
M
A
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T
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E
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8.286:
T
he

E
arly

U
niverse

Septem
ber

30,
2009

P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

2
S
O

L
U

T
IO

N
S

P
R

O
B

L
E
M

1:
D

IS
T
A

N
C

E
T

O
T

H
E

G
A

L
A

X
Y

(5
points)

T
his

problem
set

is
m
ainly

an
exercise

in
the

use
ofcom

oving
coordinates.

N
ote

that
in

the
com

oving
coordinate

system
the

trajectories
of

m
otion

are
sim

ple:
ob

jects
that

m
ove

w
ith

the
H
ubble

flow
(e.g.

galaxies,
quasars,

etc.)
are

stationary
in

these
coordinates,and

light
rays

m
ove

along
straight

lines
w
ith

the
tim

e-varying
speed

c/
a(t).

T
hus,

tracing
the

light
ray

from
the

galaxy
to

us,
one

finds:

C
oordinate

velocity
=

d
xd
t
=

c

a(t)
.

C
oordinate

distance
=

�
c
= ∫

t0

t
e

c

a(t)
d
t

.

(Since
the

velocity
is
not

constant,the
distance

traveled
is
given

by
the

integral
of

v
over

tim
e,

rather
than

the
product

of
v
tim

es
the

tim
e
interval.)

L
et

a(t)
=

bt
2
/
3,

w
here

b
is

the
arbitrary

constant
of

proportionality.
T
hen

the
coordinate

distance,
m
easured

in
notches,

is
given

by

�
c
=

3
cb (

t
1
/
3

0
−

t
1
/
3

e )
.

T
he

physical
distance

today
is

then
found

by
m
ultiplying

the
coordinate

dis-
tance

by
the

present
value

of
the

scale
factor:

�
p (t

0 )
=

a(t
0 )�

c
=

bt
2
/
3

0
�
c

=
3
ct

0 [1− (
t
e

t
0 )

1
/
3 ]

.

P
R

O
B

L
E
M

2:
T

IM
E

O
F

E
M

IS
S
IO

N
(5

points)

From
L
ecture

N
otes

3,the
redshift

for
light

traveling
through

an
expanding

universe
is

related
to

the
scale

factor
a(t)

through

1
+

z
=

a(t
0 )

a(t
e )

.

8.286
P

R
O

B
L
E

M
S
E

T
2

S
O

L
U

T
IO

N
S
,
F
A

L
L

2009
p
.
2

(N
ote:

one
m
ust

n
o
t
use

the
special

relativity
form

ula
from

L
ecture

N
otes

1,
because

specialrelativity
does

not
hold

here.
Specialrelativity

does
not

include
the

effects
of

gravity,
w
hile

the
effects

of
gravity

are
significant

in
cosm

ology
unless

the
m
ass

density
is

very
sm

allcom
pared

to
the

criticaldensity.)
So

1
+

z
=

bt
2
/
3

0

bt
2
/
3

e

=⇒
z
= (

t
0

t
e )

2
/
3−

1
.

W
e
can

rearrange
this

expression
and

solve
for

t
e /

t
0 :

t
e

t
0
=

(1
+

z) −
3
/
2

.

A
pplying

this
to

the
z
=

6
.96

record-holding
galaxy

discussed
in

the
problem

,

t
e

t
0
=

(1
+

6
.96) −

3
/
2
=

0
.0445

.

So,
roughly

speaking,
the

universe
w
as

less
than

1/20
of

its
present

age
w
hen

the
light

that
w
e
are

seeing
left

the
galaxy.

Y
ou

w
ere

not
asked

to
estim

ate
the

actualvalue
of

t
e ,the

tim
e
ofem

ission,but
it
is
very

interesting
to

do
that.

Ifw
e
use

the
current

estim
ate

ofthe
age

ofthe
universe,

t
0 ≈

13
.7

billion
years,

then
the

universe
w
as

only
t
e ≈

610
m
illion

years
old

w
hen

the
light

w
as

em
itted.

