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8.286:
T
he

E
arly

U
niverse

O
ctober

31,
2009

P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

5
S
O

L
U

T
IO

N
S

P
R

O
B

L
E
M

1:
S
U

R
FA

C
E

B
R

IG
H

T
N

E
S
S

IN
A

C
L
O

S
E
D

U
N

IV
E
R

S
E
*

(10
points)

In
this

problem
w
e
use

the
form

of
the

m
etric

d
s
2
=

−
c
2d
t
2
+
a
2(t) {d

ψ
2
+

sin
2
ψ
(d
θ
2
+

sin
2
θ
d
φ

2) }
(a)

Follow
ing

the
hint,

w
e
draw

R
obertson-W

alker
coordinates

w
ith

the
galaxy

G
in

the
center.

T
he

radial
coordinate

of
the

detector
on

E
arth

w
ill

be
ψ
G
.
T
he

diagram
also

show
s
a
sphere

at
the

sam
e
radialcoordinate

ψ
G
:

Since
the

speed
of

light
is

independent
of

angle,
all

the
photons

that
left

the
galaxy

G
at

tim
e
t
G

are
arriving

at
the

ψ
=

ψ
G

sphere
at

the
present

tim
e
t
0 .

T
o
calculate

the
pow

er
received

by
the

detector
w
e
need

to
know

w
hat

fraction
of

those
photons

hit
the

detector.
T
he

fraction
is

sim
ply

the
area

A
of

the
detector

divided
by

the
area

A
s (t

0 )
of

the
sphere

at
tim

e
t
0 .

T
he

area
of

the
sphere

can
be

calculated
by

restricting
the

m
etric

to
the

case
d
t
=

d
ψ

=
0,

t
=

t
0 ,

ψ
=

ψ
G
:

d
s
2
=

a
2(t

0 )sin
2
ψ
G
(d
θ
2
+
sin

2
θ
d
φ

2)
.

*
Solution

by
B
arton

Z
w
iebach,

based
on

a
prior

version
by

A
lan

G
uth.
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T
his

expression
is

identical
to

the
m
etric

of
the

surface
of

a
sphere

of
radius

r
=

a(t
0 )sin

ψ
G
.
T
he

area
is

therefore
A
s (t

0 )
=

4
π
r
2
=

4
π
a
2(t

0 )sin
2
ψ
G
.
So,

fraction
=

area
of

detector
area

of
sphere

=
A

4
π
a
2(t

0 )sin
2
ψ
G

.

T
he

pow
er

hitting
the

detector
is

further
reduced

by
one

factor
of

(1
+

z)
=

a(t
0 )/

a(t
G
)
because

the
frequency,

and
hence

the
energy,

of
each

photon
is

reduced
by

this
factor.

In
addition,

the
pow

er
is

reduced
by

another
factor

of
(1

+
z)

because
the

rate
of

arrival
of

photons
is

reduced
by

this
factor.

T
hus,

if
P

is
the

pow
er

that
the

galaxy
w
as

em
itting

at
tim

e
t
G
,
then

the
pow

er
received

by
the

detector
today

is

P
re

c
e
iv

e
d
=

P
A

4
π
a
2(t

0 )sin
2
ψ
G [

a(t
G
)

a(t
0 ) ]

2

=
P

A
a
2(t

G
)

4
π
a
4(t

0 )sin
2
ψ
G

.

T
he

flux
is

given
by

J
=

P
re

c
e
iv

e
d

A
=

P
a
2(t

G
)

4
π
a
4(t

0 )sin
2
ψ
G

.

(b)
Ifw

e
choose

the
axis

show
n
vertically

in
the

diagram
to

be
the

z-axis,then
the

angle
labeled

∆
θ
w
ill

represent
an

increm
ent

of
the

R
obertson-W

alker
coordi-

nate
θ,as

the
label

∆
θ
suggests:

A
t
tim

e
t
G
the

distance
betw

een
the

tw
o
edges

ofthe
galaxy

is
given,according

to
the

m
etric,by

d
s
=

a(t
G
)sin

ψ
G
∆
θ
,
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w
here

I
have

assum
ed

that
∆
θ�

1.
B
ut

the
problem

tells
us

that
this

distance
is
w
,
so

w
=

a(t
G
)sin

ψ
G
∆
θ

=⇒
∆
θ
=

w

a(t
G
)sin

ψ
G

.

R
em

ark
s.

In
solving

the
problem

this
w
ay,

w
e
used

the
diagram

above
only

to
label

the
coordinates,

but
w
e
needed

the
m
etric

to
determ

ine
the

angle.
It

w
ould

have
been

incorrect
to

assum
e
that

∆
θ
is
calculated

by
dividing

a
com

oving
distance

w
/
a(t

G
)
by

the
radial

distance
ψ
G
.
T
he

problem
is

that
in

curved
space

the
angle

betw
een

tw
o
geodesics

cannot
be

calculated
by

dividing
an

arc
length

over
a
radial

distance.
T
hink,

for
exam

ple,
of

tw
o
geodesics

starting
at

the
north

pole
of

planet
E
arth

at
an

angle
of90 ◦.

