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A

L
U

N
IV

E
R

S
E

a)
G
auss’s

law
of

gravity
states

that
∮
�g·d�s

=
−
4
π
G
M

,

w
here

�g
is

the
acceleration

of
gravity,

G
is

N
ew

ton’s
constant,

and
M

is
the

totalm
ass

enclosed
inside

the
volum

e.
A
pply

this
relation

to
the

follow
ing

slice
of

the
infinite

cylinder:

B
y
sym

m
etry

�g
points

radially
outw

ard,
so

the
dot

product
�g·

d�s
vanishes

for
the

disks
that

bound
the

cylindrical
slice

on
the

left
and

right.
T
he

only
contribution

com
es

from
the

curved
surface

ofthe
cylinder,for

w
hich

the
cosine

of
the

dot
product

is
1.

T
hus,∮

�g·
d�s

=
2
π
rh
g

r
,

w
here

g
r
is

the
radial

com
ponent

of
�g.

T
he

m
ass

enclosed,
M

,
is

the
length

tim
es

the
m
ass

per
length,or

h
µ.

(R
ecallthat

µ
denotes

the
totalm

ass
w
ithin

the
radius

r,
so

it
is

really
a
function

of
r
and

the
m
ass

density
ρ.)

T
hus,

G
auss’s

law
gives

2
π
rh
g

r
=

−
4
π
G
h
µ
,

so
g

r
=

−
2
G
µ

r
.

Since
the

other
com

ponents
of
�g
vanish

by
sym

m
etry,

�g
=

−
2
G
µ

r
r̂
,
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and
w
e
can

read
off

the
constant

A
,A
=

2
G

.

b)
r̈
is

the
acceleration

of
r.

T
he

only
force

in
the

problem
is

gravity,so

r̈
=
g

r
=

−
2
G
µ

r
,

w
here

I
used

the
gravitationalacceleration

that
w
as

calculated
in

the
previous

part
of

the
problem

.

T
he

evaluation
of
µ
involves

logic
that

is
essentially

identical
to

the
spherical

case
discussed

in
L
ecture

N
otes

4.
If
w
e
labeleach

particle
by

its
initialradius

r
i ,then

allthe
particles

for
a
given

r
i
w
illform

a
cylindricalshell.

A
s
the

m
o-

tion
proceeds

it
is
conceivable

that
shells

m
ight

cross
each

other,and
then

the
evaluation

of
µ
w
ould

becom
e
very

com
plicated.

H
ow

ever,
the

H
ubble

expan-
sion

incorporated
into

the
initialconditions

im
plies

that
initially

any
tw

o
shells

are
m
oving

apart
from

each
other.

Since
there

are
no

infinite
accelerations,w

e
can

count
on

the
fact

that
there

w
ill

be
at

least
som

e
nonzero

tim
e
interval

before
any

crossings
can

take
place.

U
ntil

such
crossings

take
place,

it
is

easy
to

find
µ:

the
totalm

ass
contained

w
ithin

any
shellof

particles
is
independent

of
tim

e,
since

the
particles

that
lie

at
a
sm

aller
radius

than
any

given
shell

at
tim

e
t
are

exactly
the

sam
e
particles

as
those

that
w
ere

at
sm

aller
radius

at
tim

e
t
i .

T
hen,

even
if
shells

start
to

cross
at

som
e
tim

e,the
equations

that
w
e

derive
under

the
no-shell-crossing

assum
ption

w
ill

be
valid

until
the

tim
e
that

shells
cross.

T
hus,

shells
can

cross
only

if
our

equations
show

the
possibility

that
tw

o
shells

starting
at

different
values

of
r
i
can

com
e
together.

H
ow

ever,
w
e
w
ill

find
below

that
the

no-shell-crossing
assum

ption
leads

to
uniform

ex-
pansion

described
by

an
overall

scale
factor

a(t).
Since

tw
o
shells

never
com

e
together

under
this

uniform
expansion,w

e
can

conclude
that

no
shellcrossings

w
illever

take
place.

W
ith

no
shell

crossings,
w
e
can

evaluate
µ

for
a
given

shell
r
i
at

the
initial

tim
e.