A
lternatively,

since
w
e
are

using
here

a
m
atter-dom

inated
universe

m
odel,

w
e
m
ight

use
t
0
=

23
H

−
1

0
,
w
ith

H
0
=

72
km

-s −
1-M

pc −
1,

w
hich

gives
t
0 ≈

9
.05

billion
years

and
hence

t
e ≈

403
m
illion

years.
T
he

inconsistency
betw

een
these

tw
o
estim

ates
is

of
course

caused
by

the
fact

that
our

universe
is

not
believed

to
be

m
atter-dom

inated,
so

later
in

the
course

w
e
w
ill

learn
how

to
calculate

these
quantities

m
ore

accurately.
N
onetheless,w

e
can

already
conclude

that
the

oldest
galaxies

form
ed

am
azingly

quickly
after

the
birth

of
the

universe.

P
R

O
B

L
E
M

3:
D

IS
T
A

N
C

E
IN

T
E
R

M
S

O
F

R
E
D

S
H

IF
T

z
(5

points)

W
e
start

from
the

answ
er

to
P
roblem

1,
the

physical
distance

in
term

s
of

t
e
and

t
0 :

�
p (t

0 )
=

3
ct

0 [1− (
t
e

t
0 )

1
/
3 ]

.
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W
e
know

from
P
roblem

2
that

the
ratio

t
e /

t
0
is

related
to

the
redshift,

(
t
e

t
0 )

1
/
3

=
1

√
1
+

z
.

N
ow

w
e
find

the
relation

betw
een

the
H
ubble

param
eter

and
tim

e
for

the
scale

factor
w
e
are

using
in

this
problem

,

H
=

ȧa
=

23
bt −

1
/
3

bt
2
/
3

=
23
t

,

so
at

the
present

tim
e,

t
0
=

23
H

−
1

0
.

P
lugging

these
tw

o
relations

into
our

expression
for

the
physicaldistance

gives
us

�
p (t

0 )
=

2
cH

−
1

0 [1−
1

√
1
+

z ]
.

N
otice

that
this

now
gives

us
the

physical
distance

to
the

galaxy
in

term
s
of

quantities
w
e
can

go
out

and
m
easure.

N
um

erically,if
w
e
take

H
0 ≈

72
km

-s −
1-M

pc −
1,

w
e
get

�
p (t

0 )
=

2× (2
.998×

10
8
ms )×

1
M
pc

72000 (
ms ) [1−

1
√
1
+
6
.96 ]

=
8328

M
pc×

0
.646

=
5376

M
pc

.

T
he

problem
asked

you
to

find
the

answ
er

also
in

light-years,so
w
e
can

use
the

relation

1
pc

=
3
.2616

lt-yr
,

w
hich

assum
es

the
InternationalA

stronom
icalU

nion
(IA

U
)
definition

ofa
year

(1
Julian

year
=

365.25
days).

T
his

gives
the

distance
as

5376
M
pc×

(3
.2616×

10
6
lt-yr/M

pc)
=

1
.753×

10
1
0
lt-yr

.
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P
R

O
B

L
E
M

4:
S
P

E
E
D

O
F

R
E
C

E
S
S
IO

N
(5

points)

T
he

distant
galaxy

w
ill

rem
ain

at
a

c
o
n
sta

n
t
coordinate

distance
�
c ,

so
its

physical
distance

at
any

tim
e

t
is

given
by

�
p (t)

=
a(t)�

c
.

T
he

rate
of

change
of

the
physical

distance
is

then
given

by
H
ubble’s

law
:

v
p (t)≡

d
�
p

d
t

=
ȧ
�
c
=

H
(t)�

p (t)
,

w
here

H
(t)

=
ȧa

is
the

H
ubble

expansion
rate.

So

v
p (t

0 )
=

H
0 �

p (t
0 )

=
2
c [1−

1
√
1
+

z ]
,

w
here

in
the

last
step

w
e
used

the
results

ofP
roblem

3.
For

z
=

6
.96,this

gives
v

p
=

1
.291

c.