B
y
the

tim
e
they

reach
the

equator,the
distance

betw
een

them
,
along

the
equator,

is
equal

to
the

radial
distance

from
the

north
pole

to
the

equator.
A

naive
calculation

of
the

angle
w
ould

then
give

1
radian,

sm
aller

than
the

correct
angle

of
90 ◦.

B
y

taking
advantage

of
the

fact
that

a
closed

universe
can

be
view

ed
as

a
sphere

em
-

bedded
in

a
E
uclidean

space,
the

tw
o
dim

en-
sional

analog
of

the
problem

can
be

visualized
nicely.

A
s
show

n
in

the
figure

to
the

right,
w
e

assum
e
planet

E
arth

is
at

the
north

pole
P

and
a
galaxy,show

n
as

a
sm

alldisk,is
on

a
latitude

circle
w
ith

som
e
value

of
θ.

W
e
also

show
tw

o
geodesics

(or
light

ray
trajectories)

that
leave

the
tw

o
sides

A
and

B
of

the
galaxy

and
reach

P
.
Suppose

the
distance

betw
een

the
sides

A
and

B
of

the
galaxy

is
w
,
w
hat

is
the

angle
∆
φ

at
P
?

T
he

angle
is

not
w

divided
by

the
distance

a
θ
from

P
to

the
galaxy.

T
o
find

the
correct

value
w
e
m
ust

first
show

that
the

angle
∆
φ
or,equivalently,the

angle
A
P
B

is
equalto

the
angle

A
Q
B
.

O
ne

w
ay

to
see

this
is
to

note
that

the
verticalprojection

ofthe
line

P
A

to
the

plane
through

the
latitude

circle
gives

the
line

Q
A

and
the

vertical
projection

of
the

line
P
B

gives
the

line
Q
B
.
In

a
very

sm
allneighborhood

of
P

the
surface

ofthe
sphere

is
approxim

ately
flat

and
locally

parallel
to

the
plane

through
the

latitude
circle.

T
he

projection
then

does
pretty

m
uch

nothing,
show

ing
that

the
angles

are
the

sam
e.

N
ote

that
this

m
eans

that
the

angle
at

P
can

be
calculated

by
dividing

arc
length

by
radial

distance
only

in
the

lim
it
as

the
radial

distance
goes

to
zero.
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T
o
calculate

∆
φ

w
e
use

the
disk

through
the

latitude
circle.

O
n

this
circle

the
galaxy

spans
a
distance

w
and

the
radialdistance

is
equalto

the
radius

a
sin

θ.
Since

this
is

a
circle

on
flat

space,
w
e
find

∆
φ
=

w

a
sin

θ
.

B
y
our

argum
ent

above
this

is
the

correct
value

for
the

angle
seen

at
P
.
T
he

m
ore

operationalw
ay

to
obtain

this
answ

er
uses

the
m
etric

on
the

sphere:

d
s
2
=

a
2(d

θ
2
+
sin

2
θ
d
φ

2)
.

T
he

galaxy
corresponds

to
d
θ
=

0
and

d
φ
=

∆
φ.

W
e
then

have

w
=

d
s
=

a
sin

θ∆
φ
,

w
hich

coincides
w
ith

the
answ

er
obtained

before.

c)
T
o
evaluate

the
solid

angle
subtended

by
the

galaxy,
im

agine
surrounding

the
observer

by
a
sm

all
sphere

of
arbitrary

radius
r.

T
he

galaxy
w
ould

appear
on

this
sphere

as
a
disk

w
ith

a
angular

radius
∆
θ
/2,

w
hich

im
plies

a
radius

of
r
∆
θ
/2,and

an
area

A
=

π
r
2
∆
θ
2/4.

T
he

solid
angle

is
given

by

∆
Ω
≡

Ar
2
=

π
∆
θ
2

4
.

U
sing

the
answ

ers
from

the
previous

tw
o
parts,the

surface
brightness

is
given

by

σ
=

J∆
Ω

=
4
J

π
∆
θ
2
=

4
J
a
2(t

G
)sin

2
ψ
G

π
w

2

=
P
a
4(t

G
)

π
2w

2a
4(t

0 )
=

P

π
2w

2

1
(1

+
z)

4
.

W
hile

w
e
derived

this
form

ula
for

a
closed

universe,
w
e
w
ould

have
found

the
sam

e
result

in
an

open
or

flat
universe.

N
ote

that
this

result
im

plies
that

for
z�

1,the
surface

brightness
is
inde-

pendent
of

distance.
T
his

result
is

consistent
w
ith

E
uclidean

geom
etry,

w
hich

says
that

both
the

energy
flux

and
the

solid
angle

are
inversely

proportionalto
the

square
ofthe

distance,so
the

surface
brightness

is
independent

ofdistance.

