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8.286:
T
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E
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U
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N
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P
rof.

A
lan

G
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P
R

O
B

L
E
M

S
E
T

6
S
O

L
U

T
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N
S

P
R

O
B

L
E
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U
L
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R
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R

S
Z
C

H
IL

D
M

E
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-
R
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(a)
A
long

a
perfectly

circular
orbit

in
the

x-y
plane,the

expression
for

d
τ

2
sim

plifies
greatly.

N
ote

that

r
=

fixed
=⇒

d
r
=

0
;

θ
=

π
/2

=⇒
d
θ
=

0
,

sin
θ
=

1
;

φ
=

ω
t

=⇒
d
φ
=

ω
d
t

.

T
he

expression
for

d
τ

2
then

reduces
to

d
s
2
=

−
c
2d

τ
2
=

− (
1−

2
G

M

rc
2 )

c
2d

t
2
+

r
2ω

2d
t
2

=
− (

1−
2
G

M

rc
2

−
r
2ω

2

c
2 )

c
2d

t
2

.

T
herefore

w
e
find

d
τd
t
= √

1−
2
G

M

rc
2

−
r
2ω

2

c
2

as
hoped.

(b)
T
he

geodesic
equation

(6.68)
w
as

w
ritten

in
the

notes
as

dd
τ [

g
µ

ν
d
x

ν

d
τ ]

=
12

∂
g

λ
σ

∂
x

µ

d
x

λ

d
τ

d
x

σ

d
τ

,
(6.68)

W
e
w
illdefine

g
µ

ν
by

d
s
2
=

−
c
2
d
τ

2
=

g
µ

ν
d
x

µ
d
x

ν
,

but
you

should
be

aw
are

that
there

are
different

conventions
in

use.
Som

e
textbooks

w
ould

use
d
τ

2
=

g
µ

ν
d
x

µ
d
x

ν,
or

c
2d

τ
2
=

g
µ

ν
d
x

µ
d
x

ν.
T
he

geodesic
equation

above
is

valid
for

any
of

these
definitions

of
g

µ
ν ,

since
one

definition

8.286
P

R
O

B
L
E

M
S
E

T
6

S
O

L
U

T
IO

N
S
,
F
A

L
L

2009
p
.
2

is
related

to
another

by
m
ultiplying

g
µ

ν
by

a
constant

factor.
T
he

geodesic
equation

is
not

changed
if

g
µ

ν
is
replaced

by
con

sta
n
t×

g
µ

ν ,since
the

constant
w
ould

m
ultiply

both
sides

of
the

equation
and

w
ould

cancel
out.

T
he

nonzero
com

ponents
of

g
µ

ν
for

this
case

are

g
tt
=

− (
1−

2
G

M

rc
2 )

c
2

,
g

r
r
= (

1−
2
G

M

rc
2 )

−
1

,

g
θ
θ
=

r
2

,
g

φ
φ
=

r
2

,

w
here

sin
θ
=

1
w
as

used
to

sim
plify

g
φ

φ .
For

µ
=

r
the

left-hand
side

of
the

geodesic
equation

becom
es

dd
τ [

g
r
r
d
r

d
τ ]

,

w
hich

is
equalto

zero
for

this
problem

,since
d
r
=

0.
T
he

right-hand
side

ofthe
geodesic

equation
is
expanded

by
explicitly

sum
m
ing

over
λ
and

σ
,recognizing

that
for

this
m
etric

the
only

nonzero
term

s
arise

w
hen

λ
=

σ
.
T
he

geodesic
equation

then
becom

es

0
=

12
∂
g

tt

∂
r (

d
t

d
τ )

2

+
12

∂
g

r
r

∂
r (

d
r

d
τ )

2

+
12

∂
g

θ
θ

∂
r (

d
θ

d
τ )

2

+
12

∂
g

φ
φ

∂
r

(
d
φ

d
τ )

2

.

Since
d
θ
=

d
r
=

0
this

reduces
to

0
=

12
∂
g

tt

∂
r (

d
t

d
τ )

2

+
12

∂
g

φ
φ

∂
r

(
d
φ

d
τ )

2

.

(c)
T
ake

the
derivatives

∂∂
r
g

tt
=

−
2
G

M

r
2

and
∂∂
r
g

φ
φ
=

2
r

.

Substituting
these

into
the

result
of

part
(b)

gives

r (
d
φ

d
τ )

2

=
G

Mr
2 (

d
t

d
τ )

2

.

U
se

the
chain

rule
to

w
rite

d
φ

d
τ
=

d
φd
t

d
t

d
τ
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and
divide

both
sides

by
(d

t/
d
τ)

2
to

find

r (
d
φd
t )

2

=
G

Mr
2

.

R
em

em
ber

d
φ
/
d
t≡

ω
so

that

rω
2
=

G
Mr
2

.

(d)
From

part
(a)

of
the

solution
w
e
found

that

d
τd
t
= √

1−
2
G

M

rc
2

−
r
2ω

2

c
2

.
(1)

T
he

quantity
inside

the
square

root
m
ust

be
positive

and
this

w
ill

give
us

a
constraint

on
the

possible
circular

orbits.
U
sing

our
final

result
from

part
(c)

w
e
have

r
2ω

2

c
2

=
G

M

rc
2

,

so
equation

(1)
becom

es
d
τd
t
= √

1−
3
G

M

rc
2

.

W
e
m
ust

therefore
require

1−
3
G

M

rc
2

>
0

=⇒
r

>
3
G

M

c
2

=
32
R

S
,

w
here

w
e
recalled

that
the

Schw
arzchild

radius
is

R
S
=

2
G

M
/
c
2.

T
he

sm
allest

possible
circular

orbit
in

the
Schw

arzchild
geom

etry
has

radius
32
R

S .
A
t
this

lim
iting

radius
d
τ
/
d
t
=

0,
w
hich

indicates
that

the
orbital

velocity
is

equal
to

the
speed

of
light.

C
loser

orbits
w
ould

require
a
speed

greater
than

that
of

light,
w
hich

is
not

possible.
Further

analysis
of

orbits
in

this
geom

etry
show

s
that

the
sm

allest
stable

circular
orbit

occurs
for

r
=

3
R

S .
C
ircular

orbits
are

possible
for

32
R

S
<

r
<

3
R

S
,
but

they
are

not
stable.

A
sm

all
inw

ard
nudge

w
ould

cause
the

orbiting
ob

ject
to

plunge
inw

ard,w
hile

a
sm

alloutw
ard

nudge
w
illallow

the
ob

ject
to

fly
outw

ard
to

infinity.


