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8.286:
T
he

E
arly

U
niverse

O
ctober

25,
2009

P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

4
S
O

L
U

T
IO

N
S

P
R

O
B

L
E
M

1:
E
V

O
L
U

T
IO

N
O

F
A

C
L
O

S
E
D

,
M

A
T

T
E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E

(a)
U
sing

the
chain

rule,
the

standard
form

ula
for

the
H
ubble

constant
can

be
rew

ritten
as

H
(θ)

=
1a

d
ad
t
=

1a

d
a

d
θ

d
θd
t
.

B
y
differentiating

the
param

etric
equations

for
a
and

t,
one

finds

d
a

d
θ
=
α √

k
sin

θ
,

d
t

d
θ
=
αc
(1−

cos
θ)

=
1

d
θ
/d
t
.

T
hen

H
(θ)

= [
1

√
k
α
(1−

cos
θ) ][α √

k
sin

θ ] [
c

α
(1−

cos
θ) ]

=
csin

θ

α
(1−

cos
θ)

2
.

(b)
T
he

evolution
equation

for
a
hom

ogeneous
isotropic

universe
can

be
w
ritten

as

H
2
= (

ȧa )
2

=
8
π3
G
ρ−

k
c
2

a
2
.

T
hen,

solving
for

ρ
gives,

ρ
=

3
8
π
G (

H
2
+
k
c
2

a
2 )

.

U
sing

the
answ

er
for

H
(α
,θ)

from
(a),and

the
param

etric
expression

for
a
/ √

k,
one

has

ρ
=

3
8
π
G [

c
2
sin

2
θ

α
2(1−

cos
θ)

4
+

c
2

α
2(1−

cos
θ)

2 ]

=
3
c
2

8
π
G
α

2(1−
cos

θ)
2 [

sin
2
θ

(1−
cos

θ)
2
+
1 ]
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T
his

expression
is
greatly

sim
plified

by
using

the
follow

ing
trigonom

etric
iden-

tity:

sin
2
θ
=

1−
cos

2
θ
=

(1−
cos

θ)(1
+

cos
θ)
.

U
sing

this
in

our
expression

for
ρ
w
e
have

ρ
=

3
c
2

8
π
G
α

2(1−
cos

θ)
2 [

(1
+
cos

θ)(1−
cos

θ)
(1−

cos
θ)(1−

cos
θ)

+
1 ]

=
3
c
2

8
π
G
α

2(1−
cos

θ)
2 [

1
+

cos
θ

1−
cos

θ
+

1 ]

=
3
c
2

8
π
G
α

2(1−
cos

θ)
2 [

2
1−

cos
θ ]

=
3
c
2

4
π
G
α

2(1−
cos

θ)
3
.

A
lternatively,one

can
use

E
q.

(5.17)
from

L
ecture

N
otes

5,

α
≡

4
π3
G
ρ
ã
3

c
2

,

w
hich

can
be

solved
for

ρ.
T
hen

if
a
/ √

k
is

replaced
by

the
expression

given
in

the
problem

statem
ent,

one
obtains

the
sam

e
form

ula
for

ρ
that

appears
in

the
box

above.

(c)
U
sing

the
answ

er
for

H
(α
,θ)

from
(a)

and
the

expression
for

ρ
c
in

term
s
of
H
,

one
has

ρ
c
=

3
H

2

8
π
G

=
3
c
2
sin

2
θ

8
π
G
α

2(1−
cos

θ)
4
.

T
hen,

using
the

answ
er

to
part

(b)
for

ρ,

Ω
≡
ρ
/
ρ

c
=

2(1−
cos

θ)
sin

2
θ

=
2

1
+
cos

θ
.
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P
R

O
B

L
E
M

2:
E
V

O
L
U

T
IO

N
O

F
A

N
O

P
E
N

,
M

A
T

T
E
R

-D
O

M
IN

A
T

E
D

U
N

IV
E
R

S
E

(a)
A
s
in

the
previous

problem
,w

e
use

the
chain

rule
to

w
rite

the
definition

of
the

H
ubble

param
eter

in
term

s
of

derivatives
w
ith

respect
to
θ:

H
(θ)

=
1a

d
a

d
θ

d
θd
t
.

T
he

param
etric

equations
for

a
and

t
for

an
open,

m
atter-dom

inated
universe

are
given

by
ct

=
α
(sinh

θ−
θ)

a√κ
=
α
(cosh

θ−
1)

.

R
ecall

that
the

hyperbolic
trigonom

etric
functions

are
defined

by

sinh
θ
=
e
θ−

e −
θ

2
,

cosh
θ
=
e
θ
+
e −

θ

2
,

and
they

are
differentiated

as

dd
θ
sinh

θ
=

cosh
θ
,

dd
θ
cosh

θ
=

sinh
θ
.