R
ecall

that
in

P
roblem

Set
2
(2009)

w
e
discussed

the
m
ost

distant
galaxy

w
ith

a
w
ell-determ

ined
redshift,

w
ith

z
=

6
.96.

N
ote

that
for

this
galaxy

the
surface

brightness
is

suppressed
by

a
w
hopping

factor
of

(1
+

z)
4
≈

4
,015,

w
hich

indicates
w
hy

such
high

redshift
ob

jects
are

diffi
cult

to
see!
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P
R

O
B

L
E
M

2:
T

R
A

JE
C

T
O

R
IE

S
A

N
D

D
IS

T
A

N
C

E
S

IN
A

N
O

P
E
N

U
N

IV
E
R

S
E

a)
T
he

geodesic
is

along
a
radial

line,
so

d
θ
=

d
φ
=

0.
T
hen

d
τ
=

0,
w
hich

is
alw

ays
true

for
a
light

pulse
traveling

in
a
vacuum

,
im

plies
that

−
c
2
d
t
2
+
a
2(t)d

ψ
2
=

0
,

(1)

or
d
ψd
t
=

−
c

a(t)
.

N
ote

that
E
q.

(1)
has

tw
o
roots,

d
ψ
/d

t
=

±
c/
a(t),

but
the

negative
sign

is
right

for
this

problem
because

the
value

of
ψ

for
the

light
pulse

starts
at

ψ
G

(w
hich

is
alw

ays
positive)

and
d
e
c
re

a
se

s
to

0.
Integrating,

d
ψ
=

−
c

a(t)
d
t

∫
0

ψ
G

d
ψ
=

− ∫
t0

t
G

c

a(t)
d
t

ψ
G
= ∫

t0

t
G

c

a(t)
d
t

w
hich,

since
ψ
G

is
know

n,
determ

ines
t
G

in
term

s
of

a(t).

b)
T
he

cosm
ologicalred

shift
is

given
by

1
+
z≡

λ
o
b
se

rv
e
d

λ
e
m

itte
d

=
a(t

o
b
se

rv
e
d )

a(t
e
m

itte
d )

.

Since
t
o
b
se

rv
e
d
=

t
0
and

t
e
m

itte
d
=

t
G
,
it
follow

s
that

z
G
=

a(t
0 )

a(t
G
) −

1
.

c)
T
o
find

the
volum

e
of

space
w
ith

redshifts
sm

aller
than

that
of

galaxy
G
,
the

first
step

is
to

recognize
that

the
redshift

increases
m
onotonically

w
ith

ψ
G
.
(If

you
doubt

this
statem

ent,note
that

the
answ

er
to

(a)
im

plies
that

t
G
decreases
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m
onotonically

w
ith

ψ
G
.

A
ssum

ing
that

a(t)
is

m
onotonically

increasing,
the

an-
sw

er
to

(b)
then

im
plies

that
z
G

increases
m
onotonically

w
ith

ψ
G
.)

T
hus,

the
region

w
ith

z
sm

aller
than

that
ofgalaxy

G
is
the

region
w
ith

0
<

ψ
<

ψ
G
.
In

other
w
ords,

w
e
need

to
find

the
physical

volum
e
of

a
sphere

of
radius

ψ
G
,
so

conceptually
this

w
illbe

very
sim

ilar
to

P
roblem

2.
T
o
inte-

grate
the

volum
e
of

this
region,

w
e
again

divide
space

into
concentric

shells,w
ith

ra-
dialcoordinate

ψ
and

coordinate
thickness

d
ψ
,
as

show
n
at

the
right.

T
he

area
ofthe

sphericalshellis
determ

ined
by

the
m
etric

on
the

surface,w
hich

can
be

obtained
from

the
full

m
etric

by
treating

t
and

ψ
as

fixed:

d
s
2
=

a
2(t)sinh

2
ψ
(d
θ
2
+

sin
2
θ
d
φ

2)
.

T
his

expression
is

identical
to

the
m
etric

of
the

surface
of

a
sphere

of
radius

r
=

a(t)sinh
ψ
.
T
he

area
is

therefore
A

=
4
π
r
2
=

4
π
a
2(t)sinh

2
ψ
.
L
ooking

again
at

the
m
etric,

one
sees

that
the

physical
thickness

of
the

shell
is

d
s
=

a(t)d
ψ
.
T
he

volum
e
of

the
shell

is
then

d
V

=
A
a(t)d

ψ
=

4
π
a
3(t)sinh

2
ψ
d
ψ

,

and
the

totalvolum
e
is

found
by

integration:

V
=

4
π
a
3(t) ∫

ψ
G

0

sinh
2
ψ
d
ψ

.