For
definiteness

w
e
can

consider
a
length

h
ofthe

cylinder,so
the

volum
e

of
the

cylinder
of

radius
r
i
is
π
r
2i h.

T
he

m
ass

per
length

is
then

µ(r
i )

=
π
r
2i h
ρ

i

h
=
π
r
2i ρ

i
.

T
hus,

r̈
=

−
2
π
G
r
2i ρ

i

r
.
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c)
T
he

function
u(r

i ,t)
is

determ
ined

by
the

differential
equation

that
it

obeys,
com

bined
w
ith

the
initial

conditions.
U
sing

the
answ

er
from

part
(b),

the
differential

equation
for

u
is

ü
=
r̈r
i
=

−
2
π
G
r
i ρ

i

r
,

so
ü
=

−
2
π
G
ρ

i

u
,

w
hich

does
not

depend
on
r
i .

W
e
stillneed

to
check

that
the

initialconditions
for

u
and

u̇
are

independent
of
r
i .

(T
here

are
tw

o
initial

conditions,
because

the
differential

equation
for

u
is

second
order.)

Since
r(r

i ,t
i )≡

r
i ,
the

initial
value

of
u
is

given
by

u(r
i ,t

i )
=

1
.

F
inally,since

the
initialvelocities

are
set

to
agree

w
ith

H
ubble’s

law
,

ṙ(r
i ,t

i )
=
H

i r
i
,

it
follow

s
that

u̇(r
i ,t

i )
=
ṙ(r

i ,t
i )

r
i

=
H

i
.

T
hus,

neither
the

differential
equation

for
u(r

i ,t)
nor

the
initial

conditions
depend

on
r
i ,

so
the

solution
w
ill

not
depend

on
r
i .

T
hus,

w
e
can

define
a(t)≡

u(r
i ,t).

d)
For

clarity,w
e
can

consider
a
finite

length
h
ofthe

cylinder.
T
he

m
ass

contained
inside

a
cylinder

of
radius

r
i
at

the
initialtim

e
t
i
is

then

M
(r

i ,h)
=
π
r
2i h
ρ

i
.

A
t
tim

e
t,this

sam
e
m
ass

w
illbe

uniform
ly

spread
in

a
cylinder

ofradius
r(r

i ,t)
and

length
h.

T
he

density
is

therefore

ρ(t)
=
M

(r
i ,h)

π
r
2h

=
ρ

i

a
2(t)

.

U
sing

this
result

to
replace

ρ
i
in

the
differential

equation
found

in
(c),w

e
find

ä
=

−
2
π
G
ρ
a
.
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e)
M
ultiplying

the
differential

equation
by

ȧ,

ȧ [
ä
+

2
π
G
ρ

i

a

]
=

0
.

N
ote

that
I
w
rote

the
differentialequation

in
term

s
of
ρ

i
rather

than
ρ,so

that
a(t)

is
the

only
tim

e-dependent
quantity

in
the

equation.
T
his

expression
can

be
rew

ritten
as

dd
t [

12
ȧ
2
+
2
π
G
ρ

i ln
a ]≡

dd
t E

=
0
.

In
other

w
ords,the

quantity
in

square
brackets,w

hich
w
e
have

labeled
E
,m

ust
be

constant:
E

=
12
ȧ
2
+
2
π
G
ρ

i ln
a

=
const.

W
e
can

now
identify

the
rescaled

potential
energy

as

V
(a)

=
2
π
G
ρ

i ln
a
.

T
he

potential
energy

term
V
(a)

grow
s
as

ln
a
and

is
hence

unbounded.
N
o

m
atter

how
large

the
initial

value
of
ȧ
2,

there
can

never
be

enough
energy

to
allow

the
universe

to
grow

to
arbitrarily

large
a.

E
ventually

the
V
(a)

term
w
ill

grow
to

be
as

large
as
E
,
at

w
hich

point
ȧ
w
ill

vanish
and

then
change

sign.
T
his

universe
necessarily

recollapses.