So,
differentiating

the
param

etric
equations,

d
a

d
θ
=
α √

k
sinh

θ
,

d
t

d
θ
=
αc
(cosh

θ−
1)

=
1

d
θ
/d
t
.

T
hen

H
(θ)

= [
1

√
κ
α
(cosh

θ−
1) ][α √

κ
sinh

θ ] [
c

α
(cosh

θ−
1) ]

=
csinh

θ

α
(cosh

θ−
1)

2
.
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(b)
T
his

problem
can

be
attacked

by
at

least
three

different
m
ethods.

W
hile

you
w
ere

expected
to

use
only

one,
w
e
w
illshow

allthree.

(i)
O
ne

w
ay

to
find

ρ
is

to
useH

2
=

8
π3
G
ρ−

k
c
2

a
2
.

T
his

is
usually

the
safest

m
ethod

to
find

ρ
for

a
cosm

ologicalm
odel,since

the
above

equation
is

one
of

the
general

Friedm
ann

equations.
T
he

equa-
tion

requires
that

the
universe

be
hom

ogeneous
and

isotropic,
but

it
is

valid
for

any
form

ofm
atter.

B
y
contrast,the

tw
o
other

m
ethods

that
w
ill

be
show

n
below

are
valid

only
for

“m
atter-dom

inated”
universes

(i.e.,uni-
verses

that
are

dom
inated

by
nonrelativistic

m
atter,for

w
hich

the
pressure

is
alw

ays
negligible).

O
ne

can
rew

rite
this

equation
as

8
π3
G
ρ
=
H

2
+
k
c
2

a
2
.

R
ecalling

that
w
e
described

open
universes

by
using

κ
≡

−
k,

this
can

be
rew

ritten
as

8
π3
G
ρ
=
H

2−
κ
c
2

a
2
.

R
eplacing

H
by

the
answ

er
in

part
(a)

and
a
by

its
param

etric
equation,

one
finds

8
π3
G
ρ
=

c
2
sinh

2
θ

α
2(cosh

θ−
1)

4 −
κ
c
2

α
2κ(cosh

θ−
1)

2

=
c
2

α
2(cosh

θ−
1)

4 [sinh
2
θ−

(cosh
θ−

1)
2 ]

.

N
ow

m
ake

use
of

the
hypertrigonom

etric
identity

cosh
2
θ−

sinh
2
θ
=

1

to
sim

plify:

sinh
2
θ−

(cosh
θ−

1)
2
=

sinh
2
θ−

cosh
2
θ
+
2
cosh

θ−
1

=
2(cosh

θ−
1)
,

so
8
π3
G
ρ
=

2
c
2

α
2(cosh

θ−
1)

3
.
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D
ividing

both
sides

of
the

equation
by

(8π
/3)G

,one
finds

ρ
=

3
c
2

4
π
G
α

2(cosh
θ−

1)
3
.

(ii)
U
sing

E
q.(5.17)

of
L
ecture

N
otes

5,w
ith

E
q.(5.38),

α
=

4
π3
G
ρ
a
3

κ
3
/
2c

2
,

can
be

solved
for

ρ
to

give

ρ
=

34
π

α
κ

3
/
2c

2

G
a
3

.

T
hen

substitute
the

param
etric

equation
for

a(θ):

ρ
=

34
π

α
κ

3
/
2c

2

G

1
α

3κ
3
/
2(cosh

θ−
1)

3

=
3
c
2

4
π
G
α

2(cosh
θ−

1)
3
.

(iii)
ρ
can

also
be

found
from

ä
=

−
(4
π
/3)G

ρ
a,

as
long

as
w
e
know

that
the

universe
is

m
atter-dom

inated.
(B

e
careful,

how
ever,

about
applying

this
form

ula
in

other
situations:

if
the

pressure
cannot

be
neglected,

then
this

equation
has

to
be

m
odified.)

T
o
evaluate

ä,
again

use
the

chain
rule.

Starting
w
ith

ȧ,

ȧ
=

d
a

d
θ

d
θd
t
=
α √

κ
sinh

θ
c

α
(cosh

θ−
1)

=
c √
κ
sinh

θ

cosh
θ−

1
.

T
hen

ä
=

d
ȧ

d
θ

d
θd
t
=

dd
θ [

c √
κ
sinh

θ

cosh
θ−

1 ]
c

α
(cosh

θ−
1)

=
c
2 √
κ

α
(cosh

θ−
1) [

cosh
θ

cosh
θ−

1 −
sinh

2
θ

(cosh
θ−

1)
2 ]

=
c
2 √
κ

α
(cosh

θ−
1)

3 [cosh
θ(cosh

θ−
1)−

sinh
2
θ ]

=
c
2 √
κ

α
(cosh

θ−
1)

3 (1−
cosh

θ)
=

−
c
2 √
κ

α
(cosh

θ−
1)

2
.
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So

ä
=

−
4
π3
G
ρ
a

=⇒
−

c
2 √
κ

α
(cosh

θ−
1)

2
=

−
4
π3
G
ρ
α √

κ(cosh
θ−

1)
,

and

ρ
=

3
c
2

4
π
G
α

2(cosh
θ−

1)
3
.

