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E
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P
rof.

A
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G
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P
R
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S
E
T
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D
U

E
D

A
T

E
:
T
hursday,

O
ctober

27,2011

R
E
A

D
IN

G
A

S
S
IG

N
M

E
N

T
:Steven

W
einberg,

T
h
e

F
irst

T
h
ree

M
in

u
tes,C

hap-
ter

5.
B
arbara

R
yden,

In
tro

d
u
ctio

n
to

C
o
sm

o
lo

g
y,

C
hapter

6.
A
s
m
entioned

on
the

last
problem

set,the
m
aterialofC

hapters
4,5,and

6
ofR

yden
parallels

w
hat

w
e
either

have
done

or
w
ill

be
doing

in
lecture.

For
these

chapters
you

should
consider

R
yden’s

book
as

an
aid

to
understanding

the
lecture

m
aterial,

and
not

as
a
source

of
new

m
aterial.

O
n
the

upcom
ing

quizzes,
there

w
ill

be
no

questions
based

specifically
on

the
m
aterialin

these
chapters.

U
P

C
O

M
IN

G
Q

U
IZ

Z
E
S
:
T
hursday,

N
ovem

ber
3,

and
T
hursday,

D
ecem

ber
8,

2011.

N
O

T
E

A
B

O
U

T
E
X

T
R

A
C

R
E
D

IT
:
T
his

problem
set

contains
45

points
of

regular
problem

s
and

5
points

extra
credit.

T
he

w
ay

in
w
hich

extra
credit

w
ill

be
handled

w
as

explained
on

P
roblem

Set
4.

A
s
on

the
last

problem
set,

the
extra

credit
problem

,
P
roblem

5,
is

undervalued.
It

w
ould

certainly
be

w
orth

10
points

if
it
w
ere

not
an

extra
credit

problem
.

P
R

O
B

L
E
M

1:
S
U

R
FA

C
E

B
R

IG
H

T
N

E
S
S

IN
A

C
L
O

S
E
D

U
N

IV
E
R

S
E

(10
points)

T
he

spacetim
e
m
etric

for
a
hom

ogeneous,isotropic,closed
universe

is
given

by
the

R
obertson-W

alker
form

ula:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+
a
2(t) {

d
r
2

1−
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ

2 ) }
,

w
here

I
have

taken
k
=

1.
T
o
discuss

m
otion

in
the

radial
direction,

it
is

m
ore

convenient
to

w
ork

w
ith

an
alternative

radialcoordinate
ψ
,related

to
r
by

r
=

sin
ψ
.

T
hen

d
r

√
1−

r
2
=
d
ψ
,

so
the

m
etric

sim
plifies

to

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+
a
2(t) {

d
ψ

2
+

sin
2
ψ (d

θ
2
+

sin
2
θ
d
φ

2 )}
.
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T
he

form
of
a(t)

depends
on

the
nature

of
the

m
atter

in
the

universe,
but

for
this

problem
you

should
consider

a(t)
to

be
an

arbitrary
function.

Y
ou

should
sim

plify
your

answ
ers

as
far

as
it
is

possible
w
ithout

know
ing

the
function

a(t).

(a)
Suppose

that
the

E
arth

is
at

the
center

of
these

coordinates,
and

that
w
e

observe
a
sphericalgalaxy

that
is
located

at
ψ
=
ψ

G
.
T
he

light
that

w
e
see

w
as

em
itted

from
the

galaxy
at

tim
e
t
G
,and

is
being

received
today,at

a
tim

e
that

w
e
call

t
0 .

A
t
the

tim
e
of

em
ission,

the
galaxy

had
a
pow

er
output

P
(w

hich
could

be
m
easured,

for
exam

ple,
in

w
atts,

w
here

1
w
att

=
1
joule/sec).

T
he

pow
er

w
as

radiated
uniform

ly
in

all
directions,

in
the

form
of

photons.
W

hat
is
the

radiation
energy

flux
J
from

this
galaxy

at
the

earth
today?

