
M
A
SSA

C
H
U
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T
T
S
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IT

U
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E

O
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N
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G
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P
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D
epartm

ent
P
hysics

8.286:
T
he

E
arly

U
niverse

O
ctober

9,
2009

P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

4
R

ev
ised

V
ersion

*

D
U

E
D

A
T

E
:
T
uesday,

O
ctober

20,
2009

R
E
A

D
IN

G
A

S
S
IG

N
M

E
N

T
:Steven

W
einberg,

T
h
e

F
irst

T
h
ree

M
in

u
tes,C

hap-
ter

4.
B
arbara

R
yden,

In
tro

d
u
ctio

n
to

C
o
sm

o
lo

g
y,C

hapters
4
and

5.

P
R

O
B

L
E
M

1:
E
V

O
L
U

T
IO

N
O

F
A

C
L
O

S
E
D

,
M

A
T

T
E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E

(10
points)

It
w
as

show
n

in
L
ecture

N
otes

5
that

the
evolution

of
a

closed,
m
atter-

dom
inated

universe
can

be
described

by
introducing

the
tim

e
param

eter
θ,

som
e-

tim
es

called
the

developm
ent

angle,
w
ith

ct
=
α
(θ−

sin
θ)
,

a√k
=
α
(1−

cos
θ)
,

w
here

α
is

a
constant

w
ith

the
units

of
length.

(a)
U
se

these
expressions

to
find

H
,the

H
ubble

expansion
rate,as

a
function

of
α

and
θ.

(H
in

t:
Y

o
u

ca
n

u
se

th
e

fi
rst

o
f
th

e
eq

u
a
tio

n
s

a
b
ov

e
to

ca
lcu

la
te
d
θ
/
d
t.)

(b)
F
ind

ρ,the
m
ass

density,
as

a
function

of
α
and

θ.

(c)
F
ind

Ω
,
w
here

Ω
≡
ρ
/
ρ

c ,
as

a
function

of
α

and
θ.

T
he

relation
is

given
in

L
ecture

N
otes

5
as

E
q.

(5.34),
but

you
should

show
that

you
get

the
sam

e
answ

er
by

com
bining

your
answ

ers
from

parts
(a)

and
(b)

of
this

question.

(d)
A
lthough

the
evolution

of
a
closed,

m
atter-dom

inated
universe

seem
s
com

pli-
cated,it

is
nonetheless

possible
to

carry
out

the
integration

needed
to

com
pute

the
horizon

distance.
T
he

integral
becom

es
sim

ple
if
one

changes
the

variable
of

integration
so

that
one

integrates
over

θ
instead

of
integrating

over
t.

Show
that

the
physical

horizon
distance

�
p
,h

o
riz

o
n
for

the
closed,

m
atter-dom

inated
universe

is
given

by
�
p
,h

o
riz

o
n
=
α
θ(1−

cos
θ)
.

*
R
evised

10/14/09,
to

fix
errors

in
P
roblem

5.
Som

e
factors

of
a
w
ere

changed
to
R
.

8.286
P

R
O

B
L
E

M
S
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T
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F
A

L
L

2009
p
.
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P
R

O
B

L
E
M

2:
E
V

O
L
U

T
IO

N
O

F
A

N
O

P
E
N

,
M

A
T

T
E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E

(10
points)

T
he

follow
ing

problem
originated

on
Q

uiz
2

of
1992,

w
here

it
counted

30
points.

T
he

equations
describing

the
evolution

of
an

open,m
atter-dom

inated
universe

w
ere

given
in

L
ecture

N
otes

5
asct

=
α
(sinh

θ−
θ)

and
a√κ

=
α
(cosh

θ−
1)

,

w
here

α
is

a
constant

w
ith

units
of

length.
T
he

follow
ing

m
athem

atical
identities,

w
hich

you
should

know
,
m
ay

also
prove

useful
on

parts
(e)

and
(f):

sinh
θ
=
e
θ−

e −
θ

2
,

cosh
θ
=
e
θ
+
e −

θ

2

e
θ
=

1
+
θ1!
+
θ
2

2!
+
θ
3

3!
+
...

