
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent
P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
25,

2009
P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

9

D
U

E
D

A
T

E
:
T
uesday,

D
ecem

ber
1,

2009

R
E
A

D
IN

G
A

S
S
IG

N
M

E
N

T
:“Inflation

and
the

N
ew

E
ra

ofH
igh-P

recision
C
os-

m
ology,”

by
A
lan

G
uth,

w
ritten

for
the

M
IT

P
hysics

D
epartm

ent
annual

new
sletter,

2002.
It

is
available

at
http://w

eb.m
it.edu/physics/alum

niandfriends/physicsjournal_fall_02_cosm
ology.pdf.

T
he

data
quoted

in
the

article
about

the
nonuniform

ities
of

the
cosm

ic
m
i-

crow
ave

background
radiation

has
since

been
superceded

by
m
uch

better
data,

but
the

conclusions
rem

ain
the

sam
e.

U
P

C
O

M
IN

G
Q

U
IZ

:
T
hursday,

D
ecem

ber
3,2009.

P
R

O
B

L
E
M

1:
M

A
S
S

D
E
N

S
IT

Y
O

F
V
A

C
U

U
M

F
L
U

C
T

U
A

T
IO

N
S

(10
points)

T
his

problem
w
as

P
roblem

3
on

P
roblem

Set
8,

but
w
as

held
over.

T
he

energy
density

of
vacuum

fluctuations
w
ill

be
discussed

qualitatively
in

lecture.
In

this
problem

w
e
w
illcalculate

in
detailthe

energy
density

associated
w
ith

quantum
fluctuations

of
the

electrom
agnetic

field.
T
o
keep

the
problem

finite,
w
e

w
illnot

consider
allofspace

at
once,but

instead
w
e
w
illconsider

the
electrom

agnetic
field

inside
a
cube

of
side

L
,
defined

by
coordinates

0≤
x≤

L
,

0≤
y≤

L
,

0≤
z≤

L
.

O
ur

goal,how
ever,

w
illbe

to
com

pute
the

energy
density

in
the

lim
it
as

the
size

of
the

box
is

taken
to

infinity.

(a)
T
he

electrom
agnetic

w
aves

inside
the

box
can

be
decom

posed
into

a
Fourier

sum
of

sinusoidalnorm
alm

odes.
Suppose

w
e
consider

only
m
odes

that
extend

up
to

a
m
axim

um
w
ave

num
ber

k
m

a
x ,or

equivalently
m
odes

that
extend

dow
n

to
a
m
inim

um
w
avelength

λ
m

in ,
w
here

k
m

a
x
=

2
π

λ
m

in
.

H
ow

m
any

such
m
odes

are
there?

I
do

not
expect

an
exact

answ
er,

but
your

approxim
ations

should
becom

e
arbitrarily

accurate
w
hen

λ
m

in
�

L
.
(T

hese
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m
ode

counting
techniques

are
probably

fam
iliar

to
m
any

of
you,

but
in

case
they

are
not

I
have

attached
an

extended
hint

after
part

(c).)

(b)
W

hen
the

electrom
agnetic

field
is
described

quantum
m
echanically,each

norm
al

m
ode

behaves
exactly

as
a
harm

onic
oscillator:

if
the

angular
frequency

of
the

m
ode

is
ω
,then

the
quantized

energy
levels

have
energies

given
by

E
n
= (n

+
12 )

h̄
ω
,

w
here

h̄
is

P
lanck’s

original
constant

divided
by

2π
,
and

n
is

an
integer.

T
he

integer
n
is

called
the

“occupation
num

ber,”
and

is
interpreted

as
the

num
ber

ofphotons
in

the
specified

m
ode.

T
he

m
inim

um
energy

is
not

zero,but
instead

is
12
h̄
ω
,w

hich
is
the

energy
ofthe

quantum
fluctuations

ofthe
electrom

agnetic
field.

