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T
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E
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P
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D
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8.286:
T
he

E
arly

U
niverse

N
ovem

ber
5,

2011
P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

6

D
U

E
D

A
T

E
:
T
hursday,

N
ovem

ber
10,2011

R
E
A

D
IN

G
A

S
S
IG

N
M

E
N

T
:Steven

W
einberg,

T
h
e

F
irst

T
h
ree

M
in

u
tes,C

hap-
ter

7.
B
arbara

R
yden,

In
tro

d
u
ctio

n
to

C
o
sm

o
lo

g
y,

C
hapter

10.
W
e
have

skipped
C
hapters

7–9
for

now
,but

w
e
w
illcom

e
back

to
at

least
som

e
ofthem

.
C
hapter

10,about
N

ucleosynthesis
and

the
E
arly

U
niverse,

m
akes

good
paral-

lel
reading

to
W
einberg’s

book,
and

really
has

no
dependence

on
the

chapters
that

w
e
are

skipping.

U
P

C
O

M
IN

G
Q

U
IZ

:
T
hursday,

D
ecem

ber
8,2011.

P
R

O
B

L
E
M

1:
G

A
S

P
R

E
S
S
U

R
E

A
N

D
E
N

E
R

G
Y

C
O

N
S
E
R
V
A

T
IO

N
(10

points)

In
this

problem
w
e
w
ill

pursue
the

im
plications

of
the

conservation
of

energy.
C
onsider

first
a
gas

contained
in

a
cham

ber
w
ith

a
m
ovable

piston,as
show

n
below

:

L
et

U
denote

the
total

energy
of

the
gas,

and
let

p
denote

the
pressure.

Suppose
that

the
piston

is
m
oved

a
distance

d
x
to

the
right.

(W
e
suppose

that
the

m
otion

is
slow

,
so

that
the

gas
particles

have
tim

e
to

respond
and

to
m
aintain

a
uniform

pressure
throughout

the
volum

e.)
T
he

gas
exerts

a
force

p
A

on
the

piston,
so

the
gas

does
w
ork

d
W

=
p
A

d
x
as

the
piston

is
m
oved.

N
ote

that
the

volum
e
increases

by
an

am
ount

d
V

=
A

d
x,

so
d
W

=
p
d
V
.
T
he

energy
of

the
gas

decreases
by

this
am

ount,
so

d
U

=
−

p
d
V

.
(P

1.1)

It
turns

out
that

this
relation

is
valid

w
henever

the
volum

e
of

a
gas

is
changed,

regardless
of

the
shape

of
the

volum
e.

N
ow

consider
a
hom

ogeneous,
isotropic,

expanding
universe,

described
by

a
scale

factor
a(t).

L
et

u
denote

the
energy

density
ofthe

gas
that

fills
it.

(R
em

em
ber

8.286
P

R
O

B
L
E

M
S
E

T
6,

F
A

L
L

2011
p
.
2

that
u

=
ρ
c
2,

w
here

ρ
is

the
m
ass

density
of

the
gas.)

W
e
w
ill

consider
a
fixed

coordinate
volum

e
V

c
o
o
r
d ,

so
the

physical
volum

e
w
illvary

as

V
p
h
y
s (t)

=
a
3(t)V

c
o
o
rd

.
(P

1.2)

T
he

energy
of

the
gas

in
this

region
is

then
given

by

U
=

V
p
h
y
s u

.
(P

1.3)

(a)
U
sing

these
relations,

show
that

dd
t (a

3ρ
c
2 )

=
−

p
dd
t (a

3)
,

(P
1.4)

and
then

that

ρ̇
=

−
3
ȧa (

ρ
+

pc
2 )

,
(P

1.5)

w
here

the
dot

denotes
differentiation

w
ith

respect
to

t.

(b)
T
he

scale
factor

evolves
according

to
the

relation

(
ȧa )

2

=
8
π3

G
ρ−

k
c
2

a
2

.
(P

1.6)

U
sing

E
qs.

(P
1.5)

and
(P

1.6),show
that

ä
=

−
4
π3

G (
ρ
+

3
pc
2 )

a
.

(P
1.7)

T
his

equation
describes

directly
the

deceleration
ofthe

cosm
ic
expansion.

N
ote

that
there

are
contributions

from
the

m
ass

density
ρ,but

also
from

the
pressure

p.

(c)
So

far
our

equations
have

been
valid

for
any

sort
of

a
gas,

but
let

us
now

specialize
to

the
case

of
black-body

radiation.
For

this
case

w
e
know

that
ρ
=

bT
4,w

here
b
is
a
constant

and
T

is
the

tem
perature.