.

a)
F
ind

the
H
ubble

expansion
rate

H
as

a
function

of
α
and

θ.

b)
F
ind

the
m
ass

density
ρ
as

a
function

of
α
and

θ.

c)
F
ind

the
m
ass

density
param

eter
Ω

as
a
function

of
α
and

θ.
A
s
w
ith

part
(c)

of
the

previous
problem

,
the

answ
er

to
this

part
appears

in
L
ecture

N
otes

5.
H
ow

ever,
you

should
show

that
you

get
the

sam
e
answ

er
by

com
bining

your
answ

ers
to

parts
(a)

and
(b)

of
this

question.

d)
F
ind

the
physical

value
of

the
horizon

distance,
�
p
,h

o
riz

o
n ,

as
a
function

of
α

and
θ.

e)
For

very
sm

allvalues
of
t,it

is
possible

to
use

the
first

nonzero
term

ofa
pow

er-
series

expansion
to

express
θ
as

a
function

of
t,
and

then
a
as

a
function

of
t.

G
ive

the
expression

for
a(t)

in
this

approxim
ation.

T
he

approxim
ation

w
illbe

valid
for

t�
t ∗.

E
stim

ate
the

value
of
t ∗.

f)
E
ven

though
these

equations
describe

an
open

universe,
one

still
finds

that
Ω

approaches
one

for
very

early
tim

es.
For

t�
t ∗

(w
here

t ∗
is

defined
in

part
(e)),the

quantity
1−

Ω
behaves

as
a
pow

er
of
t.

F
ind

the
expression

for
1−

Ω
in

this
approxim

ation.
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B
L
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p
.
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P
R

O
B

L
E
M

3:
T

H
E

C
R

U
N

C
H

O
F

A
C

L
O

S
E
D

,
M

A
T

T
E
R

-
D

O
M

IN
A

T
E
D

U
N

IV
E
R

S
E

(10
points)

T
his

is
P
roblem

6.14
from

B
arbara

R
yden’s

In
tro

d
u
c
tio

n
to

C
o
sm

o
lo

g
y,

w
ith

som
e

paraphrasing
to

m
ake

it
consistent

w
ith

the
language

used
in

lecture.

C
onsider

a
closed

universe
containing

only
nonrelativistic

m
atter.

T
his

is
the

closed
universe

discussed
in

L
ecture

N
otes

5,and
it
is
also

the
“B

ig
C
runch”

m
odel

discussed
in

R
yden’s

section
6.1.

A
t
som

e
tim

e
during

the
contracting

phase
(i.e.,

w
hen

θ
>
π
),

an
astronom

er
nam

ed
E
lbbuh

N
iw

de
discovers

that
nearby

galaxies
have

blueshifts
(−

1≤
z
<

0)
proportional

to
their

distance.
H
e
then

m
easures

the
present

values
of

the
H
ubble

expansion
rate,

H
0 ,

and
the

m
ass

density
param

eter,
Ω

0 .
H
e
finds,

of
course,

that
H

0
<

0
(because

he
is

in
the

contracting
phase)

and
Ω

0
>

1
(because

the
universe

is
closed).

In
term

s
of
H

0
and

Ω
0 ,

how
long

a
tim

e
w
ill

elapse
betw

een
D
r.

N
iw

de’s
observation

at
t
=
t
0
and

the
final

B
ig

C
runch

at
t
=
t
C

ru
n
ch

=
2
π
α
/
c?

A
ssum

ing
that

D
r.

N
iw

de
is
able

to
observe

allob
jects

w
ithin

his
horizon,

w
hat

is
the

m
ost

blueshifted
(i.e.,

m
ost

negative)
value

of
z
that

D
r.

N
iw

de
is

able
to

see?
W

hat
is

the
lookback

tim
e
to

an
ob

ject
w
ith

this
blueshift?

(B
y
lookback

tim
e,one

m
eans

the
difference

betw
een

the
tim

e
ofobservation

t
0
and

the
tim

e
at

w
hich

the
light

w
as

em
itted.)

P
R

O
B

L
E
M

4:
A

C
IR

C
L
E

IN
A

N
O

N
-E

U
C

L
ID

E
A

N
G

E
O

M
E
T

R
Y

(5
points)

C
onsider

a
three-dim

ensional
space

described
by

the
follow

ing
m
etric:

d
s
2
=
R

2 {
d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+
sin

2
θ
d
φ

2 ) }
.