N
ote

added:
Since

the
m
ass

distribution
described

here
is

uniform
in

the
z-

direction,
one

m
ight

w
orry

about
the

validity
of

our
assum

ption
that

there
is

no
m
otion

in
the

z-direction.
A
fter

all,
w
e
learned

in
L
ecture

N
otes

4
that

a
uniform

distribution
ofm

atter
in

3
dim

ensions
cannot

be
static,but

w
illneces-

sarily
collapse.

T
hus

w
e
have

good
reason

to
ask

w
hether

the
m
ass

distribution
described

here
w
illcollapse

in
the

z-direction.
T
he

answ
er,

how
ever,

is
that

it
w
ill

not.
T
he

situation
here

differs
in

at
least

tw
o
crucial

w
ays

from
the

case
of

a
uniform

m
ass

distribution
in

3
dim

ensions:

1)
A

3-dim
ensional

static
m
ass

distribution
is

inconsistent
w
ith

G
auss’

law
,

w
hile

in
the

solution
to

this
problem

w
e
constructed

a
configuration

w
hich

is
static

in
the

z-direction,but
com

pletely
consistent

w
ith

G
auss’law

.
For

the
cylindricalproblem

the
flux

lines
can

point
radially

outw
ard,w

hile
for

a
3-dim

ensionalstatic
m
ass

distribution
there

is
no

place
for

the
flux

lines
to

go.

2)
For

the
3-dim

ensional
problem

,
the

absence
of

a
static

solution
w
as

in-
tim

ately
linked

to
the

statem
ent

that
N
ew

ton’s
force

law
could

not
be

integrated
to

determ
ine

the
force

on
a
particle,since

the
integralw

as
only
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conditionally
convergent.

If
the

force
law

could
be

integrated,
the

sym
-

m
etry

of
the

problem
is

suffi
cient

to
guarantee

that
it

w
ould

integrate
to

zero.
For

the
cylindrical

universe,
on

the
other

hand,
the

force
law

can
be

integrated.
T
o
see

this,
note

that
if
w
e
w
ant

to
calculate

the
force

on
som

e
particle

P
located

for
exam

ple
at
z
=

0,the
question

of
convergence

depends
only

of
the

force
due

to
particles

that
are

at
arbitrarily

large
val-

ues
of|z|.

For
such

distant
particles

the
thickness

of
the

cylinder
can

be
ignored,

so
the

distance
can

be
approxim

ated
as|z|.

T
he

force
due

to
particles

at
large

z
is

then
given

by

�F
=
k̂ ∫

G
µ

z
2
d
z
,

w
hich

converges
at

large
z.

T
hus

for
the

cylinder
problem

the
total

force
on

each
particle

is
given

by
a
convergent

integral,w
hich

by
sym

m
etry

can
have

no
com

ponent
in

the
z-direction.

P
R

O
B

L
E
M

2:
A

F
L
A

T
U

N
IV

E
R

S
E

W
IT

H
U

N
U

S
U

A
L

T
IM

E
E
V

O
L
U

-
T

IO
N

(a)
T
he

calculation
of

the
H
ubble

expansion
rate

is
a
straightforw

ard
application

of
E
q.(3.7),

H
=
ȧ
/
a:H
(t)

=
ȧa
=

34
bt −

1
/
4

bt
3
/
4

=
34
t
.

(b)
For

a
general

(hom
ogeneous

isotropic)
universe

the
tim

e
evolution

of
the

scale
factor

is
governed

by
the

Friedm
ann

equation

(
ȧa )

2

=
8
π3
G
ρ−

k
c
2

a
2
.

A
s
stated

in
the

problem
,
this

equation
is

valid
for

arbitrary
form

s
of

m
atter

(although
w
e
have

so
far

derived
it

only
for

nonrelativistic
m
atter).

For
a
flat

universe
one

has
k
=

0,
so

the
m
ass

density
is

sim
ply

related
to

the
H
ubble

expansion
rate.

Since
H

=
ȧ
/
a,

the
above

equation
can

be
rew

ritten
as

H
2
=

8
π3
G
ρ
,

or
equivalently

ρ(t)
=

3
H

2

8
π
G

=
ρ

c .
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T
aking

the
H
ubble

expansion
rate

from
part

(a),one
has

ρ
=

27
128

π
G
t
2
.

