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PROBLEM 1: CIRCULAR ORBITS IN A SCHWARZSCHILD MET-
RIC (10 points plus 3 extra credit points)

The Schwarzschild metric, which describes the external gravitational field of
any spherically symmetric distribution of mass, is given by
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where M is the total mass of the object, 0 < 0 < 7, 0 < ¢ < 27, and ¢ =
27 is identified with ¢ = 0. We will be concerned only with motion outside the
Schwarzschild horizon Rg = 2GM/c?, so we can take r > Rg. (This restriction
allows us to avoid the complications of understanding the effects of the singularity
at r = Rg.) In this problem we will use the geodesic equation to calculate the
behavior of circular orbits in this metric. We will assume a perfectly circular orbit
in the z-y plane: the radial coordinate r is fixed, § = 90°, and ¢ = wt, for some
angular velocity w.

(a) Use the metric to find the proper time interval dr for a segment of the path
corresponding to a coordinate time interval dt. Note that dr represents the
time that would actually be measured by a clock moving with the orbiting
body. Your result should show that
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* This version updates the October 18 version of Problem Set 5. The due date
has been changed, and a new extra-credit part has been added to Problem 1. In
addition, Problem 1 has been improved by fixing the equation reference in part
(b), and the “Problem 1” reference in the note to part (c). There were also a few
notational changes, including the use of Rg rather than Rg., for the Schwarzschild
radius, and consistently writing the metric as an expression for ds?, and not —ds?2,
or dsdp. (ST had been used to indicate a spacetime interval rather than a spatial

interval, but it is not standard so I decided to drop it.)
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Note that for M = 0 this reduces to the special relativistic relation dr/dt =
v/1—v2/c?, but the extra term proportional to M describes an effect that is

new with general relativity— the gravitational field causes clocks to slow down,
just as motion does.

(b) Show that the geodesic equation of motion (Eq. (6.68)) for one of the coordi-
nates takes the form
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(c¢) Show that the above equation implies
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which in turn implies that
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Thus, the relation between r and w is exactly the same as in Newtonian me-
chanics. [Note, however, that this does not really mean that general relativity
has no effect. First, w has been defined by d¢/dt, where t is a time coordinate
which is not the same as the proper time T that would be measured by a clock
on the orbiting body. Second, r does not really have the same meaning as in
the Newtonian calculation, since it is not the measured distance from the cen-
ter of motion. Measured distances, you will recall, are calculated by integrating
the metric, as for example in Problem 1 of Problem Set 4. Since the angular
(d6? and d¢?) terms in the Schwarzschild metric are unaffected by the mass,
however, it can be seen that the circumference of the circle is equal to 27r, as
in the Newtonian calculation.]

(d) (For 3 points extra credit) Show that circular orbits around a black hole have
a minimum value of the radial coordinate r, which is larger than Rg. What is
it?

PROBLEM 2: GEODESICS IN A FLAT UNIVERSE (10 points)

According to general relativity, in the absence of any non-gravitational forces
a particle will travel along a spacetime geodesic. In this sense, gravity is reduced
to a distortion in spacetime.

Consider the case of a flat (i.e., k = 0) Robertson—Walker metric, which has
the simple form

ds® = —Pdt* + R*(t) [da?® + dy® + d2°]
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Since the spatial metric is flat, we have the option of writing it in terms of Cartesian
rather than polar coordinates. Now consider a particle which moves along the z-
axis. (Note that the galaxies are on the average at rest in this system, but one can
still discuss the trajectory of a particle which moves through the model universe.)

(a) Use the geodesic equation to show that the coordinate velocity computed with
respect to proper time (i.e., dz/d7) falls off as 1/R?(¢).

(b) Use the expression for the spacetime metric to relate dz/dt to dz/dr.

(¢) The physical velocity of the particle relative to the galaxies that it is passing
is given by
dx

dt
Show that the momentum of the particle, defined relativistically by

v = R(t)
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falls off as 1/R(t). (This implies, by the way, that if the particle were described
as a quantum mechanical wave with wavelength A = h/|p’|, then its wavelength
would stretch with the expansion of the universe, in the same way that the
wavelength of light is redshifted.)

PROBLEM 3: METRIC OF A STATIC GRAVITATIONAL FIELD (10
points)

In this problem we will consider the metric
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which describes a static gravitational field. Here ¢ runs from 1 to 3, with the
identifications 2! = z, 22 = y, and 2® = 2. The function ¢(Z) depends only on the

spatial variables & = (z', 22, 2%), and not on the time coordinate ¢.

(a) Suppose that a radio transmitter, located at Z., emits a series of evenly spaced
pulses. The pulses are separated by a proper time interval AT,, as measured
by a clock at the same location. What is the coordinate time interval At,
between the emission of the pulses? (Le., At. is the difference between the
time coordinate ¢ at the emission of one pulse and the time coordinate ¢ at the
emission of the next pulse.)

(b) The pulses are received by an observer at &, who measures the time of arrival
of each pulse. What is the coordinate time interval At, between the reception
of successive pulses?
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(c) The observer uses his own clocks to measure the proper time interval AT,
between the reception of successive pulses. Find this time interval, and also
the redshift z, defined by

AT,

AT,
First compute an exact expression for z, and then expand the answer to lowest

order in ¢(Z) to obtain a weak-field approximation. (This weak-field approxi-
mation is in fact highly accurate in all terrestrial and solar system applications.)
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(d) A freely falling particle travels on a spacetime geodesic z*(7), where 7 is the
proper time. (Le., 7 is the time that would be measured by a clock moving
with the particle.) The trajectory is described by the geodesic equation
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where the Greek indices (p, v, A, 0, etc.) run from 0 to 3, and are summed over
when repeated. Calculate an explicit expression for
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valid for ¢ = 1,2, or 3. (It is acceptable to leave quantities such as dt/dr or
dx'/dr in the answer.)

Total points for Problem Set 5: 30, plus up to 3 points extra credit.