(c)
T
he

criticalm
ass

density
satisfies

the
cosm

ologicalevolution
equations

for
k
=

0,
so

H
2
=

8
π3
G
ρ

c
.

T
hen

Ω
≡

ρρ
c
=

8
π
G
ρ

3
H

2
.

N
ow

replace
H

by
the

answ
er

to
part

(a),and
ρ
by

the
answ

er
to

part
(b):

Ω
=

8
π
G3

[
34
π

c
2

G
α

2(cosh
θ−

1)
3 ][

α
2(cosh

θ−
1)

4

c
2
sinh

2
θ

]

=
2
cosh

θ−
1

sinh
2
θ

=
2
cosh

θ−
1

cosh
2
θ−

1

=
2

cosh
θ−

1
(cosh

θ
+

1)(cosh
θ−

1)
=

2
cosh

θ
+
1
.

T
he

answ
er

can
be

w
ritten

even
m
ore

com
pactly,

if
one

w
ishes,

by
using

a
further

hypertrigonom
etric

identity:

Ω
=

2
cosh

θ
+

1
=

1
cosh

2
12
θ
=

sech
2
12
θ
.

(d)
T
he

basic
form

ula
that

determ
ines

the
physical

value
of

the
horizon

distance
is

given
by

E
q.(5.7)

of
the

lecture
notes:

�
p
,h

o
riz

o
n (t)

=
a(t) ∫

t

0

c

a(t ′)
d
t ′
.

T
he

com
plication

here
is

that
a
is

given
as

a
function

of
θ,

rather
than

t.
T
he

problem
is
handled,

how
ever,

by
a
sim

ple
change

of
integration

variables.
O
ne

can
change

the
integralover

t ′to
an

integralover
θ ′,provided

that
one

replaces

d
t ′→

d
t ′

d
θ ′ d

θ ′=
αc
(cosh

θ ′−
1)d

θ ′
.
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O
ne

m
ust

also
re-express

the
lim

its
of

integration
in

term
s
of
θ.

So

�
p
,h

o
riz

o
n (θ)

=
a(θ) ∫

θ

0

c

a(θ ′)
d
t ′

d
θ ′ d

θ ′

=
α √

κ(cosh
θ−

1) ∫
θ

0

c

α √
κ(cosh

θ ′−
1)
αc
(cosh

θ ′−
1)d

θ ′
.

=
α
(cosh

θ−
1) ∫

θ

0

d
θ ′=

α
θ(cosh

θ−
1)
.

(e)
T
he

key
to

this
problem

is
the

use
of

pow
er

series
expansions.

W
hen

this
problem

appeared
as

a
quiz

problem
in

1992,
I
w
as

rather
surprised

to
find

that
m
any

of
the

students
seem

ed
very

inexperienced
in

this
technique.

It
is
a

very
useful

m
ethod

of
approxim

ation,
so

I
strongly

urge
you

to
learn

it
if
you

don’t
know

it
already.

In
general,any

suffi
ciently

sm
ooth

function
f(x)

can
be

expanded
about

the
point

x
0
by

the
series

f(x)
=
f(x

0 )
+

11! f ′(x
0 )(x−

x
0 )

+
12! f ′′(x

0 )(x−
x

0 )
2

+
13! f ′′′(x

0 )(x−
x

0 )
3
+
...

,

w
here

the
prim

e
is

used
to

denote
a
derivative.

In
particular,the

exponential,
sinh,

and
cosh

functions
can

be
expanded

about
θ
=

0
by

the
form

ulas

e
θ
=

1
+
θ1!
+
θ
2

2!
+
θ
3

3!
+
...

sinh
θ
=
θ
+
θ
3

3!
+
θ
5

5!
+
θ
5

7!
...

cosh
θ
=

1
+
θ
2

2!
+
θ
4

4!
+
θ
6

6!
+
...

.

For
this

problem
,w

e
expand

the
param

etric
equations

for
a(θ)

and
t(θ),keeping

the
first

nonvanishing
term

in
the

pow
er

series
expansions:

t
=
αc
(sinh

θ−
θ)

=
αc (

θ
3

3!
+
... )

a
=
α √

κ(cosh
θ−

1)
=
α √

κ (
θ
2

2!
+
... )

.
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T
he

first
expression

can
be

solved
for

θ,giving

θ≈ (
6
ct

α )
1
/
3

,

w
hich

can
be

substituted
into

the
second

expression
to

give

a≈
12
α √

κ (
6
ct

α )
2
/
3

.

T
he

pow
er

series
expansions

for
the

sinh
and

cosh
are

valid
w
henever

the
term

s
left

out
are

m
uch

sm
aller

than
the

last
term

kept,w
hich

happens
w
hen

θ�
1.