A
ssum

ing
that

the
m
ode

sum
is

cut
off

at
λ

m
in

equal
to

the
P
lanck

length
(as

defined
in

the
L
ecture

N
otes),

w
hat

is
the

total
m
ass

density
of

these
quantum

fluctuations?

(c)
H
ow

does
the

m
ass

density
of

the
quantum

fluctuations
of

the
electrom

agnetic
field

com
pare

w
ith

the
critical

density
of

our
universe?

E
xtended

H
int:

T
he

electrom
agnetic

fields
inside

a
closed

box
can

be
expanded

as
the

sum
of

m
odes,

each
of

w
hich

has
a
sinusoidally

varying
tim

e
dependence,

but
the

precise
form

ofthese
m
odes

depends
on

the
nature

ofthe
boundary

conditions
on

the
w
alls

of
the

box.
P
hysically

reasonable
boundary

conditions,
such

as
total

reflection,
are

in
fact

diffi
cult

to
use

in
calculations.

H
ow

ever,
it

is
know

n
that

in
the

lim
it

of
an

infinite-sized
box,

the
nature

of
the

boundary
conditions

w
ill

not
m
ake

any
difference.

W
e
are

therefore
free

to
choose

the
sim

plest
boundary

conditions
that

w
e
can

im
agine,

and
for

this
purpose

w
e
w
ill

choose
periodic

boundary
conditions.

T
hat

is,
w
e
w
ill

assum
e
that

the
fields

and
their

norm
al

derivatives
on

each
w
all

are
fixed

to
precisely

m
atch

the
fields

and
their

norm
al

derivatives
on

the
opposite

w
all.T

o
begin,

w
e
consider

a
w
ave

in
one

dim
ension,

m
oving

at
the

speed
of

light.
Such

w
aves

are
m
ost

easily
described

in
term

s
of

com
plex

exponentials.
If

A
(x
,t)

represents
the

am
plitude

ofthe
w
ave,then

a
sinusoidalw

ave
m
oving

in
the

positive
x-direction

can
be

w
ritten

asA
(x
,t)

=
R
e [B

e
ik

(x−
c
t) ]

,

w
here

B
is

a
com

plex
constant

and
k
is

a
real

constant.
D
efining

ω
=

c|k|,
w
aves

in
either

direction
can

be
w
ritten

as

A
(x
,t)

=
R
e [B

e
i(k

x−
ω

t) ]
,
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w
here

the
sign

of
k
determ

ines
the

direction.
T
o
be

periodic
w
ith

period
L
,
the

param
eter

k
m
ust

satisfy
k
L
=

2
π
n
,

w
here

n
is

an
integer.

So
the

spacing
betw

een
m
odes

is
∆
k
=

2
π
/
L
.
T
he

density
of

m
odes

d
N
/
d
k
(i.e.,

the
num

ber
of

m
odes

per
interval

of
k)

is
then

one
divided

by
the

spacing,
or

1
/∆

k,
sod

Nd
k

=
L2
π

(one
dim

ension)
.

In
three

dim
ensions,

a
sinusoidal

w
ave

can
be

w
ritten

as

A
(�x
,t)

=
R
e [B

e
i( �k·�x−

ω
t) ]

,

w
here

ω
=

c| �k|,
andk

x
L
=

2
π
n

x
,

k
y L

=
2
π
n

y
,

k
z L

=
2
π
n

z
,

w
here

n
x ,

n
y ,

and
n

z
are

integers.
T
hus,

in
three-dim

ensional
�k-space

the
allow

ed
values

of
�k
lie

on
a
cubical

lattice,w
ith

spacing
2π

/
L
.
In

counting
the

m
odes,

one
should

also
rem

em
ber

that
for

photons
there

is
an

extra
factor

of
2
associated

w
ith

the
fact

that
electrom

agnetic
w
aves

have
tw

o
possible

polarizations
for

each
allow

ed
value

of
�k.