E
xtension:

Y
ou

w
ere

not
asked

to
evaluate

the
integral,

but
it

can
be

done
as

follow
s:

∫
ψ

G

0

sinh
2
ψ
d
ψ
= ∫

ψ
G

0

[
e
ψ−

e −
ψ

2

]
2

d
ψ

=
14 ∫

ψ
G

0

[e
2
ψ
+
e −

2
ψ−

2 ]
d
ψ

=
14 [

12
e
2
ψ−

12
e −

2
ψ−

2
ψ ] ∣∣∣∣ ψ

G

0

=
14 [

12 (e
2
ψ

G−
e −

2
ψ

G )−
2
ψ
G ]

=
14 [sinh(2

ψ
G
)−

2
ψ
G ]

.
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T
he

volum
e
is

then

V
=

π
a
3(t) [sinh(2

ψ
G
)−

2
ψ
G ]

.

d)
T
he

proper
distance

betw
een

(ψ
,θ
,φ)

and
(ψ

+
d
ψ
,θ
,φ)

is
w
hat

is
m
easured

by
a
ruler

at
rest

in
this

coordinate
system

,
but

that
is

exactly
the

m
eaning

of
the

d
s
that

appears
in

the
expression

for
the

m
etric.

Since
t,

θ,
and

φ
are

constant
along

the
radial

line
betw

een
E
arth

and
the

galaxy
G
,
the

m
etric

at
t
=

t
0
reduces

to
d
s
=

a(t
0 )d

ψ
.

Integrating,

�
p
ro

p
= ∫

d
s
=

a(t
0 )

ψ
G
.

e)
T
he

calculation
of

the
angular

size
distance

is
sim

ilar
to

the
angular

size
cal-

culation
in

P
roblem

5
of

P
roblem

Set
2
(2009),

but
it

is
not

quite
identical.

T
here

w
e
w
ere

talking
about

a
flat

universe,
but

this
tim

e
w
e
are

interested
in

a
curved

universe.
T
he

basic
m
ethod

is
the

sam
e,

how
ever,

so
long

as
w
e

rem
em

ber
that

all
distances

have
to

be
determ

ined
via

the
m
etric.

P
lacing

the
galaxy

for
convenience

along
the

x
axis

(θ
=

0),
w
e
draw

it
at

the
tim

e
of

em
ission,

t
G
:

W
e
draw

the
picture

at
the

tim
e
of

em
ission,

because
the

photons
that

w
e

receive
today

arrive
on

trajectories
that

w
ere

determ
ined

solely
by

the
position

of
the

galaxy
at

that
tim

e.
U
sing

the
m
etric,

w
e
can

express
the

physical
diam

eter
of

the
galaxy

at
the

tim
e
of

em
ission.

T
he

only
coordinate

that
changes

betw
een

the
points

A
and

B
is
θ,

so

w
=

d
s
=

a(t
G
)
sinh

ψ
G
∆
θ
.
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(N
ote

that
w
e
have

assum
ed

in
the

above
equation

that
∆
θ�

1,
so

that
w
e

do
not

need
to

distinguish
betw

een
the

angle
betw

een
A

to
B
,
w
hich

are
at

opposite
ends

ofthe
diam

eter
ofthe

sphere,and
the

angle
ofvisibility,w

hich
is

bounded
by

lines
w
hich

are
tangent

to
the

sphere.)
T
he

angular
size

distance
is

then

�
a
n
g ≡

w∆
θ
=

a(t
G
)
sinh

ψ
G
.

Subtlety:
T
o
be

sure
that

the
above

solution
is
correct,one

m
ust

know
that

the
coordinate

separation
∆
θ
betw

een
the

points
A

and
B
,at

the
tim

e
ofem

ission,
is
equalto

the
angular

size
that

w
e
observe

today.
T
his

equality
can

be
justified

by
using

the
fact

that
w
e
are

located
at

the
origin

of
this

coordinate
system

,
and

therefore
the

photons
that

w
e
detect

arrive
along

radial
lines.

(O
ne

can
verify

that
trajectories

that
m
ove

along
radial

lines
at

the
speed

of
light

are
geodesics,

but
I
w
ill

not
try

to
do

that
here.)

T
he

photons
that

left
point

A
,

at
θ
=

12 ∆
θ,

w
ill

arrive
today

along
the

radial
line

at
θ
=

12 ∆
θ.

Sim
ilarly,

the
photons

that
left

point
B
,at

θ
=

−
12 ∆

θ,w
illarrive

today
along

the
radialline

at
θ
=

−
12 ∆

θ.
T
hus,

the
angular

size
that

w
e
observe,

the
angular

separation
betw

een
these

tw
o
radial

lines,
is

∆
θ.

f)
Follow

ing
the

hint,
w
e
draw

R
obertson-W

alker
coordinates

w
ith

the
galaxy

G
in

the
center.