W
e
also

know
that

as
the

universe
expands,

a
T

rem
ains

constant.
U
sing

these
facts

and
E
q.

(P
1.5),

find
an

expression
for

p
in

term
s
of

ρ.



8.286
P

R
O

B
L
E

M
S
E

T
6,

F
A

L
L

2011
p
.
3

P
R

O
B
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E
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2:
T

H
E

E
F
F
E
C

T
O

F
P

R
E
S
S
U

R
E

O
N

C
O

S
M

O
L
O

G
IC

A
L

E
V

O
L
U

T
IO

N
(10

points)

A
radiation-dom

inated
universe

behaves
differently

from
a
m
atter-dom

inated
universe

because
the

pressure
of

the
radiation

is
significant.

In
this

problem
w
e

explore
the

role
of

pressure
for

several
fictitious

form
s
of

m
atter.

(a)
For

the
first

fictitious
form

ofm
atter,the

m
ass

density
ρ
decreases

as
the

scale
factor

a(t)
grow

s,
w
ith

the
relation

ρ(t)∝
1

a
6(t)

.

W
hat

is
the

pressure
of

this
form

of
m
atter?

[H
int:

the
answ

er
is

proportional
to

the
m

ass
density.]

(b)
F
ind

the
behavior

of
the

scale
factor

a(t)
for

a
flat

universe
dom

inated
by

the
form

of
m
atter

described
in

part
(a).

Y
ou

should
be

able
to

determ
ine

the
function

a(t)
up

to
a
constant

factor.

(c)
N
ow

consider
a
universe

dom
inated

by
a
different

form
of

fictitious
m
atter,

w
ith

a
pressure

given
by

p
=

12
ρ
c
2

.

A
s
the

universe
expands,

the
m
ass

density
of

this
form

of
m
atter

behaves
as

ρ(t)∝
1

a
n(t)

.

F
ind

the
pow

er
n.

P
R

O
B

L
E
M

3:
T

IM
E

E
V

O
L
U

T
IO

N
O

F
A

U
N

IV
E
R

S
E

W
IT

H
M

Y
S
T

E
-

R
IO

U
S

S
T

U
F
F

(5
points)

Suppose
that

a
m
odeluniverse

is
filled

w
ith

a
peculiar

form
ofm

atter
for

w
hich

ρ∝
1

a
5(t)

.

A
ssum

ing
that

the
m
odel

universe
is

flat,
calculate

(a)
T
he

behavior
of

the
scale

factor,
a(t).

Y
ou

should
be

able
to

find
a(t)

up
to

an
arbitrary

constant
of

proportionality.

(b)
T
he

value
of

the
H
ubble

param
eter

H
(t),as

a
function

of
t.

(c)
T
he

physical
horizon

distance,
�
p
,h

o
riz

o
n (t).

(d)
T
he

m
ass

density
ρ(t).

8.286
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R
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4:
E
F
F
E
C

T
O

F
A

N
E
X

T
R

A
N

E
U

T
R

IN
O

S
P

E
C

IE
S

(5
points)

A
ccording

to
the

standard
assum

ptions
(w

hich
w
ere

used
in

the
lecture

notes),
there

are
three

species
of

effectively
m
assless

neutrinos.
In

the
tem

perature
range

of
1
M
eV

<
k
T

<
100

M
eV

,
the

m
ass

density
of

the
universe

is
believed

to
have

been
dom

inated
by

the
black-body

radiation
of

photons,
electron-positron

pairs,
and

these
neutrinos,

allof
w
hich

w
ere

in
therm

al
equilibrium

.

(a)
U
nder

these
assum

ptions,how
long

did
it
take

(starting
from

the
instant

ofthe
big

bang)
for

the
tem

perature
to

fall
to

the
value

such
that

k
T

=
1
M
eV

?

(b)
H
ow

m
uch

tim
e
w
ould

it
have

taken
if
there

w
ere

one
other

species
of

m
assless

neutrino,
in

addition
to

the
three

w
hich

w
e
are

currently
assum

ing?

(c)
W

hat
w
ould

be
the

m
ass

density
of

the
universe

w
hen

k
T

=
1
M
eV

under
the

standard
assum

ptions,
and

w
hat

w
ould

it
be

if
there

w
ere

one
other

species
of

m
assless

neutrino?

T
otal

p
oin

ts
for

P
rob

lem
S
et

6:
30.