P
R

O
B

L
E
M

2:
T

H
E

D
E
U

T
E
R

IU
M

B
O

T
T

L
E
N

E
C

K
(10

points)

T
he

“deuterium
bottleneck”

plays
a
m
ajor

role
in

the
description

of
big

bang
nucleosynthesis:

all
of

the
nuclear

reactions
involved

in
nucleosynthesis

depend
on

deuterium
form

ing
at

the
start,

but
deuterium

does
not

becom
e
stable

until
the

tem
perature

reaches
a
rather

low
value.

In
this

problem
w
e
w
ill

explore
the

statisticalm
echanics

of
the

deuterium
bottleneck.

A
n
idealgas

of
classicalnonrelativistic

particles
of

type
X
,in

therm
alequilib-

rium
,
has

a
num

ber
density

given
by

n
X

=
g

X (
m

X
k
T

2
π
h̄

2 )
3
/
2exp (−

m
X
c
2

k
T

)
exp (

µ
X

k
T )

.
(1)

H
ere

g
X

is
the

num
ber

of
spin

degrees
of

freedom
associated

w
ith

the
particle

(like
the

factor
g
=

2
that

w
e
encountered

w
ith

photons),
m

X
is
the

m
ass

ofthe
particle,

T
is

the
tem

perature,
and

µ
X

is
the

chem
ical

potential
of

the
particle.

(h̄
=

h
/2

π
,

c,
and

k
have

their
usual

m
eanings:

P
lanck’s

constant,
the

speed
of

light,
and

the
B
oltzm

ann
constant.)

Y
ou

m
ay

or
m
ay

not
be

fam
iliar

w
ith

chem
icalpotential,but
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it
w
illsuffi

ce
for

you
to

know
that

it
is
a
concept

introduced
to

treat
quantities

that
are

conserved
or

at
least

effectively
conserved

over
the

tim
e
scales

of
interest.

Such
quantities

can
have

any
value

in
therm

alequilibrium
,since

the
value

is
determ

ined
by

the
initialconditions

and
cannot

be
changed.

For
each

such
conserved

quantity
Q

i
one

introduces
a
chem

ical
potential

µ
i .

T
he

chem
ical

potential
of

particle
X

is
given

by
µ

X
= ∑

i

µ
i q

Xi
,

(2)

w
here

q
Xi

is
the

am
ount

of
quantity

Q
i
contained

in
one

particle
of

type
X
.
T
he

chem
ical

potentials
µ

i
are

then
adjusted

to
produce

the
desired

values
for

each
of

the
conserved

quantities
Q

i .
(In

the
grand

canonical
ensem

ble,
w
hich

gives
the

probability
distribution

that
leads

to
E
q.

(1),
each

possible
state

for
the

system
as

a
w
hole

is
assigned

a
probability

proportionalto
exp(−

E
/
k
T
)exp( ∑

i µ
i Q

i ),w
here

E
is

the
energy

of
the

state
and

Q
i
is

the
am

ount
of

quantity
i
in

the
state.)

N
ote

that
E
q.(2)

im
plies

that
for

any
allow

ed
reaction,such

as

A
+
B
←→

C
,

(3)

w
e
are

guaranteed
that

µ
A
+

µ
B
=

µ
C

,
(4)

since
the

conserved
quantities

m
ust

balance
on

the
tw

o
sides

of
the

equation.

(a)
I
m
entioned

in
lecture

that
our

textbook
w
rites

E
q.

(1)
incorrectly,

om
itting

the
chem

ical
potential

factor.
See

for
exam

ple
E
qs.

