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Grading Summary for Z2nd midterm

Mumber of Scares: &3
Auverage! &5, 70
Standard Deviation: 14,102605153427547

Problem 1: Moving Magnetic Dipoles

A classical point magnetic dipole moment m =my at rest has a vector potential A given by

A:&mxr:,uomyxr
4r r® dr r®

Suppose that this magnetic dipole m =my moves with velocity v = VX, and assume V< C.

(a) Show using the transformation properties of the four vector potential A“ that in a frame
where this magnetic dipole moves with velocity v =Vx, with vV < ¢, it has an associated
electric dipole moment p. Give the magnitude and direction of that p. [Hint: You may want to
look at the first formula given in Problem 4 below].

We know the potential in the barred frame so to get back to the laboratory frame we use

¢lc y B 0 0)\glc
A || v 00| A
Ao o 1o|A
AJlo o o 1)l A
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We are only interested in the scalar potential in the lab frame, and that is given by

M VZ  u mvz

%=]/,3R or ¢zVR:V|:'u°my_x3F} ~

dr T Axt? Axt?®
XeX—-vt y=y 7=z twt
14, MVZ 1 [£o1,mVZ]
p= 2, T2 ~ 4 2, L2
471[(x—vt) +y 41 } &, [(x—vt) +y2+1 }
_pmv
This is the scalar potential due to a moving electric dipole with c?

(b) Model the magnetic dipole m = my above as a current “square” lying in the xz plane, with
sides a, as shown in the sketch. In its rest frame, the square has a current I flowing around the

square, and no net charge. show using the transformation properties of the four vector J*
that in a frame where this magnetic dipole moves

with velocity v = VX, with V< ¢, it has an \[ |

associated electric dipole moment p. Give the 4

magnitude and direction of that p.

We know the current and the charge density in the
moving frame, so to be back to the lab frame we

use N P AN

) y B8 0 0)\(ca y £
| |7 » 0 0T, ;
Il |0 0 1 ofT

y

I,) Lo 0o o 1T,

yA

The current must be moving counterclockwise as viewed from above (on the y-axis) to give a
magnetic moment in the +y direction, so we see from the above transformation, that the further
side of the loop charges up negative with a charge per unit length given by

A~—pl/c=-vl/c?, foratotal charge of 1a~—lav/c’®. see sketch. Similarly the near side
of the square will charge up positive to 1a ~ +lav/c?. We will therefore have an electric

dipole with electric dipole moment p =~ ga = la*v/c® =mv/c?, in the positive z direction, just
as above.in part ().

<

Problem 2: Relativistic Particle Motion

A particle of mass m and charge q is at rest at the origin at time t= z =0 in a constant electric
field E = Ex. Atsome time later its velocity is u=ux and its gamma s y, =1/~+1-u®/c*.
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(a) Find and solve a second order differential equation for y, (r) (i.e. an equation involving

d?y, (7). . o . -
g”g )) given these initial conditions. Neglect any radiation losses.
T
From the equation sheet for B = 0, we have

d
m—y,C=Qy,—
dr C

d
m—yuu(t) = qqu
dr
So in this case we have

im;/uc2 =qy,Eu
dr

d
s ru(t)=qy,E
T

d? d
— my,c’ =qE—yu 42 £V
ddz' dr :_Zmyucz :(Q_j mj/uCZ

E d
SR == ’
T m

The solution to the differential equation is y, = Asinh Q.7 + BcoshQ_z where Q. =qE/mc.

We can determine A and B from the initial conditions, and in particular we have
7, =1latt= 7=0, since the speed is zero then,

diy" oc Eu=0att= r=0, since the speed is zero then, so y, =cosh Q.7
T

(b) What is the relation between coordinate time t and proper time z for this charge ? [Hint:
dt=y,dzr]. Show that your relationship between t and z reduces to the one you expect for

“small” times. How do you define “small” time?

sinh Q . .
dt=y,dr=coshQ.rdr =t= 2222’ \vhere we have chosen the constant of integration so

E
thatt=0at r =0. Small times are times for which Q_t=Q_7 <<1. For small times in this

sense we have
_sinhQr Qo7 +..

~7 asWe expect
QE QE

t
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Problem 3: Electric field of a charge moving at constant speed

The electric field for a change in arbitrary motion is given by

E(rt)=| n—p .| _a 18x{G-B)xp]
’ 4re, y?(-n-B°R* | |47me, ¢ (1-n-B)°R

t, =t—|r—X(t,)|/c

ret

(a) Show that for a charge moving at constant velocity, the electric field the observer sees at
time t points to the present position of the charge (that is the position of the charge at the
observer’s time t), and not to its position at the retarded time.