C
O
M
M
E
N
T
:

In
special

relativity,
it

is
im

possible
to

accelerate
m
atter

to
the

speed
of

light
or

beyond.
H
ow

ever,
in

the
context

of
general

relativity
(w

hich
is

w
hat

w
e
are

using
in

our
description

of
the

universe),
w
e
have

just
seen

that
“faster-than-light”

travelis
in

som
e
sense

possible.
H
ow

ever,the
sense

in
w
hich

“faster-than-light”
travelis

possible
is
very

restricted.
N
ote

that
even

in
general

relativity:

a)
In

a
race

betw
een

a
light

pulse
and

a
piece

of
m
atter,

the
light

pulse
w
ill

a
lw

a
y
s
w
in.

b)
T
he

speed
of

light,
w
hen

m
easured

locally
w
ith

clock
and

m
eter

stick
by

any
observer,

w
ill

alw
ays

have
its

usual
value

of
c
=

2
.99792458×

10
8

m
/s.

B
y
“locally”,

I
m
ean

w
ithin

a
region

that
is

sm
all

enough
so

that
the

curvature
of

space
is

not
noticeable.

“Faster-than-light”
travel

occurs
only

in
the

sense
that

the
space

w
hich

sepa-
rates

us
from

the
distant

galaxy
can

stre
tch

,
as

described
by

the
grow

th
of

the
scale

factor
a(t).

From
such

stretching,
the

distance
from

us
to

the
galaxy

can
grow

at
a
rate

w
hich

exceeds
the

speed
of

light.
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Incidentally,
the

Sloan
D
igital

Sky
Survey

w
restled

w
ith

the
question

of
how

to
explain

faster-than-light
velocities

to
the

public
w
hen

they
announced

the
discovery

of
a

z
=

5
.82

quasar
in

a
press

release
on

A
pril

13,2000:

http://w
w
w
.sdss.org/new

s/releases/20000413.qso.htm
l.

T
hey

published
on

the
w
eb

a
com

panion
docum

ent,

http://w
w
w
.sdss.org/new

s/releases/20000413.qso.q.htm
l,

titled
“H

ow
C
an

A
n
O
b
ject

W
e
See

T
oday

be
27

B
illion

L
ight

Y
ears

A
w
ay

If
the

U
niverse

is
only

14
B
illion

Y
ears

O
ld?,”

by
M
ichael

T
urner

and
C
raig

W
iegert.

T
hey

claim
ed

that
the

speed
of

the
quasar

is
1.8

tim
es

the
speed

of
light,som

ew
hat

faster
than

w
e
found

in
this

problem
,even

though
the

redshift
w
as

low
er

than
the

one
w
e
used.

T
hey

w
ere

using
a
m
ore

com
plicated

m
odel

ofthe
universe

than
our

a(t)∝
t
2
/
3
calculation,how

ever,so
it
is
not

surprising
that

they
got

a
different

answ
er.

L
ater

in
the

course
w
e
w
ill

learn
enough

to
repeat

the
calculation

w
ith

the
sam

e
m
odel

they
used,

so
you

w
ill

be
able

to
check

if
they

got
it
right.

P
R

O
B

L
E
M

5:
A

P
P
A

R
E
N

T
A

N
G

U
L
A

R
S
IZ

E
S

(10
points)

P
icture

the
universe

in
com

oving
coordinates,

w
ith

the
galaxy

show
n
as

it
appeared

at
the

tim
e
of

em
ission.

C
hoosing

our
ow

n
location

as
the

center
of

coordinates,
and

choosing
the

x-axis
to

point
in

the
direction

of
the

galaxy,
the

picture
looks

like:

T
he

coordinate
diam

eter
is

w
/
a(t

e ),
and

the
coordinate

distance
is

�
c .

T
he

angle
subtended

is
then

θ
=

w

a(t
e )�

c
,
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w
here

I
have

used
θ�

1.
(N

otice
that

w
e
need

to
use

the
coordinate

diam
eter,

in
order

to
com

pare
w
ith

the
coordinate

distance.
W
e
also

need
to

convert
the

physical
diam

eter
to

the
coordinate

diam
eter

at
the

tim
e

of
em

ission,because
w
e
are

interested
in

the
light

rays
w
hich

leave
the

galaxy
at

the
tim

e
ofem

ission.
A
ny

evolution
ofthe

galaxy
after

t
e
does

not
affect

the
light

rays
and

is
therefore

invisible
to

us.)
T
he

light
pulses

travel
along

straight
lines

of
the

com
oving

coordinate
system

,
and

so
the

light
pulses

from
the

edges
of

the
galaxy

arrive
at

the
earth

today
along

the
dashed

lines
show

n,separated
by

an
angle

θ.
N
ote,

by
the

w
ay,

that
angles

are
not

affected
by

the
scale

factor.
For

exam
ple,

a
m
ap

of
the

U
.S.

show
s
that

C
olorado

is
a
rectangle,

w
ith

borders
that

m
ake

a
90 ◦

angle
at

each
corner.