N
ote

that
the

m
ass

density
ρ
m
ight

conceivably
be

inferred
from

E
q.(4.23),

ä
=

−
4
π3
G
ρ(t)a

,

but
if
you

try
it

you
w
ill

find
that

the
answ

er
does

not
agree

w
ith

the
answ

er
boxed

above.
W
e
w
illlearn

later
that

w
henever

the
pressure

is
significant,as

it
is

in
this

m
odel

universe,
the

above
equation

requires
m
odification,

w
hile

the
equation

for
(ȧ
/
a)

that
w
e
used

to
solve

the
problem

does
not.

P
R

O
B

L
E
M

3:
E
N

E
R

G
Y

A
N

D
T

H
E

F
R

IE
D

M
A

N
N

E
Q

U
A

T
IO

N

(a)
W
e
are

given
the

conserved
quantity

E

E
=

12
ȧ
2−

4
π3
G
ρ

i

a
,

(1)

associated
w
ith

the
Friedm

ann
equation

and
asked

to
show

that
E

p
h
y
s ,defined

by
E

p
h
y
s ≡

m
r
2i E

,
(2)

coincides
w
ith

the
effective

energy
E

e
ff

of
a
particle

of
m
ass

m
in

a
certain

analogue
problem

.
T
he

effective
energy

is
defined

by

E
e
ff
=

12
m
v
2
+
V

e
ff (r)

,
(3)

w
here

V
e
ff (r)

=
−
G
m
M

(r
i )

r
.

(4)

U
sing

(1)
and

(2)
w
e
w
rite

E
p
h
y
s
=

12
m [ȧ(t)

r
i ]

2−
G (

4
π3
ρ

i r
3i )m

a(t)
r
i

.
(5)

If
the

particle
had

initial
radius

r
i ,

at
tim

e
t
its

radius
is
r(t)

=
a(t)

r
i
and

its
speed

is
v
=
ṙ
=
ȧ(t)

r
i .

M
oreover

the
m
ass

enclosed
by

the
sphere

w
hose
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radius
is
r(t)

is
independent

of
tim

e
and

equal
to
M

(r
i )

=
4
π3
ρ

i r
3i .

It
follow

s
that

w
e
can

w
rite

E
q.

(5)
as

E
p
h
y
s
=

12
m
v
2−

G
M

(r
i )m

r
=

12
m
v
2
+
V

e
ff (r)

=
E

e
ff
,

(6)

w
hich

is
w
hat

w
e
w
anted

to
show

.

(b)
A
t
tim

e
t,
the

sphere
has

radius

R
m

a
x (t)

=
a(t)R

m
a
x
,i
,

(7)

and
density

ρ(t)
=

ρ
i

a
3(t)

,
(8)

and
each

particle
m
oves

w
ith

a
speed

v(t)
=
H
(t)
r
,

(9)

w
here

r
is

the
radius

of
the

particle
(m

easured
from

the
center

of
the

sphere),
and

H
(t)

=
ȧ(t)/

a(t).
For

a
shell

of
particles

of
radius

r
and

thickness
d
r,

the
volum

e
is

d
V

=
4
π
r
2
d
r
, ∗

(10)

so
the

m
ass

is
d
m

=
ρ
d
V

=
4
π
ρ
r
2
d
r
.

(11)

T
he

kinetic
energy

of
the

shell
is

then

d
K

=
12
(d
m
)v

2
=

2
π
ρ
H

2r
4
d
r
.

(12)

*
If

this
form

ula
is

not
obvious,

think
of

the
thin

shell
as

a
thin

spherical
sheet

of
rubber.

If
the

sheet
is

very
thin,

then
the

curvature
w
ill

not
affect

the
volum

e,
so

the
volum

e
is
the

sam
e
as

a
flat

sheet
ofarea

4
π
r
2
and

thickness
d
r.