We know that t;, =t—|r-X(t,)|/c, which is the same as c(t-t, ) =|r—-X(t)|. Letus
assume that the charge is moving at constant velocity V=Vx, and thus X(t")=Vt'x, where we
have assumed that the charge is at the origin at t” = 0. If we look at the diagram, we see
geometrically and algebraically that

X(tr) —r = X(t/,) — X(t) + X(t) —r =(X(t) - r)+V (t/, —1)X

ret

Observer atr

- <
Charge at  V(t,z-t) X Charge at
retarded time present time

Or X(t) -r= (X(t;et) —I’) -V (t;et _t)§ = _ﬁretarded |X(t|:et) —I'| -V (t;et _t)i

where we have used the fact that

Mo = (F = X(tr,))/|X(t,,) —r| from the source to the observer

~ \Y t;e -t) . '
X(t) —r= L_nretarded _ﬁ)‘} |X(tret) - I‘|
ret

thus

)=le-Xg| or L)1

But we know that c(t—t; .
|r=X(t,)| c

ret

So



Physics 8.07 7

, ) V. , ) \
(l‘ - X(t)) = |X(tret) - r|(nretarded _EX) = |X(tret) _r|(nretarded _Fj

Which is what we wanted to show, e.g. that the direction from the present position of the particle

. ~ A% &
to the observer (r — X(t)), is parallel to (nretarded ——j = (N yiarea —B)-
c

(b) Now assume that the particle is ultra-relativistic and accelerating, that is y > 1, where

y=1/\1- % =1/ 1—(v/c)2 . Sketch on the diagrams below the angular distribution of the

radiated energy for the two different orientations shown of the particle’s acceleration a with
respect to its velocity v.

£

(c) Derive an approximate expression for the angular width of the angular distribution of radiated
energy for this ultra-relativistic charge. [Hint: for small v, cosy ~1—y?/2+....]. Express
your answer in terms of y.

A~ A . 2
aw, o |ix[G-Bp) 1 L, 1
dQdt’ (4z) ce, 1-n-p)° V4 7 = f= 1——2z1—2—]/2+

1 1 1 1 1

~ ~

@-8-B° (1-pcosd) O T (1-peosd) (1 N 5
1

2y° 2

10
1 oc Y So the angular width of the peak is proportional to —
4

(1-Bcos 9)5 (1+ 720° )5
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Problem 4: Electrostatics
The potential due to a point dipole p = pz located at the origin in cylindrical coordinates is

__lpn_p z
bre, 1*  4ne, ( pz+zz)3’2
The electric field is given by E=-Vg¢ = —ﬁ%—i@.
op oz

Use the above information to solve the following problem. We have a semi-infinite conductor
which occupies all of the space below z = 0, and which is held at zero potential. In the space
above z = 0 we have only an electric dipole p = pz located a distance D up the z-axis, held

rigidly in place.
(a) What is the electric potential everywhere?

Potential is due to the dipole at z = D and an image dipole with the same direction as p
located a distance z = -D. The potential is zero for z <0 and

p=—" 2-D + 2+D forz>0

4re, (p2 +(z- D)2)3/2 (,o2 +(z+ D)Z)S/2

This satisfied our boundary condition at z = 0 (it is zero) and the right V¢ forz > 0. By
uniqueness it must be the correct solution.

(b) What is the electric field everywhere?

E=0 forz<0
~3pp (z-D) (z+D)
p4 2 5/2+ 2 5/2
& (p2+(z—D)) (p2+(z+D))
E- forz>0

p 2(Z—D)2—p2 2(Z+D)2—p2

+2 Inz, (pz (e~ D)Z)SIZ + (pz s D)z )5/2

(c) What is the induced surface charge density o on the conductor at z = 0?

E, -

n
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This is positive for p < J2Dand negative for p > V2D, integrates to zero net charge induced on
the plane at z = 0 (you were not asked to show this last statement).

(d) What is the total force exerted on the conducting plane? You need only give an
integral that represents that force. You do not need to evaluate that integral. The area
element in the z = 0 plane is pd pd ¢

The factor of 2 above was universally missed. One way to think about this is that the
electric field is going from non-zero just above to zero just below, so the average field is
E, .. /2. Another way to say this is you do not want include the self field due to the

surface charge density itself, which contributes half the electric field for z >0. A third
way of seeing this is looking at the stress tensor, which will give you a pull upward with

force per unitarea g,E>,, /2=0"/2¢,

z=0+

(d) How does the force you found in (d) depend on the distance D? You can answer this
question without explicitly evaluating the integral in (d).

Introduce the dimensionless variable 7= /D . Then
2
x| p (2D*-p%)

F:iTpdp — =z
0

2
p? D° (o | (2-7°)
£ | 27 (ﬂz+(D)2)5/2 47z, D J, e

(772 +1)5/2

The integral with respect to the dimensionless variable is just a number, with no dimensions, so
we see the force goes as inverse fourth power of D.

Note (you were not asked to show this): we will show in a little bit that the force of an electric
dipole in an eternal electric field with a gradient is given by p-VE. In this case the force on the

dipole forz> 0 is
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2

d ~ d 2(z+D . d 2
pd_EduetotheimagedipoleatzzD:Zpd_4p ( 2)5/2 :Zpd_4p { 3}

Z Z ang, ((z+D)) 2 4me, |(z+D) 2-D

z=D

d . P ] 6 ;3.0 1

—E . . _~N=—Z =—7—
de due to the image dipole at z =D p47[50 {(Z+D)4} . 847[6‘0 D4

And by action and reaction the force on the surface charge is up with this same magnitude. For
this to be true and the answer above to be true we much have

2—772
u =§ which is in fact the case.

(772 +1)5/2

[ i