E
nergy

flux
(w

hich
m
ight

be
m
easured

in
joule-m

−
2-sec −

1)
is
defined

as
the

energy
per

unit
area

per
unit

tim
e
striking

a
surface

that
is

orthogonal
to

the
direction

of
the

energy
flow

.
[H

int:
it

is
easiest

to
use

a
com

oving
coordinate

system
w
ith

the
radiating

galaxy
at

the
origin.]

(b)
Suppose

that
the

physical
diam

eter
of

the
galaxy

at
tim

e
t
G

w
as

w
.
F
ind

the
apparent

angular
size

∆
θ
(m

easured
from

one
edge

to
the

other)
of

the
galaxy

as
it
w
ould

be
observed

from
E
arth

today.

(c)
T
he

surface
brightness

σ
ofthe

distant
galaxy

is
defined

to
be

the
energy

flux
J

per
solid

angle
subtended

by
the

galaxy.*
C
alculate

the
surface

brightness
σ
of

the
galaxy

described
in

parts
(a)

and
(b).

[H
int:

if
you

have
the

right
answ

er,
it

can
be

w
ritten

in
term

s
of

P
,
w
,
and

the
redshift

z,
w
ithout

any
reference

to
ψ

G
.
T
he

rapid
decrease

in
σ
w
ith

z
m
eans

that
high-z

galaxies
are

diffi
cult

to
distinguish

from
the

night
sky.]

*
D

efinition
of

solid
angle:

T
o
define

the
solid

angle
subtended

by
the

galaxy,
im

agine
surrounding

the
observer

by
a
sphere

of
arbitrary

radius
r.

T
he

sphere
should

be
sm

allcom
pared

to
cosm

ologicaldistances,
so

that
E
uclidean

geom
etry

is
valid

w
ithin

the
sphere.

If
a
picture

of
the

galaxy
is

painted
on

the
surface

of
the

sphere
so

that
it

just
covers

the
real

im
age,

then
the

solid
angle,

in
steradians,

is
the

area
of

the
picture

on
the

sphere,
divided

by
r
2.
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P
R

O
B

L
E
M

2:
T

R
A

JE
C

T
O

R
IE

S
A

N
D

D
IS

T
A

N
C

E
S

IN
A

N
O

P
E
N

U
N

IV
E
R

S
E

(15
points)

T
he

spacetim
e
m
etric

for
a
hom

ogeneous,
isotropic,

open
universe

is
given

by
the

R
obertson-W

alker
form

ula:

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+
a
2(t) {

d
r
2

1
+
r
2
+
r
2 (d

θ
2
+

sin
2
θ
d
φ

2 ) }
,

w
here

I
have

taken
k
=

−
1.

A
s
in

P
roblem

1,for
the

discussion
of

radialm
otion

it
is

convenient
to

introduce
an

alternative
radial

coordinate
ψ
,
w
hich

in
this

case
is

related
to

r
by

r
=

sinh
ψ
.

T
hen

d
r

√
1
+
r
2
=
d
ψ
,

so
the

m
etric

sim
plifies

to

d
s
2
=

−
c
2
d
τ

2
=

−
c
2
d
t
2
+
a
2(t) {

d
ψ

2
+

sinh
2
ψ (d

θ
2
+

sin
2
θ
d
φ

2 )}
.

Y
ou

should
treat

the
function

a(t)
as

a
given

function.
Y
ou

should
sim

plify
your

answ
ers

as
far

as
it
is

possible
w
ithout

know
ing

explicitly
the

function
a(t).

a)
Suppose

that
the

E
arth

is
at

the
origin

of
the

coordinate
system

(ψ
=

0),and
that

at
the

present
tim

e,
t
0 ,

w
e
receive

a
light

pulse
from

a
distant

galaxy
G
,

located
at

ψ
=
ψ

G
.
W
rite

dow
n
an

equation
w
hich

determ
ines

the
tim

e
t
G

at
w
hich

the
light

pulse
left

the
galaxy.