G
iven

the
above

relation
betw

een
θ
and

t,
this

condition
is

equivalent
to

t�
α6
c
.

T
hus,

t ∗≈
α6
c
,
or
t ∗≈

αc
.

Since
there

is
no

precise
m
eaning

to
the

statem
ent

that
an

approxim
ation

is
valid,

there
is

no
precise

value
for

t ∗.
It

is
possible

to
be

m
ore

precise
by

placing
criteria

on
the

size
of

the
first

om
itted

term
in

the
series,

and
using

these
criteria

to
derive

a
m
ore

precise
value

for
t ∗.

T
hese

expressions
for

t ∗

are
alw

ays
in

the
form

of
a
dim

ensionless
constant

tim
es
α
/
c.

T
his

approach
is

very
good,

but
it

w
as

not
required

to
get

full
credit

for
this

problem
.

(f)
From

part
(c),

the
expression

for
Ω

is
given

by

Ω
=

2
cosh

θ
+

1
.

So,

1−
Ω

=
1−

2
cosh

θ
+

1
=

cosh
θ−

1
cosh

θ
+
1
.

E
xpanding

num
erator

and
denom

inator
in

pow
er

series,

1−
Ω
≈

θ
2

2
!
+

θ
4

4
!
+
...

2
+

θ
2

2
!
+
...

.
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K
eeping

only
the

leading
term

s,

1−
Ω
≈

θ
222
=

14
θ
2
,

so

1−
Ω
≈

14 (
6
ct

α )
2
/
3

.

T
his

result
show

s
that

the
deviation

of
Ω

from
1
is

am
plified

w
ith

tim
e.

T
his

fact
leads

to
a
conundrum

called
the

“flatness
problem

”,w
hich

w
illbe

discussed
later

in
the

course.

A
com

m
on

m
istake

(very
m
inor)

w
as

to
keep

extra
term

s,
especially

in
the

denom
inator.

K
eeping

extra
term

s
allow

s
a
higher

degree
of

accuracy,so
there

is
nothing

w
rong

w
ith

it.
H
ow

ever,one
should

alw
ays

be
sure

to
keep

a
llterm

s
of

a
given

order,since
keeping

only
a
subset

of
term

s
m
ay

or
m
ay

not
increase

the
accuracy.

In
this

case,
an

extra
term

in
the

denom
inator

can
be

rew
ritten

as
a
term

in
the

num
erator:
θ
2

2
!

2
+

θ
2

2
!

=
14

θ
2

1
+

θ
24

=
14
θ
2 (

1−
θ
24
+
... )

=
14
θ
2−

116
θ
4
+
...

,

w
here

I
used

the
expansion

1
1
+
x
=

1−
x
+
x

2−
x

3
+
x

4
+
...

.

T
hus,

the
extra

term
in

the
denom

inator
is
equivalent

to
a
term

in
the

num
er-

ator
of

order
θ
4,but

other
term

s
proportionalto

θ
4
have

been
dropped.

So,
it

is
not

w
orthw

hile
to

keep
the

2nd
term

in
the

expansion
of

the
denom

inator.

P
R

O
B

L
E
M

3:
T

H
E

C
R

U
N

C
H

O
F

A
C

L
O

S
E
D

,
M

A
T

T
E
R

-
D

O
M

IN
A

T
E
D

U
N

IV
E
R

S
E

(10
points) ∗†

∗
Solution

w
ritten

by
L
eo

Stein
and

A
lan

G
uth.

†
T
he

P
roblem

Set
claim

ed
that

this
problem

w
as

taken
from

R
yden’s

P
roblem

6.14,
w
hile

m
ost

of
you

probably
found

that
it

w
as

P
roblem

6.5.
W

hile
it

is
con-

ceivable
that

I
m
ay

have
m
iscopied

the
num

ber,
in

fact
it

w
as

P
roblem

6.14
in

the
earliest

printing
of

the
book.

Y
ou

m
ight

w
onder,

how
ever,

if
there

w
ere

so
m
any

problem
s
in

the
earlier

printing,w
hy

the
current

printings
have

only
8
problem

s
at

the
end

ofchapter
6.

T
he

answ
er

is
that

the
early

printing
also

had
only

8
problem

s
at

the
end

ofchapter
6.

D
ue

to
som

e
softw

are
bug,they

w
ere

num
bered

6.10
though

6.17.
A
pparently

som
e
counter

variable
w
as

not
reset

after
C
hapter

5,
w
hich

has
9

problem
s.
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D
r.

N
iw

de
m
easures

the
tw

o
quantities

Ω
0
(in

the
range

of(1,∞
))

and
H

0
<

0.
A
ll
of

the
quantities

of
interest

(the
tim

e
until

the
end

of
the

universe
t
le

ft ,
the

m
inim

um
z,and

the
lookback

tim
e
t
lb

,b
lu

e
st )

m
ust

allbe
stated

in
term

s
of

the
tw

o
physicalobservables

Ω
0
and

H
0 .