Ifyou
w
ant

to
m
ake

sure
that

these
approxim

ations
are

valid,you
can

start
by

w
riting

an
exact

form
ula

for
the

volum
e
of

the
shell,w

hich
w
ould

be
valid

even
if
d
r
w
ere

not
sm

all:

d
V

=
4
π3
(r

+
d
r)

3−
4
π3
r
3
.

T
hat

is,
the

volum
e
of

the
outer

shell
is

equal
to

the
volum

e
of

the
full

sphere,
m
inus

the
volum

e
of

the
sm

aller
sphere

that
does

not
include

the
outer

shell.
If

you
expand

this
form

ula
and

drop
term

s
that

have
m
ore

than
one

pow
er

of
the

infinitesim
al

quantity
d
r,you

w
illfind

E
q.(10).
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T
o
find

the
total

kinetic
energy

in
the

sphere
w
e
integrate

r
from

0
to

its
m
axim

um
value,

R
m

a
x :

K
=

2
π
ρ
H

2 ∫
R

m
a
x

0

r
4
d
r
=

25
π
ρ
H

2R
5m

a
x
=

25
π
ρ

i ȧ
2R

5m
a
x
,i
,

(13)

w
here

in
the

last
step

w
e
expressed

ρ
and

R
m

a
x
in

term
s
of

their
initialvalues,

using
E
qs.(7)

and
(8).

Since
the

totalm
ass

of
the

sphere
is

given
by

M
=

4
π3
ρ

i R
3m

a
x
,i
,

(14)

the
result

can
be

rew
ritten

as

K
=

35
M
R

2m
a
x
,i {

12
ȧ
2 }

,
(15)

w
hich

is
the

form
ula

that
w
e
w
ere

asked
to

show
,
w
ith

c
K

=
35
.

(16)

(c)
T
o
assem

ble
the

sphere
shell

by
shell,

w
e
consider

som
e
fixed

tim
e
t,

so
the

sphere
has

radius
R

m
a
x
=
R

m
a
x (t)

and
density

ρ
=
ρ(t),

w
here

R
m

a
x (t)

and
ρ(t)

are
given

by
E
qs.(7)

and
(8)

respectively.
L
et

us
suppose

that
the

sphere
has

already
been

built
up

to
radius

r,
and

therefore
has

m
ass

M
(r)

=
4
π3
ρ
r
3
.

(17)

W
e
now

add
a
shellof

radius
r
and

thickness
d
r,so

the
m
ass

d
m

ofthe
shellis

given
by

E
q.(11),and

the
change

in
the

potential
energy

is

d
U

= ∫
r

∞

G
M

(r)
d
m

r ′2
d
r ′=

−
G
M

(r)
d
m

r

=
−
G [

4
π3
ρ
r
3 ][4

π
ρ
r
2
d
r ]

r
=

−
16
π

2

3
G
ρ
2r

4
d
r
.

(18)

T
o
find

the
totalpotentialenergy,

w
e
integrate

over
r
from

0
to
R

m
a
x :

U
=

−
16
π

2

3
G
ρ
2 ∫

R
m

a
x

0

r
4
d
r
=

−
16
π

2

15
G
ρ
2
R

5m
a
x
=

−
16
π

2

15
G
ρ
2i
R

5m
a
x
,i

a(t)
,
(19)
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w
here

in
the

last
step

w
e
used

E
qs.(7)

and
(8)

to
express

R
m

a
x
and

ρ
in

term
s

of
their

initialvalues.
F
inally,using

E
q.

(14)
for

the
totalm

ass
M

,

U
=

−
4
π5
G
M
ρ

i R
2m

a
x
,i

a(t)
=

35
M
R

2m
a
x
,i {−

4
π3
G
ρ

i

a }
,

(20)

w
hich

is
w
hat

w
e
w
anted

to
show

,
w
ith

c
U
=

35
=
c
K
.

(21)

T
hus,

K
+
U

=
35
M
R

2m
a
x
,i {

12
ȧ
2−

4
π3
G
ρ

i

a }
=

35
M
R

2m
a
x
,i E

.
(22)

T
he

total
energy

of
the

expanding
sphere

is
indeed

equal
to

a
constant

tim
es

the
conserved

quantity
E
.