T
his

feature
appears

on
m
aps

draw
n
at

any
scale,

and
one

is
confident

that
the

actual
state

borders,
if
m
arked

on
the

surface
of

the
earth,

w
ould

m
ake

a
90 ◦

angle
at

the
corners.

W
e
use

the
expression

from
P
roblem

1
for

the
coordinate

distance
�
c ,

a(t
e )�

c
= (

bt
2
/
3

e ) [
3
cb (

t
1
/
3

0
−

t
1
/
3

e ) ]
,

w
hich

can
be

rearranged
to

read

a(t
e )�

c
=

3
ct

0 (
t
e

t
0 ) [(

t
0

t
e )

1
/
3−

1 ]
.

U
sing

the
expression

t
0
=

23
H

−
1

0
from

P
roblem

3,
and

the
expression

for
t
e /

t
0

from
P
roblem

2,
this

becom
es

a(t
e )�

c
=

2
cH

−
1

0

1
(1

+
z)

3
/
2 [ √

1
+

z−
1 ]

.

So

θ
=

H
0 w

2
c

(1
+

z)
3
/
2

√
1
+

z−
1

.

For
a
fixed

physical
diam

eter
w
,
this

function
decreases

as
a
function

of
redshift

z
until

z
=

1
.25,

and
then

it
starts

to
increase!

T
he

usual
rule

that
ob

jects
look

sm
aller

w
hen

they
are

further
aw

ay
does

not
apply—

ob
jects

seen
at

very
large

redshifts
are

seen
w
ith

light
that

left
the

ob
ject

very
early

in
the

history
of

the
universe,

w
hen

the
ob

ject
w
as

not
that

far
aw

ay.

A
plot

of
apparent

angular
size

versus
redshift

looks
like:
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0 5 10 15 20

0
1

2
3

4
5

Apparent Angular Size

z
G

raph
by

K
ristin

B
urgess

w
here

θ
is

plotted
in

units
of

H
0 w

/2
c.

If
one

applies
this

relation
to

a
galaxy

w
ith

w
≈

100
,000

light-years
(the

size
of

the
disk

of
the

M
ilky

W
ay),

again
taking

H
0
≈

72
km

-s −
1-M

pc −
1,

each
unit

on
the

vertical
axis

is
equal

to
H

0 w
/2

c≈
3
.7×

10 −
6
radians≈

0
.76

arcseconds.
T
hus

the
num

bers
on

the
verticalaxis

give
roughly

the
apparent

angular
size

ofa
typicalgalaxy

m
easured

in
arcseconds

(w
here

1
degree

=
60

arcm
inutes

=
3600

arcseconds).

T
he

problem
asked

us
to

com
pare

this
w
ith

the
apparent

angular
size

of
a

circle
of

diam
eter

w
in

an
ordinary

static,E
uclidean

space,at
a
distance

equal
to

the
present

value
of

the
physical

distance
to

the
galaxy.

U
sing

the
distance

found
in

P
roblem

3,
the

angular
size

in
the

static
space

w
ould

be

θ
S
ta

tic
=

w

�
p (t

0 )
=

H
0 w

2
c

√
1
+

z
√
1
+

z−
1

.

T
hen

θ

θ
S
ta

tic
=

1
+

z
.

T
hus,

the
im

age
appears

larger
than

it
w
ould

if
the

universe
w
ere

static
and

the
galaxy

w
ere

located
at

its
present

physical
distance.