T
he

param
etric

form
ofthe

evolution
ofthe

closed
universe

is
param

eterized
by

the
developm

ent
angle

θ,w
hich

needs
to

be
determ

ined
from

the
tw

o
physical

observables,
and

the
constant

α
w
hich

is
a
m
easure

of
the

m
ass

density
of

the
universe.

From
class

(or
E
q.

(5.32)
in

the
L
ecture

N
otes),

w
e

found
α
=

c

2|H
|

Ω
(Ω

−
1)

3
/
2
.

(3.1)

T
he

value
is

a
constant

over
the

course
of

the
universe,

so
it

can
be

evaluated
at

any
tim

e
(except

θ
=
π
);

therefore
insert

the
values

of
H

0
and

Ω
0 .

W
e
also

have
the

relation
(E

q.(5.34))

cos
θ
=

2−
Ω

Ω
.

(3.2)

T
his

needs
to

be
inverted

for
θ
0
w
hen

evaluated
w
ith

Ω
0
on

the
right

hand
side.

T
he

function
cos

θ
is

not
one

to
one,

so
the

inverse
is

not
unique.

W
e
could

w
rite

θ
=

arccos (
2−

Ω
Ω

)
,

(3.3)

adding
the

w
ords

that
θ
is

to
be

chosen
in

the
interval

θ∈
[π
,2
π
].
Such

an
answ

er
should

get
full

credit,
but

it
is

hard
to

use,
since

calculators
are

not
capable

of
responding

to
such

verbal
instructions.

C
alculators

norm
ally

return
the

“principal
branch”

of
the

arccos(x)
function,

w
hich

m
aps

x
∈

[−
1
,1]

to
θ
∈

[0
,π

].
Sim

ilar
principal

branches
are

conventional
for

other
inverse

trigonom
etric

functions;
for

exam
ple,

the
principal

branch
of

arcsin(x)
m
aps

x
∈

[−
1
,1]

to
θ
∈

[−
π
/2
,π
/2].

Since
the

principalbranch
ofarccos(x)

covers
m
ore

ofthe
range

ofthe
developm

ent
angle

θ
than

the
principalbranch

ofarcsin(x)
does,cos

θ
w
illbe

m
ore

convenient
to

invert
than

sin
θ;but

one
also

needs
the

value
ofsin

θ
for

som
e
expressions.

T
o
find

θ
0
w
ith

the
principalbranch

ofarccos(x),note
that

cos
θ
=

cos(2
π−

θ);thus
values

of
θ
∈

[π
,2
π
]
can

be
evaluated

in
term

s
of

values
in

[0,π
],
w
hich

is
the

principal
branch

of
arccos(x).

U
sing

this,
w
e
can

w
rite

θ
0
=

2
π−

arccos (
2−

Ω
0

Ω
0

)
,

(3.4)

w
here

arccos(x)
is

evaluated
using

the
principal

branch.
T
hat

is,
θ
0
defined

by
E
q.

(3.4)
satisfies

E
q.

(3.2),
and

it
lies

in
the

range
of
π

to
2
π
.

For
values

of
sin

θ
0 ,

one
uses

the
identity

sin
θ
=

± √
1−

cos
2
θ
(E

q.
(5.36)).

Since
one

know
s

that
θ
0 ∈

[π
,2
π
],and

sin
θ
is

negative
on

this
interval,

one
takes

the
negative

root:

sin
θ
0
=

−
2 √

Ω
0 −

1
Ω

0
.

(3.5)



8.286
P

R
O

B
L
E

M
S
E

T
4

S
O

L
U

T
IO

N
S
,
F
A

L
L

2009
p
.
11

T
hus,

the
value

of
t
0 ,

w
hen

D
r.

N
iw
de

m
akes

his
m
easurem

ents,
is
given

by

t
0
=
αc
(θ

0 −
sin

θ
0 )

=
1

2|H
|

Ω
(Ω

−
1)

3
/
2 [2

π−
arccos (

2−
Ω

0

Ω
0

)
+

2 √
Ω

0 −
1

Ω
0

]
.

(3.6)

O
ne

is
now

ready
to

find
t
le

ft
=
t
C

ru
n
ch −

t
0 ,using

ct
C

ru
n
ch

=
2
π
α
.
E
valuating

this,
one

findst
le

ft
=

Ω
0

2|H
0 |(Ω

0 −
1)

3
/
2 [arccos (

2−
Ω

0

Ω
0

)
−

2 √
Ω

0 −
1

Ω
0

]
.

(3.7)

(A
lternatively,

one
could

have
taken

t
0
directly

from
E
q.