H
ere

R
and

k
are

constants,w
here

k
w
illalw

ays
have

one
ofthe

values
1,−

1,or
0.
θ

and
φ
are

angular
coordinates

w
ith

the
usualproperties:

0≤
θ≤

π
and

0≤
φ
≤

2
π
,

w
here

φ
=

2
π
and

φ
=

0
are

identified.
r
is

a
radial

coordinate,
w
hich

runs
from

0
to

1
if
k
=

1,
and

otherw
ise

from
0
to∞

.
(T

his
is

the
R
obertson-W

alker
m
etric

of
E
q.

(6.27)
of

L
ecture

N
otes

6,
evaluated

at
som

e
particular

tim
e
t,
w
ith

R
≡
a(t).

Y
ou

should
be

able
to

w
ork

this
problem

,how
ever,w

hether
or

not
you

have
gotten

that
far.

T
he

problem
requires

only
that

you
understand

w
hat

a
m
etric

m
eans.)
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M
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C
onsider

a
circle

described
by

the
equations

z
=

0

x
2
+
y
2
=
r
20
,

or
equivalently

by
the

angular
coordinates

r
=
r
0

θ
=
π
/2

.

(a)
F
ind

the
circum

ference
S
ofthis

circle.
H
int:

break
the

circle
into

infinitesim
al

segm
ents

of
angular

size
d
φ,

calculate
the

arc
length

of
such

a
segm

ent,
and

integrate.

(b)
F
ind

the
radius

ρ
of

this
circle.

N
ote

that
ρ
is

the
length

of
a
line

w
hich

runs
from

the
origin

to
the

circle
(r

=
r
0 ),

along
a
trajectory

of
θ
=
π
/2

and
φ
=

constant.
H
int:

B
reak

the
line

into
infinitesim

alsegm
ents

of
coordinate

length
d
r,calculate

the
length

of
such

a
segm

ent,
and

integrate.
C
onsider

the
case

of
open

and
closed

universes
separately,and

take
k
=

±
1.

(Ifyou
don’t

rem
em

ber
w
hy

w
e
can

take
k
=

±
1,

see
the

section
called

“U
nits”

in
L
ecture

N
otes

4,).
Y
ou

w
illw

ant
the

follow
ing

integrals:
∫

d
r

√
1−

r
2
=

sin −
1
r

and
∫

d
r

√
1
+
r
2
=

sinh −
1
r
.

(c)
E
xpress

the
circum

ference
S
in

term
s
ofthe

radius
ρ.

T
his

result
is
independent

of
the

coordinate
system

w
hich

w
as

used
for

the
calculation,

since
S

and
ρ

are
both

m
easurable

quantities.
Since

the
space

described
by

this
m
etric

is
hom

ogeneous
and

isotropic,the
answ

er
does

not
depend

on
w
here

the
circle

is
located

or
on

how
it
is
oriented.

For
the

tw
o
cases

ofopen
and

closed
universes,

state
w
hether

S
is
larger

or
sm

aller
than

the
value

it
w
ould

have
for

a
E
uclidean

circle
of

radius
ρ.
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P
R

O
B

L
E
M

5:
V

O
L
U

M
E

O
F

A
C

L
O

S
E
D

U
N

IV
E
R

S
E

(5
points)

C
alculate

the
total

volum
e
of

a
closed

universe,
as

described
by

the
m
etric

of
E
q.(6.14)

of
L
ecture

N
otes

6:

d
s
2
=
R

2 [d
ψ

2
+
sin

2
ψ (d

θ
2
+

sin
2
θ
d
φ

2 )]
.

B
reak

the
volum

e
up

into
sphericalshells

of
infinitesim

althickness,extending
from

ψ
to
ψ
+
d
ψ
:

B
y
com

paring
E
q.(6.14)

w
ith

(6.9),the
m
etric

for
the

surface
of

a
sphere,

one
can

see
that

as
long

as
ψ
is
held

fixed,the
m
etric

for
varying

θ
and

φ
is
the

sam
e
as

that
for

a
sphericalsurface

of
radius

R
sin

ψ
.
T
hus

the
area

of
the

sphericalsurface
is

4
π
R

2sin
2
ψ
.
T
o
find

the
volum

e,
m
ultiply

this
area

by
the

thickness
of

the
shell

(w
hich

you
can

read
off

from
the

m
etric),

and
then

integrate
over

the
full

range
of

ψ
,from

0
to
π
.

T
otal

p
oin

ts
for

P
rob

lem
S
et

4:
50.