(10.11)
and

(10.12).
T
he

author
does,

how
ever,

have
a
footnote

about
this

(p.
156),

w
hich

concludes
that

“in
m
ost

cosm
ological

contexts,
as

it
turns

out,
the

chem
ical

potential
is

sm
all

enough
to

be
safely

neglected.”
W
e
can

check
this

statem
ent

by
using

the
author’s

form
ula

to
calculate

the
proton

density
at

3
m
inutes

into
the

big
bang,at

the
tim

e
ofSteven

W
einberg’s

F
ifth

Fram
e,from

chapter
5
ofT

he
F
irst

T
hree

M
inutes.

A
t
that

tim
e
the

tem
perature

w
as

T
=

10
9
K
.T

o
com

pare
w
ith

the
right

answ
er,

w
e
m
ake

use
of

the
fact

that
the

ratio
of

the
num

ber
density

n
b
of

baryons
to

the
num

ber
density

n
γ
of

photons
is

estim
ated

from
W

M
A
P

data*
as

η≡
n

b

n
γ
=

(6
.1±

0
.2)×

10 −
1
0
.

(5)

A
ccording

to
W
einberg,

at
that

tim
e
14%

of
the

baryons
w
ere

neutrons,
w
ith

86%
protons.

A
t
the

risk
of

appearing
im

pertinent
tow

ard
the

author
(but

*
D
.N

.
Spergel

et
al.,

“W
ilkinson

M
icrow

ave
A
nisotropy

P
robe

(W
M
A
P
)
three

year
results:

im
plications

for
cosm

ology,”
A

strophys.
J.

Suppl.
170,

377
(2007),

also
available

at
http://arxiv.org/abs/astro-ph/0603449.

T
hey

actually
w
rite

it
as

6
.116

+
0
.1

9
7

−
0
.2

4
9 ×

10 −
1
0,

but
I
don’t

think
that

w
e
have

any
need

for
the

extra
digits.
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physicists
are

know
n
for

their
im

pertinence),
I
w
ill

phrase
the

question
this

w
ay:

B
y
how

m
any

kilo-orders
of

m
agnitude

is
the

author’s
form

ula
for

n
p
in

error?†
(B

e
prepared

to
have

your
calculators

overflow
—

if
they

do,calculate
the

logarithm
of

the
answ

er.)

(b)
For

deuterium
production,

the
relevant

reaction
is

n
+
p←→

D
,

(6)

so
E
q.

(4)
tells

us
that

µ
n
+

µ
p
=

µ
D
.
T
his

equality
im

plies
that

if
w
e
form

the
ratio

n
D

n
p
n

n
,

(7)

expressing
each

num
ber

density
as

in
E
q.(1),then

the
chem

ical
potentialfac-

tors
w
ill

cancel
out.

(T
his

is
how

the
form

ula
is

norm
ally

used,
and

this
is

how
R
yden

uses
it

on
p.

180.
From

here
on

her
treatm

ent
is

correct,
but

w
e

w
ill

proceed
w
ith

slightly
m
ore

detail.)
T
o
describe

the
bookkeeping

for
the

reaction
of

E
q.

(6),
w
e
need

to
define

our
variables.

I
am

using
n

n ,
n

p ,
and

n
D

to
m
ean

the
num

ber
densities

offree
neutrons,free

protons,and
deuterium

nuclei.
n

b
denotes

the
totalbaryon

num
ber

density,
so

n
b
=

n
n
+

n
p
+
2
n

D
.

(8)

F
inally,

I
w
ill

use
n

T
O

T
n

and
n

T
O

T
p

to
denote

the
total

num
ber

densities
of

neutrons
and

protons
respectively,

w
hether

free
or

bound
inside

deuterium
.

W
e
assum

e
that

deuterium
production

happens
fast

enough
so

that
there

is
no

further
change

in
the

neutron-proton
balance

w
hile

deuterium
if

form
ing,

so
the

ratio

f
≡

n
T

O
T

nn
b

(9)

is
fixed.