T
he

radialcoordinate
ofthe

detector,on
E
arth,w

illbe
ψ
G
.
T
he

diagram
also

show
s
a
sphere

at
the

sam
e
radialcoordinate,

ψ
G
:

Since
the

speed
of

light
is

independent
of

angle,
all

the
photons

that
left

the
galaxy

G
at

tim
e
t
G

are
arriving

at
the

ψ
=

ψ
G

sphere
at

the
present

tim
e,
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t
0 .

T
o
calculate

the
pow

er
received

by
the

detector,
w
e
need

to
know

w
hat

fraction
of

those
photons

hit
the

detector.
T
he

fraction
is

sim
ply

the
area

of
the

detector
divided

by
the

area
of

the
sphere,

or

fraction
=

area
of

detector
area

of
sphere

=
A

4
π
a
2(t

0 )sinh
2
ψ
G

.

(T
he

form
ula

for
the

area
w
as

discussed
in

the
answ

er
to

(c).)
T
he

pow
er

hitting
the

detector
is

further
reduced

by
one

factor
of

(1
+
z)

=
a(t

0 )/
a(t

G
)
because

the
frequency,

and
hence

the
energy,

of
each

photon
is

reduced
by

this
factor.

In
addition,the

pow
er

is
reduced

by
another

factor
of

(1
+
z)

because
the

rate
of

arrivalof
photons

is
reduced

by
this

factor.
T
hus,if

P
is
the

pow
er

that
the

galaxy
w
as

em
itting

at
tim

e
t
G
,then

the
pow

er
received

by
the

detector
today

is

P
re

c
e
iv

e
d
=

P
A

4
π
a
2(t

0 )sinh
2
ψ
G [

a(t
G
)

a(t
0 ) ]

2

=
P

A
a
2(t

G
)

4
π
a
4(t

0 )sinh
2
ψ
G

.

T
he

flux
is

given
by

J
=

P
re

c
e
iv

e
d

A
=

P
a
2(t

G
)

4
π
a
4(t

0 )sinh
2
ψ
G

.

From
the

definition
of

lum
inosity

distance,

�
lu

m
≡ √

P4
π
J

=
a
2(t

0 )sinh
ψ
G

a(t
G
)

.

N
ote,

by
the

w
ay,

that
the

lum
inosity

distance
and

the
angular

size
distance

have
a
sim

ple
relationship

to
each

other:

�
lu

m
= (

a(t
0 )

a(t
G
) )

2

�
a
n
g
=

(1
+
z)

2
�
a
n
g
.

W
hile

w
e
derived

this
relation

for
open

universes,the
sam

e
relation

w
ould

apply
in

a
flat

or
closed

universe.
From

the
answ

er
to

part
(d),

w
e
can

see
that

the
proper

distance
is

related
in

a
slightly

m
ore

com
plicated

w
ay:

�
p
ro

p
=

(1
+
z)

ψ
G

sinh
ψ
G
�
a
n
g

=
1

(1
+
z)

ψ
G

sinh
ψ
G
�
lu

m
.
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T
he

factor
ψ
G
/
sinh

ψ
G

is
a
geom

etric
factor,

independent
of

the
expansion

of
the

universe,w
hich

is
less

than
1
for

the
open

universe
case

that
w
e
are

consid-
ering.

In
a
closed

universe
the

analogous
factor

w
ould

have
been

ψ
G
/
sin

ψ
G
,

w
hich

is
greater

than
1,

and
in

a
flat

universe
the

corresponding
factor

w
ould

be
1.

P
R

O
B

L
E
M

3:
G

E
O

D
E
S
IC

S
IN

A
F
L
A

T
U

N
IV

E
R

S
E

(a)
T
he

geodesic
equation

can
be

w
ritten

as

dd
τ [

g
µ
ν
d
x
ν

d
τ ]

=
12
∂
g
λ
σ

∂
x
µ

d
x
λ

d
τ

d
x
σ

d
τ

.

If
w
e
take

the
free

index
µ
to

be
x
,
using

g
x
x
=

a
2(t)

and
∂
g
λ
σ
/
∂
x
=

0
gives

us:
dd
τ [

a
2(t) d

x

d
τ ]

=
0

=⇒
d
x

d
τ
=

const.
a
2(t)

.

(b)
Specializing

the
m
etric

to
the

case
of

m
otion

along
the

x-axis,

−
c
2d

τ
2
=

−
c
2d

t
2
+
a
2(t)d

x
2

=
−
c
2d

t
2
+
a
2(t) (

d
xd
t )

2

d
t
2
.

T
hen

d
τd
t
= √

1−
1c
2
a
2(t) (

d
xd
t )

2

,

and

d
x

d
τ
=

d
xd
t

d
t

d
τ
=

d
x
/d

t
√
1−

1c
2
a
2(t) (

d
x

d
t )

2
.