(5.37)
of

L
ecture

N
otes

5,using
the

choices
described

in
the

table
follow

ing
the

equation.
R
ew

riting
E
q.(5.37)

explicitly
for

the
contracting

phase,

t
0
=

1
2|H

0 |
Ω

0

(Ω
0 −

1)
3
/
2 {

arcsin (−
2 √

Ω
0 −

1
Ω

0

)
+

2 √
Ω

0 −
1

Ω
0

}
,

(3.8)

w
here

arcsin(x)
is

chosen
betw

een
π
and

32
π
if∞

≥
Ω

0 ≥
2,

and
betw

een
32
π
and

2
π
if
2≥

Ω
0 ≥

1.
In

term
s
of

the
principal

branch
of

the
sine

function,
this

can
be

w
ritten

t
0
=

1
2|H

0 |
Ω

0

(Ω
0 −

1)
3
/
2 ×  [π

+
arcsin (

2 √
Ω

0 −
1

Ω
0

)
+

2 √
Ω

0 −
1

Ω
0

]
if∞

≥
Ω

0 ≥
2
,

[2
π−

arcsin (
2 √

Ω
0 −

1
Ω

0

)
+

2 √
Ω

0 −
1

Ω
0

]
if
2≥

Ω
0 ≥

1
.

(3.9)
F
inally,

t
le

ft
=

2
π
α
/
c−

t
0
im

plies
that

t
le

ft
=

1
2|H

0 |
Ω

0

(Ω
0 −

1)
3
/
2 ×  [π−

arcsin (
2 √

Ω
0 −

1
Ω

0

)−
2 √

Ω
0 −

1
Ω

0

]
if∞

≥
Ω

0 ≥
2
,

[arcsin (
2 √

Ω
0 −

1
Ω

0

)−
2 √

Ω
0 −

1
Ω

0

]
if
2≥

Ω
0 ≥

1
,

(3.10)
w
here

arcsin(x)
is

evaluated
using

the
principal

branch.
N
ote

that
the

com
plexity

ofthe
if-construction

above
is
avoided

by
using

the
arccos

function,as
in

E
q.(3.7))

C
ontinuing,w

e
are

next
asked

to
determ

ine
the

bluest
blueshift

that
D
r.N

iw
de

can
observe.

A
ssum

e
that

the
density

ofgalaxies
is
high

enough
so

that
allpossible
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distances
(w

ithin
the

horizon
distance)

are
w
ell

represented.
T
hen

there
is

alw
ays

a
galaxy

w
hose

light
is

just
arriving

at
D
r.

N
iw

de’s
observatory

at
t
0
for

an
y
t
e
in

the
range

0
<
t
e
<
t
0 .

W
e
let

θ
e ≡

θ(t
e )

and
a

e ≡
a(t

e )
denote

respectively
the

developm
ent

angle
and

scale
factor

at
tim

e
t
e .

T
he

bluest
blueshift

is
then

found
by

m
inim

izing
1
+
z
=

a
0

a
e
over

allthe
values

of
a

e
that

are
in

the
past

ofD
r.

N
iw

de.

(A
s
an

aside,one
m
ay

be
concerned

about
w
hether

som
e
given

value
of
t
e
m
ight

correspond
to

a
distance

beyond
the

horizon.
T
his,

how
ever,

can
never

happen.
R
ecall

that
the

horizon
is

defined
as

the
distance

beyond
w
hich

light
has

not
yet

had
tim

e
to

reach
us.

So
if
light

em
itted

at
tim

e
t
e
from

som
e
location

is
reaching

us
today,then

the
location

is
not

beyond
the

horizon.)

R
eturning

to
the

question
of

m
inim

ization,
z
is

m
inim

ized
w
hen

a
e
is

m
axi-

m
ized,

w
hich

happens
at
θ

e
=
π
.
U
sing

a
/ √

k
=
α
(1−

cos
θ),

the
value

of
z
m

in
is

found
to

be
1
+
z
m

in
=
a
0

a
e
=

1−
cos

θ
0

1−
cos

θ
e
=

1−
cos

θ
0

2
.

(3.11)

U
sing

the
value

of
cos

θ
0
from

E
q.(3.2),one

finds

z
m

in
=

−
1Ω
0
.

(3.12)

F
inally,the

lookback
tim

e
is

sim
ply

t
lb
=
t
0 −

t
e ,

w
here

t
e
=
t(θ

=
π
)
=
π
α
/
c.

U
sing

E
q.(3.6)

for
t
0 ,

this
gives

t
lb

=
Ω

0

2|H
0 |(Ω

0 −
1)

3
/
2 [
π−

arccos (
2−

Ω
0

Ω
0

)
+

2 √
Ω

0 −
1

Ω
0

]
.

