘;r(pxﬁ)xﬁ

Eradiation = CBradiation xn=

c. What is the rate at which energy is flowing outward per unit area in the radial direction?
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Problem 2

A capacitor with capacitance C is in a circuit with an inductor with inductance L. There is no
resistance as we normally think of it in this circuit. The capacitor has maximum energy and
charge Qg at t = 0, and the energy then sloshes back and forth between the inductor and

capacitor at a frequency w =1/+/LC . We assume that the dimensions of this circuit are such
that the speed of light transit time across the circuit is much shorter than 2 z/@w. The distance

between the plates of the capacitor is d, and the area of the plates is Ac, so that C = 80? . Take

the electric dipole moment of the capacitor to be the charge times the distance between the
plates. The inductance is a solenoid, with N turns, cross-sectional area A, and length h, so

N2A
that L = £e— "1

. Assume that the dipole moment of the capacitor is Qd.

(a) What is the time-averaged rate at which this system radiates electric dipole radiation, in
terms of d, o, ¢, &, and Qg?
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(b) Take the total energy radiated in one period of the oscillation (your answer in (a) times £z
w

o

and divide it by the average energy in the capacitor, 2c Show this ratio is small if the speed of

light transit time across the capacitor is small.
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capacitor is small compared to T

(c) The current I(t) in this circuit is given by 1(t) = %Q(t) , SO that it is clear that the time-

2 2
averaged value of 12 is (I2> = % . Use this relation to write your answer in (a) for the

energy radiated as (I2>R,adiaﬁon, where Rradiation IS the "radiation resistance", and has units of
ohms. Give an expression for Rradiation in terms of d, w, ¢, and &
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(d) Using @ = % , and the equations for L and C given above, to show that the radiation

resistance you have from (b) can be written in the form cy, times a dimensionless expression
which involves the geometry of the capacitor and inductor, and N. The constant cu, has
dimensions of ohms (cu, = 377 ohms), and is sometimes called the radiation resistance of free

space. This "radiation resistance” has the same effect as a true resistance--the energy in the
circuit slowly decreases as it is irreversibly lost to the system through radiation.
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