(c)
U
sing

the
physical

velocity
of

the
particle

in
the

form
ula

for
its

relativistic
m
om

entum
yields

p
=

m
v

√
1−

v
2/
c
2
=

m
a(t)

d
x

d
t

√
1−

1c
2
a
2(t) (

d
x

d
t )

2

=
m
a(t) d

x

d
τ
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A
s
w
e
found

previously,a
2(t) d

x

d
τ
=

const.=⇒

p
=

m
a(t) d

x

d
τ
=

const.
a(t)

.

P
R

O
B

L
E
M

4:
M

E
T

R
IC

O
F

A
S
T
A

T
IC

G
R

A
V

IT
A

T
IO

N
A

L
F
IE

L
D

(a)
d
s
2
is

the
invariant

separation
betw

een
the

event
at

(x
i,t)

and
the

event
at

(x
i+

d
x
i,t+

d
t).

H
ere

x
i
and

t
are

arbitrary
coordinates

that
are

connected
to

m
easurem

ents
only

through
the

m
etric.

A
s
discussed

in
L
ecture

N
otes

6
(“T

he
G
eneralization

from
Space

to
Spacetim

e”),
w
hen

d
s
2
is

negative
one

uses

d
s
2≡

−
c
2
d
τ

2
,

w
here

d
τ
is
interpreted

as
the

proper
tim

e
separation

betw
een

the
events,w

hich
is
the

tim
e
intervalthat

w
ould

be
m
easured

on
a
clock

carried
by

a
free-falling

observer
w
ho

sees
the

tw
o
events

happen
at

the
sam

e
location.

In
this

case
the

radio
transm

itter
sees

the
em

ission
of

tw
o
successive

pulses
as

occurring
at

the
sam

e
location,so

the
tim

e
∆
T
e
that

it
m
easures

is
the

proper
tim

e:*

d
s
2
=

−
c
2
∆
T

2e
.

T
o
connect

w
ith

the
m
etric,note

that
the

successive
em

issions
have

a
separation

in
the

tim
e
coordinate

of
∆
t
e ,

and
a
separation

of
space

coordinates
d
x
i
=

0.
So

d
s
2
=

−
c
2
∆
T

2e
=

−
[c

2
+
2
φ($x

e )]∆
t
2e

=⇒

∆
t
e
=

∆
T
e

√
1
+

2
φ
(�x

e
)

c
2

.

*
T
he

transm
itter

is
not

really
a
freely

falling
observer,

but
is

presum
ably

held
at

rest
in

this
coordinate

system
.
T
hus

gravity
is

acting
on

the
clock,

and
could

in
principle

affect
its

speed.
It

is
standard,

how
ever,

to
assum

e
that

such
effects

are
negligible.

T
hat

is,one
assum

es
that

the
clock

is
ideal,m

eaning
that

it
ticks

at
the

sam
e
rate

as
a
freely

falling
clock

that
is
instantaneously

m
oving

w
ith

the
sam

e
velocity.

N
ote

that
this

property
of

ideal
tim

ekeeping
is

an
assum

ption
about

the
physical

m
akeup

of
the

clock,
and

is
not

a
consequence

of
general

relativity.
T
here

is
nothing

in
generalrelativity

that
prevents

one
from

building
a
very

delicate
clock

that
w
illstop

com
pletely

if
sub

jected
to

an
acceleration

of
1
m
/s

2.
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(b)
Since

the
m
etric

is
independent

of
t,

each
pulse

follow
s
a
trajectory

identical
to

the
previous

pulse,but
delayed

in
t.

T
hus

each
pulse

requires
the

sam
e
tim

e
interval∆

t
to

travelfrom
em

itter
to

receiver,so
the

pulses
arrive

w
ith

the
sam

e
t-separation

as
they

have
at

em
ission:

∆
t
r
=

∆
t
e
.

(c)
T
his

is
sim

ilar
to

part
(a),

but
in

this
case

w
e
consider

the
tw

o
events

corre-
sponding

to
the

reception
oftw

o
successive

pulses.
d
s
2
is
related

to
the

physical
m
easurem

ent
∆
T
r
by

d
s
2
=

−
c
2
∆
T

2r
.

It
is

connected
to

the
coordinate

separation
∆
t
r
through

the
m
etric,

w
here

again
w
e
use

the
fact

that
the

tw
o
events

have
zero

separation
in

their
space

coordinates—
i.e.,d

x
i
=

0.
So

d
s
2
=

−
c
2
∆
T

2r
=

−
[c

2
+
2
φ($x

r )]∆
t
2e

=⇒

∆
T
r
= √

1
+

2
φ($x

r )
c
2

∆
t
e
.

W
e
can

cast
this

into
a
m
ore

useful
form

for
the

problem
by

using
the

solution
for

∆
t
e
found

in
part

(a).
T
his

gives

∆
T
r
=  √

1
+

2
φ
(�x

r
)

c
2

√
1
+

2
φ
(�x

e
)

c
2 

∆
T
e
.