(3.13)

O
r,

using
E
q.(3.9),one

can
w
rite

t
lb
=

1
2|H

0 |
Ω

0

(Ω
0 −

1)
3
/
2 ×  [arcsin (

2 √
Ω

0 −
1

Ω
0

)
+

2 √
Ω

0 −
1

Ω
0

]
if∞

≥
Ω

0 ≥
2
,

[π−
arcsin (

2 √
Ω

0 −
1

Ω
0

)
+

2 √
Ω

0 −
1

Ω
0

]
if
2≥

Ω
0 ≥

1
.

(3.14)

It
w
as

not
asked

in
the

problem
,
but

one
m
ay

w
ant

to
know

the
distance

to
a
galaxy

w
hich

is
m
ost

blueshifted.
T
he

physical
distance

integral
becom

es
sim

ple
w
hen

w
ritten

in
term

s
of
θ,

giving

�
p
,b

lu
e
st
=
α
(1−

cos
θ
0 )(θ

0 −
θ

e )
.

(3.15)
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Inserting
α
,
θ
0 ,

and
θ

e
=
π
,this

is

�
p
,b

lu
e
st
=

c

|H
0 | √

Ω
0 −

1 [
π−

arccos (
2−

Ω
0

Ω
0

)]
.

(3.16)

P
R

O
B

L
E
M

4:
A

C
IR

C
L
E

IN
A

N
O

N
-E

U
C

L
ID

E
A

N
G

E
O

M
E
T

R
Y

(a)
T
he

m
etric

is
given

by

d
s
2
=
a
2 {

d
r
2

1−
k
r
2
+
r
2 (d

θ
2
+
sin

2
θd
φ

2 ) }
.

T
he

m
etric

allow
s
us

to
find

the
proper,or

physical,
distance

associated
w
ith

a
given

coordinate
displacem

ent.
For

our
prob-

lem
,
w
e
are

interested
in

the
physical

dis-
tance

that
results

from
m
otion

in
the

φ
direction,

w
ith

the
other

coordinates
held

fixed,
as

show
n

at
the

right.
For

an
in-

finitesim
al

segm
ent

of
the

circle,
r
=
r
0

and
θ
=
π
/2

are
held

constant;
thus,

d
r
=

d
θ
=

0,
w
hile

d
φ

is
arbitrary.

P
lugging

these
values

into
the

m
etric,

w
e
find

that
the

physicalarc
length

for
an

infinitesim
al

piece
d
φ

of
the

circum
ference

is
given

by

d
s
2
=
a
2 {
r
20 d
φ

2 }
and

therefore
d
s
=
a
r
0 d
φ
.

T
o
find

the
totalcircum

ference,
w
e
m
ust

integrate
φ
from

0
to

2
π
,so

S
= ∫

d
s
=
a
r
0 ∫

2
π

0

d
φ
=

2
π
a
r
0

.

(b)
W
e
now

w
ant

to
find

the
radius

of
the

circle,
so

w
e
m
ust

find
the

physical
path

length
that

corresponds
to

an
infinitesim

al
displacem

ent
of

the
radial

coordinate,
w
ith

all
angles

held
fixed.

W
ith

θ
=
π
/2

and
φ

=
const.,

d
θ
=

d
φ
=

0,the
m
etric

becom
es
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d
s
2
=
a
2 {

d
r
2

1−
k
r
2 }

,

and
therefored

s
=

ad
r

√
1−

k
r
2
.

T
o
find

the
radius,w

e
sim

ply
integrate

the
infinitesim

al
displacem

ent,

ρ
= ∫

d
s
= ∫

r
0

0

ad
r

√
1−

k
r
2
.

For
a
closed

universe,
k
=

1
and

ρ
= ∫

r
0

0

ad
r

√
1−

r
2
=
a
sin −

1
r ]

r
0

0

=
a
sin −

1
r
0
.

For
an

open
universe,

k
=

−
1
and

ρ
= ∫

r
0

0

ad
r

√
1
+
r
2
=
a
sinh −

1
r ]

r
0

0

=
a
sinh −

1
r
0
.

(c)
For

k
=

1,
S
=

2
π
a
r
0
and

ρ
=
a
sin −

1
r
0

=⇒
S
=

2
π
a
sin (

ρa )

N
ote

that
for

ρ�
a,sin (

ρa )≈
ρa
and

so
S
≈

2
π
ρ,in

agreem
ent

w
ith

E
uclidean

geom
etry.

For
ρ
>

0,sin(ρ
/
a)
<
ρ
/
a,so

S
<

2
π
ρ
.

For
k
=

−
1,
S
=

2
π
a
r
0
and

ρ
=
a
sinh −

1
r
0

=⇒
S
=

2
π
a
sinh (

ρa )
.

A
gain,

if
ρ�

a,
sinh

(ρ
/
a)≈

ρ
/
a
and

S
≈

2
π
ρ.