O
n
the

other
hand,

one
could

also
com

pare
w
ith

the
apparent

angular
size

of
a
circle

of
diam

eter
w

in
a
static

E
uclidean

space,
at

a
distance

equal
to

the
physical

distance
to

the
galaxy

a
t

th
e

tim
e

o
f
e
m

issio
n
.
T
hen

θ
S
ta

tic
,

tim
e

o
f

e
m

issio
n
=

w

�
p (t

e )
=

w

a(t
e )�

c
,
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w
hich

is
exactly

the
sam

e
as

the
answ

er
that

w
e
obtained

in
the

expanding
universe

calculation.
T
hus,

the
increase

in
the

apparent
angular

size
by

the
factor

1
+

z
is

really
just

the
effect

of
seeing

the
galaxy

as
it

looked
w
hen

the
light

w
as

em
itted,

w
hen

the
galaxy

w
as

closer
than

it
is

now
.

P
R

O
B

L
E
M

6:
R

E
C

E
IV

E
D

R
A

D
IA

T
IO

N
F
L
U

X
(10

points)

A
gain

w
e
w
illview

the
problem

in
com

oving
coordinates,w

ith
our

location
at

the
origin.

T
he

distant
galaxy

is
again

on
the

x-axis.
D
raw

a
sphere

centered
on

the
galaxy,w

ith
radius

equalto
the

galaxy
coordinate

distance
�
c .

A
lso

draw
a
detector

at
the

origin
(i.e.,on

the
earth)

facing
the

galaxy,w
ith

physicalarea
A

(m
easured

at
the

present
tim

e).

N
otice

that
energy

from
the

galaxy
w
ill

radiate
uniform

ly
on

the
sphere.

T
he

detector
has

a
physicalarea

A
,so

in
the

com
oving

coordinate
picture

its
area

in
square

notches
w
ould

be
A

/
a(t

0 )
2.

T
he

detector
therefore

occupies
a
fraction

of
the

sphere
given

by
[A

/
a(t

0 )
2]

4
π
�
2c

=
A

4
π
�
p (t

0 )
2

,

so
this

fraction
of

the
em

itted
photons

w
ill

strike
the

detector.

N
ext

consider
the

rate
of

arrival
of

the
photons

at
the

sphere.
In

lecture
w
e
figured

out
that

if
a
periodic

w
ave

is
em

itted
at

tim
e

t
e
and

observed
at

tim
e

t
o ,

then
the

rate
of

arrivalof
the

w
ave

crests
w
illbe

slow
er

than
the

rate
of

em
ission

by
a
redshift

factor
1
+

z
=

a(t
o )/

a(t
e ).

T
he

sam
e
argum

ent
w
ill

apply
to

the
rate

of
arrival

of
photons,

so
the

rate
of

photon
arrival

at
the

sphere
w
illbe

slow
er

than
the

rate
ofem

ission
by

the
factor

1
+

z,reducing
the
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energy
flux

by
this

factor.
In

addition,
each

photon
is

redshifted
in

frequency
by

1
+

z.
Since

the
energy

of
each

photon
is

proportionalto
its

frequency,
the

energy
flux

is
reduced

by
an

additionalfactor
of1

+
z.

T
hus,the

rate
at

w
hich

energy
reaches

the
detector

is

P
ow

er
hitting

detector
=

A

4
π
�
p (t

0 )
2

P

(1
+

z)
2

.

O
nce

again,using
�
p (t

0 )
from

P
roblem

3,
w
e
find

J
=

P
ow

er
hitting

detector
A

=
H

20
P

16
π
c
2

1
(1

+
z)( √

1
+

z−
1)

2
.

H
ere

w
e
have

described
the

radiation
in

term
s
of

photons,
w
hich

gives
a

sim
ple

description.
T
he

sam
e
answ

er
can

also
be

obtained
by

using
a
classical

description
ofthe

electrom
agnetic

w
aves,but

it
is
m
uch

harder.
O
ne

w
ould

need
to

first
understand

how
M
axw

ell’s
equations

are
m
odified

by
the

expanding
space,

w
hich

w
ould

require
elem

ents
of

general
relativity,

and
then

one
w
ould

have
to

solve
these

m
odified

equations.
W
e
don’t

usually
think

of
quantum

m
echanics

as
a
m
ethod

of
sim

plifying
classical

calculations,
but

in
this

case
that

is
w
hat

happens.