Substitute
this

result
for

∆
T
r
directly

into
the

definition
for

z
to

obtain
the

exact
expression

for
the

redshift,

1
+
z
= √

1
+

2
φ
(�x

r
)

c
2

√
1
+

2
φ
(�x

e
)

c
2

.

R
em

em
ber

that √
1
+
x≈

1
+

12
x
for

sm
all

x.
For

w
eak

fields,that
is,for

sm
all

values
of

φ($x),
w
e
can

expand
our

result
to

low
est

order
in

φ($x).
E
xpanding

the
num

erator
w
e
have√

1
+

2
φ($x

r )
c
2

≈
1
+

φ($x
r )

c
2

.
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Sim
ilarly

w
e
find

for
1

√
1
+

2
φ
(�x

e
)

c
2

≈
1−

φ($x
e )

c
2

.

P
utting

these
approxim

ations
into

our
exact

expression
for

1
+
z
w
e
obtain

1
+
z≈ (

1
+

φ($x
r )

c
2 )(

1−
φ($x

e )
c
2 )

≈
1
+

φ($x
r )

c
2

−
φ($x

e )
c
2

,

w
here

w
e
dropped

term
s
in

φ($x
e )φ($x

r ).
F
inally,

z≈
φ($x

r )−
φ($x

e )
c
2

.

(d)
For

the
m
etric

at
hand

w
e
know

g
0
0
=

−
[c

2
+

2
φ($x)],

g
k
0
=

g
0
k
=

0
and

g
ik

=
g
k
i
=

δ
ik .

It
is

useful
to

notice
that

only
g
0
0
depends

on
$x

and
thus

∂
i g
k
m

=
0.

T
he

geodesic
equation

corresponding
to

µ
=

i,w
here

i
runs

from
1

to
3,

is
dd
τ (

g
ik
d
x
k

d
τ )

=
12
(∂
i g
λ
σ ) d

x
λ

d
τ

d
x
σ

d
τ

=⇒

δ
ik
d

2x
k

d
τ

2
=

12
(∂
i g

0
0 ) d

x
0

d
τ

d
x

0

d
τ

.

U
sing

x
0≡

t,
δ
ik y

k
=

y
i
and

∂
i g

0
0
=

−
∂
i (c

2
+

2
φ($x))

=
−
2
∂
i φ($x)

w
e
find

d
2x
i

d
2τ

=
−
∂
i φ($x) (

d
t

d
τ )

2

.

[P
edagogicalN

ote:
Y
ou

m
ight

prefer
to

use
the

notation
x

0≡
ct,w

hich
is
also

a
very

com
m
on

choice.
In

that
case

the
m
etric

is
rew

ritten
as

d
s
2
=

− [1
+

2
φ($x)
c
2 ](d

x
0 )

2
+

3
∑i=

1 (d
x
i )

2
,

so
one

takes
g
0
0
=

− [1
+

(2
φ($x)/

c
2) ].

In
the

end
one

finds
the

sam
e
answ

er
as

the
boxed

equation
above.
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N
ote

also
that

w
hen

φ
is

sm
all

and
velocities

are
nonrelativistic,

then
d
t/d

τ
≈

1.
T
hus

one
has

d
2x
i/d

2t≈
−
∂
i φ($x),

so
φ($x)

can
be

identified
w
ith

the
N
ew

tonian
gravitational

potential.
In

the
context

of
general

relativity,
N
ew

tonian
gravity

is
a
distortion

of
the

m
etric

in
the

tim
e-direction.]

(e)
A
s
show

n
in

part
(c),the

gravitationalredshift
z
is
given

in
the

w
eak

field
lim

it
as

z≈
∆
φ

c
2

,

w
here

∆
φ
is

the
difference

in
gravitational

potential.
N
ear

the
surface

of
the

E
arth

the
gravitational

potential
can

be
w
ritten,

up
to

an
arbitrary

additive
constant,

as
φ(z)≈

g
z
,

w
here

z
is
the

verticalcoordinate,and
g≈

9
.8

m
/s

2.
T
hus,ifthe

height
of

the
room

is
h≈

4
m
,
the

redshift
is

given
by

z≈
g
hc
2
≈

9
.8

m
-s −

2
·
4
m

(3
.0×

10
8
m
-s −

1)
2 ≈

4
.4×

10 −
1
6
.

P
R

O
B

L
E
M

5:
T

H
E

K
L
E
IN

D
E
S
C

R
IP

T
IO

N
O

F
T

H
E

G
-B

-L
G

E
O

M
E
-

T
R
Y

(op
tion

al)

(a)
T
he

K
lein

form
ula

for
distance

is
given

by

cosh [
d(1

,2)
a

]
=

1−
x

1 x
2 −

y
1 y

2
√
1−

x
21 −

y
21 √

1−
x

22 −
y
22

.