For
ρ
>

0,
sinh

(ρ
/
a)
>
ρ
/
a,

so
S
>

2
π
ρ
.
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P
R

O
B

L
E
M

5:
V

O
L
U

M
E

O
F

A
C

L
O

S
E
D

U
N

IV
E
R

S
E

N
ote

on
E
quation

N
um

bers:
U
nfortunately

I
did

not
realize

soon
enough

that
the

equation
num

bers
m
entioned

in
the

statem
ent

of
the

problem
referred

to
L
ecture

N
otes

6
for

2005.
C
orrecting

for
this

year’s
num

bering,
the

problem
should

have
read:

...It
w
illbe

easiest
to

use
the

m
etric

in
the

form
of

E
q.(6.14):

d
s
2
=
a
2 [d

ψ
2
+
sin

2
ψ (d

θ
2
+

sin
2
θd
φ

2 )]
.

...B
y
com

paring
E
qs.(6.9)

and
(6.14),one

can
see

that
as

long
as
ψ

is
held

fixed,
the

m
etric

for
varying

θ
and

φ
is

the
sam

e
as

that
for

a
spherical

surface
of

radius
a
sin

ψ
,
and

thus
the

area
of

the
spherical

surface
is

4
π
a
2
sin

2
ψ
.

In
these

solutions
all

equation
num

bers
have

been
updated

to
correspond

to
the

2007
notes.

T
he

m
etric

for
the

closed
universe

can
be

w
ritten

as

d
s
2
=
a
2 [d

ψ
2
+
sin

2
ψ (d

θ
2
+

sin
2
θd
φ

2 )]
,

w
hich

is
E
q.

(6.14),
w
ith

a
2
replaced

by
a
2
by

using
E
q.

(6.21)
w
ith

k
=

1.
For

com
parison,

the
m
etric

for
the

surface
of

a
sphere

of
radius

a
is

given
by

E
q.

(6.9),
d
s
2
=
a
2 (d

θ
2
+
sin

2
θd
φ

2 )
.

B
y
com

paring
these

tw
o,

one
sees

that
the

set
of

points
described

by
ψ

=
constant

(varying
θ
and

φ)
has

the
sam

e
m
etric

as
a
sphere

ofradius
a
=
a
sin

ψ
.

W
e
can

save
ourselves

som
e
trouble

in
calculating

by
rem

em
bering

that
the

area
of

such
a
spherical

surface
is

4
π
a
2
=

4
π
a
2sin

2
ψ
.

T
he

volum
e
ofthe

sphericalshellshow
n
in

the
problem

is
just

the
area

tim
es

the
thickness.

T
he

thickness
is

not
d
ψ
,
since

ψ
is

only
a
coordinate

—
rem

em
ber

that
in

curved
space

a
coordinate

and
a
distance

are
tw

o
different

things.
T
he

distance
is

given
by

the
m
etric.

C
onsider

in
this

case
a
radial

line
extending

from
ψ

to
ψ
+
d
ψ
,
at

constant
θ
and

φ.
T
hen

d
s
2
=
a
2d
ψ

2
,

and
so

the
length

of
the

line
segm

ent
is

d
s
=
ad
ψ
.

T
he

volum
e
of

the
spherical

shell
is

then
given

by

d
V

= [4
π
a
2sin

2
ψ ]
ad
ψ

.
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W
e
m
ust

now
integrate

over
the

range
of
ψ
.
T
he

variable
ψ

w
as

introduced
w
ith

E
q.(6.12)

and
the

accom
panying

diagram
,and

it
w
as

defined
as

the
angle

betw
een

the
radialline

and
the

positive
w
-axis.

T
his

angle
ranges

from
0,w

hen
the

tw
o
lines

are
parallel,to

π
w
hen

they
point

in
opposite

directions.
So

V
=

4
π
a
3 ∫

π

0

sin
2
ψ
d
ψ

.

Integrating,
∫

π

0

sin
2
ψ
d
ψ
= ∫

π

0

1−
cos2

ψ

2
d
ψ

=
12 {

ψ ]
π0 −

12
sin

2
ψ ]

π0 }

=
π2

.

So

V
=

2
π

2a
3
.

A
lternatively,

there
is

a
fam

ous
(and

very
useful)

m
athem

atical
“trick”

for
integrating

sin
2
ψ

over
any

interval
w
hich

is
a
m
ultiple

of
π
/2.

O
ver

such
an

intervalsin
2
ψ
varies

over
its

fullrange,and
cos

2
ψ
w
ould

do
the

sam
e
(although

out
of

phase).
U
sing

the
fact

that
cos

2
ψ
+

sin
2
ψ

=
1,

it
follow

s
that

cos
2
ψ

and
sin

2
ψ

m
ust

each
average

to
1
/2

w
hen

integrated
over

any
interval

w
hich

is
a
m
ultiple

of
π
/2.

T
he

integral

∫
π

0

sin
2
ψ
d
ψ
= ∫

π

0

d
ψ
× [average

ofsin
2
θ ]

=
π2

.