(Y
ou

m
ay

assum
e
that

the
light

pulse
travels

on
a
“null”

trajectory,
w
hich

m
eans

that
d
τ
=

0
for

any
segm

ent
of

it.
Since

you
don’t

know
a(t)

you
cannot

solve
this

equation,so
please

do
not

try.)

b)
W

hat
is
the

redshift
z
G
ofthe

light
from

galaxy
G
?
(Y

our
answ

er
m
ay

depend
on

t
G
,as

w
ell

as
ψ

G
or

any
property

of
the

function
a(t).)

c)
T
o
estim

ate
the

num
ber

of
galaxies

that
one

expects
to

see
in

a
given

range
of

redshifts,
it

is
necessary

to
know

the
volum

e
of

the
region

of
space

that
corresponds

to
this

range.
W
rite

an
expression

for
the

present
value

of
the

volum
e
that

corresponds
to

redshifts
sm

aller
than

that
of

galaxy
G
.
(Y

ou
m
ay

leave
your

answ
er

in
the

form
of

a
definite

integral,w
hich

m
ay

be
expressed

in
term

s
of
ψ

G
,
t
G
,
z
G
,
or

the
function

a(t).)

d)
T
here

are
a
num

ber
of

different
w
ays

of
defining

distances
in

cosm
ology,

and
generally

they
are

not
equal

to
each

other.
O
ne

choice
is

called
p
ro

p
e
r

d
is-

ta
n
c
e,

w
hich

corresponds
to

the
distance

that
one

could
in

principle
m
easure

w
ith

rulers.
T
he

proper
distance

is
defined

as
the

total
length

of
a
netw

ork
of

rulers
that

are
laid

end
to

end
from

here
to

the
distant

galaxy.
T
he

rulers
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have
different

velocities,
because

each
is

at
rest

w
ith

respect
to

the
m
atter

in
its

ow
n
vicinity.

T
hey

are
arranged

so
that,at

the
present

instant
oftim

e,each
ruler

just
touches

its
neighbors

on
either

side.
W
rite

dow
n
an

expression
for

the
proper

distance
�
p
ro

p
of

galaxy
G
.

e)
A
nother

com
m
on

definition
of

distance
is

a
n
g
u
la

r
siz

e
d
ista

n
c
e
,
determ

ined
by

m
easuring

the
apparent

size
ofan

ob
ject

ofknow
n
physicalsize.

In
a
static,

E
uclidean

space,
a
sm

all
sphere

of
diam

eter
w

at
a
distance

�
w
ill

subtend
an

angle
∆
θ
=
w
/
�:

M
otivated

by
this

relation,
cosm

ologists
define

the
angular

size
distance

�
a
n
g

of
an

ob
ject

by
�
a
n
g ≡

w∆
θ
.

W
hat

is
the

angular
size

distance
�
a
n
g
of

galaxy
G
?

f)
A

third
com

m
on

definition
of

distance
is

called
lu

m
in

o
sity

d
ista

n
c
e,

w
hich

is
determ

ined
by

m
easuring

the
apparent

brightness
of

an
ob

ject
for

w
hich

the
actualtotalpow

er
output

is
know

n.
In

a
static,E

uclidean
space,the

energy
flux

J
received

from
a
source

of
pow

er
P

at
a
distance

�
is

given
by

J
=
P
/(4

π
�
2):
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C
osm

ologists
therefore

define
the

lum
inosity

distance
by

�
lu

m
≡ √

P4
π
J

.

F
ind

the
lum

inosity
distance

�
lu

m
of

galaxy
G
.
(H

int:
the

R
obertson-W

alker
coordinates

can
be

shifted
so

that
the

galaxy
G

is
at

the
origin.)

P
R

O
B

L
E
M

3:
G

E
O

D
E
S
IC

S
IN

A
F
L
A

T
U

N
IV

E
R

S
E

(10
points)

A
ccording

to
general

relativity,
in

the
absence

of
any

non-gravitational
forces

a
particle

w
ill

travel
along

a
spacetim

e
geodesic.

In
this

sense,
gravity

is
reduced

to
a
distortion

in
spacetim

e.

C
onsider

the
case

of
a
flat

(i.e.,
k
=

0)
R
obertson–W

alker
m
etric,

w
hich

has
the

sim
ple

form

d
s
2
=

−
c
2d
t
2
+
a
2(t) [d

x
2
+
d
y
2
+
d
z
2 ]

.