W
e
w
ill

describe
the

extent
to

w
hich

the
reaction

has
proceeded

by
specifying

the
fraction

x
of

neutrons
that

rem
ain

free,

x≡
n

n

n
T

O
T

n

.
(10)

U
sing

these
definitions,

w
rite

the
equation

that
equates

the
ratio

n
D
/(n

p
n

n )
to

a
function

of
tem

perature,
using

E
q.

(1)
for

each
of

the
num

ber
densities.

†
I
have

exchanged
em

ail
w
ith

R
yden

about
this,

and
she

said
she

w
ould

fix
it

in
the

next
edition.
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T
he

deuteron
is
spin-1,w

ith
g
=

3,and
the

proton
and

neutron
are

each
spin-

12 ,
w
ith

g
=

2.
Y
ou

m
ay

approxim
ate

m
n
=

m
p
=

m
D
/2.

M
anipulate

this
form

ula
so

that
it

has
the

formF
(η
,f

,x)
=

G
(T

)
,

w
here

F
and

G
are

functions
that

you
m
ust

determ
ine.

Y
ou

w
ill

need
the

binding
energy

of
deuterium

,

B
=

(m
p
+

m
n −

m
D
)c

2≈
2
.22

M
eV

.
(11)

T
his

form
ula

determ
ines

x
as

a
function

of
T
,or

vice
versa,but

w
e
w
illnot

try
to

w
rite

the
function

explicitly
in

either
case.

(c)
U
sing

your
result

in
part

(b),and
taking

f
=

0
.14

from
W
einberg’s

book,find
the

value
of

x,the
fraction

of
neutrons

that
have

been
bound

in
deuterium

,at
the

tim
e
of

the
F
ifth

Fram
e,w

hen
T

=
10

9
K
.
Y
ou

w
illprobably

w
ant

to
solve

the
equation

num
erically.

T
w
o
significant

figures
w
ill

be
suffi

cient.

(d)
A
gain

using
your

result
from

part
(b),

and
assum

ing
that

f
=

0
.14

is
still

accurate,find
the

tem
perature

at
w
hich

x
=

12 ,i.e.,the
tem

perature
for

w
hich

half
of

the
neutrons

have
becom

e
com

bined
into

deuterium
.

A
gain

you
w
ill

presum
ably

find
the

answ
er

num
erically,

and
2
significant

figures
w
ill

be
suffi

-
cient.

W
hat

is
the

value
of

k
T

at
this

tem
perature.

Q
ualitatively,w

hat
feature

of
the

calculation
causes

this
num

ber
to

be
sm

all
com

pared
to

B
.

P
R

O
B

L
E
M

3:
T

H
E

H
O

R
IZ

O
N

P
R

O
B

L
E
M

(8
points)

T
he

success
ofthe

big
bang

predictions
for

the
abundances

ofthe
light

elem
ents

suggests
that

the
universe

w
as

already
in

therm
al

equilibrium
at

one
second

after
the

big
bang.

A
t
this

tim
e,

the
region

w
hich

later
evolves

to
becom

e
the

observed
universe

w
as

m
any

horizon
distances

across.
T
ry

to
estim

ate
how

m
any.

Y
ou

m
ay

assum
e
that

the
universe

is
flat.

P
R

O
B

L
E
M

4:
T

H
E

F
L
A

T
N

E
S
S

P
R

O
B

L
E
M

(7
points)

A
lthough

w
e
now

know
that

Ω
0
=

1
to

an
accuracy

of
a
few

percent,
let

us
pretend

that
the

value
ofΩ

today
is
0.1.

It
nonetheless

follow
s
that

at
10 −

3
7
second

after
the

big
bang

(about
the

tim
e
of

the
grand

unified
theory

phase
transition),Ω

m
ust

have
been

extraordinarily
close

to
one.

W
riting

Ω
=

1−
δ
,estim

ate
the

value
of

δ
at

t
=

10 −
3
7
sec

(using
the

standard
cosm

ologicalm
odel).

T
otal

p
oin

ts
for

P
rob

lem
S
et

9:
35.