D
efining

x
=

u
cos

θ

y
=

u
sin

θ

for
both

(x
1 ,y

1 )
and

(x
2 ,y

2 ),
one

has

x
1 x

2
+
y
1 y

2
=

u
1 u

2
cos

θ
1
cos

θ
2
+
u

1 u
2
sin

θ
1
sin

θ
2

=
u

1 u
2
[cos

θ
1
cos

θ
2
+

sin
θ
1
sin

θ
2 ]

=
u

1 u
2
cos(θ

1 −
θ
2 )

.

√
1−

x
21 −

y
21
= √

1−
u

21
cos

2
θ
1 −

u
21
sin

2
θ
1
= √

1−
u

21
.
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So

cos [
d(1

,2)
a

]
=

1−
u

1 u
2
cos(θ

1 −
θ
2 )

√
1−

u
21 √

1−
u

22

(b)
A
s
a
useful

prelude,
let

us
expand

the
function

f(x)
=

1
√
b−

x

in
a
pow

er
series.

N
ote

that

f(x)
=

(b−
x) −

1
/
2

f ′(x)
=

12
(b−

x) −
3
/
2

f ′′(x)
=

34
(b−

x) −
5
/
2

f(0)
=

b −
1
/
2

f ′(0)
=

12
b −

3
/
2

f ′′(0)
=

34
b −

5
/
2

so
f(x)

=
f(0)+

11! f ′(0)x
+

12! f ′′(x)x
2
+
...

1
√
b−

x
=

1√b {
1
+

12
xb
+

38
x

2

b
2
+
... }

U
sing

u
1
=

u
θ
1
=

θ

u
2
=

u
+
d
u

θ
2
=

θ
+
d
θ

d(1
,2)≡

d
s

,

O
ne

has

cosh [
d
sa ]

=
1
+

d
s
2

2!a
2
+
...

=
1−

u(u
+

d
u)cos(d

θ)
√
1−

u
2 √

1−
u

2−
2
ud

u−
d
u

2
.

=
1

1−
u

2 {[1−
(u

2
+
ud

u) (
1−

12
d
θ
2
+
... )]

× [1
+

12
2
ud

u
+
d
u

2

1−
u

2
+

38 (2
ud

u
+

d
u

2 )
2

(1−
u

2)
2

+
... ]}
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=
1

1−
u

2 {[1−
u

2−
ud

u
+

12
u

2d
θ
2
+
... ]

× [1
+

ud
u

1−
u

2
+

12
d
u

2

1−
u

2
+

32
u

2d
u

2

(1−
u

2)
2
+
... ]}

=
1

(1−
u

2)
2 {[1−

u
2−

ud
u
+

12
u

2d
θ
2
+
... ]

× [1−
u

2
+
ud

u
+

12
d
u

2
+

32
u

2d
u

2

1−
u

2
+
... ] }

=
1

(1−
u

2)
2 {(1−

u
2 )

2
+
(1−

u
2)ud

u
+

12
(1−

u
2)d

u
2

+
32
u

2d
u

2−
ud

u(1−
u

2)−
u

2d
u

2
+

12
u

2d
θ
2(1−

u
2)

+
... }

=
1

(1−
u

2)
2 {(1−

u
2 )

2
+

12
d
u

2
+

12
u

2(1−
u

2)d
θ
2
+
... }

=
1
+

12
d
u

2

(1−
u

2)
2
+

12
u

2d
θ
2

(1−
u

2)
.

A
t
each

stage
one

can
drop

allterm
s
higher

than
second

order
in

the
infinites-

im
als

d
u
and

d
θ.

So

d
s
2
=

a
2 {

d
u

2

(1−
u

2)
2
+

u
2d
θ
2

(1−
u

2) }
.

(c)
T
he

above
m
etric

m
ust

be
com

pared
w
ith

the
R
obertson–W

alker
form

d
s
2
=

a
2 {

d
r
2

1
+
r
2
+
r
2d
θ
2 }

.

Since
the

coeffi
cients

of
d
θ
2
m
ust

m
atch,

one
m
ust

have

r
2
=

u
2

1−
u

2
,

or
r
=

u
√
1−

u
2

.
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W
e
m
ust

now
check

to
see

if
the

first
term

s
m
atch.

d
r
=

d
u

√
1−

u
2
+

12
u

(1−
u

2)
3
/
2 2

ud
u

=
d
u {

1
√
1−

u
2
+

u
2

(1−
u

2)
3
/
2 }

=
d
u {

1

(1−
u

2)
3
/
2 [1−

u
2
+
u

2 ] }
=

d
u

(1−
u

2)
3
/
2

1
+
r
2
=

1
+

u
2

1−
u

2
=

1
1−

u
2

So,
d
r
2

1
+
r
2
=

d
u

2

(1−
u

2)
2

—
It

agrees!

N
ote

that
r→

∞
as

u→
1,so

the
range

of
u
is

restricted.