Since
the

spatialm
etric

is
flat,w

e
have

the
option

ofw
riting

it
in

term
s
ofC

artesian
rather

than
polar

coordinates.
N
ow

consider
a
particle

w
hich

m
oves

along
the

x-
axis.

(N
ote

that
the

galaxies
are

on
the

average
at

rest
in

this
system

,but
one

can
stilldiscuss

the
trajectory

of
a
particle

w
hich

m
oves

through
the

m
odel

universe.)

(a)
U
se

the
geodesic

equation
to

show
that

the
coordinate

velocity
com

puted
w
ith

respect
to

proper
tim

e
(i.e.,

d
x
/
d
τ)

falls
off

as
1
/
a
2(t).

(b)
U
se

the
expression

for
the

spacetim
e
m
etric

to
relate

d
x
/
d
t
to

d
x
/
d
τ.

(c)
T
he

physical
velocity

of
the

particle
relative

to
the

galaxies
that

it
is

passing
is

given
by

v
=
a(t)

d
xd
t

.

Show
that

the
m
om

entum
of

the
particle,defined

relativistically
by

p
=

m
v

√
1−

v
2/
c
2

falls
off

as
1
/
a(t).

(T
his

im
plies,by

the
w
ay,that

ifthe
particle

w
ere

described
as

a
quantum

m
echanicalw

ave
w
ith

w
avelength

λ
=
h
/|�p|,then

its
w
avelength

w
ould

stretch
w
ith

the
expansion

of
the

universe,
in

the
sam

e
w
ay

that
the

w
avelength

of
light

is
redshifted.)
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P
R

O
B

L
E
M

4:
M

E
T

R
IC

O
F

A
S
T
A

T
IC

G
R

A
V

IT
A

T
IO

N
A

L
F
IE

L
D

(10
points)

In
this

problem
w
e
w
ill

consider
the

m
etric

d
s
2
=

− [c
2
+

2
φ(�x) ]

d
t
2
+

3
∑i=

1 (d
x

i )
2

,

w
hich

describes
a
static

gravitational
field.

H
ere

i
runs

from
1
to

3,
w
ith

the
identifications

x
1≡

x,
x

2≡
y,

and
x

3≡
z.

T
he

function
φ(�x)

depends
only

on
the

spatial
variables

�x≡
(x

1,x
2,x

3),and
not

on
the

tim
e
coordinate

t.

(a)
Suppose

that
a
radio

transm
itter,located

at
�x

e ,em
its

a
series

ofevenly
spaced

pulses.
T
he

pulses
are

separated
by

a
proper

tim
e
interval

∆
T

e ,
as

m
easured

by
a
clock

at
the

sam
e
location.

W
hat

is
the

coordinate
tim

e
interval

∆
t
e

betw
een

the
em

ission
of

the
pulses?

(I.e.,
∆
t
e
is

the
difference

betw
een

the
tim

e
coordinate

t
at

the
em

ission
of

one
pulse

and
the

tim
e
coordinate

t
at

the
em

ission
of

the
next

pulse.)

(b)
T
he

pulses
are

received
by

an
observer

at
�x

r ,w
ho

m
easures

the
tim

e
of

arrival
ofeach

pulse.
W

hat
is
the

c
o
o
rd

in
a
te

tim
e
interval∆

t
r
betw

een
the

reception
of

successive
pulses?

(c)
T
he

observer
uses

his
ow

n
clocks

to
m
easure

the
proper

tim
e
interval

∆
T

r

betw
een

the
reception

of
successive

pulses.
F
ind

this
tim

e
interval,

and
also

the
redshift

z,
defined

by

1
+
z
=

∆
T

r

∆
T

e
.

F
irst

com
pute

an
exact

expression
for

z,and
then

expand
the

answ
er

to
low

est
order

in
φ(�x)

to
obtain

a
w
eak-field

approxim
ation.

(T
his

w
eak-field

approxi-
m
ation

is
in

fact
highly

accurate
in

allterrestrialand
solar

system
applications.)

(d)
A

freely
falling

particle
travels

on
a
spacetim

e
geodesic

x
µ(τ),

w
here

τ
is

the
proper

tim
e.

(I.e.,
τ
is

the
tim

e
that

w
ould

be
m
easured

by
a
clock

m
oving

w
ith

the
particle.)

T
he

trajectory
is

described
by

the
geodesic

equation

dd
τ (

g
µ

ν
d
x

ν

d
τ )

=
12
(∂

µ
g

λ
σ )

d
x

λ

d
τ

d
x

σ

d
τ

,

w
here

the
G
reek

indices
(µ
,ν
,λ
,σ

,etc.)
run

from
0
to

3,and
are

sum
m
ed

over
w
hen

repeated.
C
alculate

an
explicit

expression
for

d
2x

i

d
τ

2
,
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valid
for

i
=

1
,2
,
or

3.
(It

is
acceptable

to
leave

quantities
such

as
d
t/
d
τ
or

d
x

i/
d
τ
in

the
answ

er.)

(e)
In

the
w
eak-field

nonrelativistic-velocity
approxim

ation,the
answ

er
to

the
pre-

vious
part

reduces
to

d
2x

i

d
t
2

=
−
∂

i φ
,

so
φ(�x)

can
be

identified
as

the
N
ew

tonian
gravitational

potential.
U
se

this
fact

to
estim

ate
the

gravitational
redshift

z
of

a
photon

that
rises

from
the

floor
of

this
room

to
the

ceiling
(say

4
m
eters).

(O
ne

significant
figure

w
ill

be
suffi

cient.)

P
R

O
B

L
E
M

5:
T

H
E

K
L
E
IN

D
E
S
C

R
IP

T
IO

N
O

F
T

H
E

G
-B

-L
G

E
O

M
E
-

T
R
Y

(T
his

problem
is

not
required,

but
can

be
done

for
5

points
extra

credit.)

I
stated

in
L
ecture

N
otes

5
that

the
space

invented
by

K
lein,

described
by

the
distance

relation

cosh [
d(1

,2)
a

]
=

1−
x

1 x
2 −

y
1 y

2
√

1−
x

21 −
y
21 √

1−
x

22 −
y
22

,

w
here

x
2
+
y
2
<

1
,

is
a
tw

o-dim
ensional

space
of

constant
negative

curvature.
In

other
w
ords,

this
is

just
a
tw

o-dim
ensional

R
obertson–W

alker
m
etric,

as
w
ould

be
described

by
a

tw
o-dim

ensional
version

of
E
q.(5.27),w

ith
k
=

−
1:

d
s
2
=
a
2 {

d
r
2

1
+
r
2
+
r
2d
θ
2 }

.

T
he

problem
is

to
prove

the
equivalence.

(a)
A
s
a
first

step,
show

that
if
x

and
y
are

replaced
by

the
polar

coordinates
defined

by
x
=
u
cos

θ

y
=
u
sin

θ
,

then
the

distance
equation

can
be

rew
ritten

as

cosh [
d(1

,2)
a

]
=

1−
u

1 u
2
cos(θ

1 −
θ
2 )

√
1−

u
21 √

1−
u

22

.
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(b)
T
he

next
step

is
to

derive
the

m
etric

from
the

distance
function

above.
L
et

u
1
=
u

u
2
=
u
+
d
u

θ
1
=
θ
,

θ
2
=
θ
+
d
θ
,

and
d(1

,2)
=
d
s
.

Insert
these

expressions
into

the
distance

function,expand
everything

to
second

order
in

the
infinitesim

al
quantities,and

show
that

d
s
2
=
a
2 {

d
u

2

(1−
u

2)
2
+

u
2d
θ
2

1−
u

2 }
.

(T
his

part
is

rather
m
essy,

but
you

should
be

able
to

do
it.)

(c)
N
ow

find
the

relationship
betw

een
r
and

u
and

show
that

the
tw

o
m
etric

func-
tions

are
identical.

H
int:

T
he

coeffi
cients

of
d
θ
2
m
ust

be
the

sam
e
in

the
tw

o
cases.

C
an

you
now

see
w
hy

K
lein

had
to

im
pose

the
condition

x
2
+
y
2
<

1?

T
otal

p
oin

ts
for

P
rob

lem
S
et

5:
45,

p
lu

s
u
p

to
5

p
oin

ts
ex

tra
cred

it.


