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R
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:Steven

W
einberg,

T
h
e

F
irst

T
h
ree

M
in

u
tes,C

hap-
ter

4;
B
arbara

R
yden,

In
tro

d
u
ctio

n
to

C
o
sm

o
lo

g
y,

C
hapters

4
and

5
and

Sec.
6.1.

In
W
einberg’s

C
hapter

4
(and,

later,
C
hapter

5)
there

are
a
lot

of
num

bers
m
entioned.

Y
ou

certainly
do

not
need

to
learn

all
these

num
bers,

but
you

should
be

fam
iliar

w
ith

the
orders

of
m
agnitude.

In
R
yden’s

C
hapters

4
and

5
(and,

later,
C
hapter

6),
the

m
aterial

parallels
w
hat

w
e
either

have
done

or
w
ill

be
doing

in
lecture.

For
these

chapters
you

should
consider

R
y-

den’s
book

as
an

aid
to

understanding
the

lecture
m
aterial,and

not
as

a
source

of
new

m
aterial.

O
n
the

upcom
ing

quizzes,
there

w
ill

be
no

questions
based

specifically
on

the
m
aterial

in
these

chapters.

P
R
O
B
L
E
M

1:
E
V
O
L
U
T
IO

N
O
F

A
C
L
O
S
E
D
,
M

A
T
T
E
R
-D

O
M

IN
A
T
E
D

U
N

IV
E
R
S
E

(25
points)

It
w
as

show
n

in
L
ecture

N
otes

4
that

the
evolution

of
a

closed,
m
atter-

dom
inated

universe
can

be
described

by
introducing

the
tim

e
param

eter
θ,

som
e-

tim
es

called
the

developm
ent

angle,
w
ith

ct
=

α
(θ−

sin
θ)

,

a√k
=

α
(1−

cos
θ)

,

w
here

α
is

a
constant

w
ith

the
units

of
length.

(a)
(6

points)
U
se

these
expressions

to
find

H
,
the

H
ubble

expansion
rate,

as
a

function
of

α
and

θ.
(H

in
t:

Y
o
u

ca
n

u
se

th
e

fi
rst

o
f

th
e

eq
u
a
tio

n
s

a
b
ov

e
to

calcu
late

d
θ
/
d
t.)

(b)
(6

points)
F
ind

ρ,
the

m
ass

density,
as

a
function

of
α
and

θ.

(c)
(6

points)
F
ind

Ω
,
w
here

Ω
≡

ρ
/
ρ

c ,
as

a
function

of
α

and
θ.

T
he

relation
is

given
in

L
ecture

N
otes

4
as

E
q.

(4.35),
but

you
should

show
that

you
get

the
sam

e
answ

er
by

com
bining

your
answ

ers
from

parts
(a)

and
(b)

ofthis
question.

(d)
(7

points)
A
lthough

the
evolution

ofa
closed,m

atter-dom
inated

universe
seem

s
com

plicated,
it

is
nonetheless

possible
to

carry
out

the
integration

needed
to

com
pute

the
horizon

distance.
T
he

integralbecom
es

sim
ple

if
one

changes
the

variable
of

integration
so

that
one

integrates
over

θ
instead

of
integrating

over
t.

Show
that

the
physical

horizon
distance

�
p
,h

o
riz

o
n
for

the
closed,

m
atter-

dom
inated

universe
is

given
by

�
p
,h

o
riz

o
n
=

α
θ(1−

cos
θ)

.
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2:
E
V
O
L
U
T
IO

N
O
F

A
N

O
P
E
N

,
M

A
T
T
E
R
-D

O
M

IN
A
T
E
D

U
N

IV
E
R
S
E

(35
points)

T
he

follow
ing

problem
originated

on
Q

uiz
2

of
1992

(ancient
history!),

w
here

it
counted

30
points.

T
he

equations
describing

the
evolution

of
an

open,m
atter-dom

inated
universe

w
ere

given
in

L
ecture

N
otes

4
asct

=
α
(sinh

θ−
θ)

and
a√κ

=
α
(cosh

θ−
1)

,

w
here

α
is

a
constant

w
ith

units
of

length.
T
he

follow
ing

m
athem

atical
identities,

w
hich

you
should

know
,
m
ay

also
prove

useful
on

parts
(e)

and
(f):

sinh
θ
=

e
θ−

e −
θ

2
,

cosh
θ
=

e
θ
+

e −
θ

2

e
θ
=

1
+

θ1!
+

θ
2

2!
+

θ
3

3!
+

...
.

a)
(5

points)
F
ind

the
H
ubble

expansion
rate

H
as

a
function

of
α
and

θ.

b)
(5

points)
F
ind

the
m
ass

density
ρ
as

a
function

of
α
and

θ.

c)
(5

points)
F
ind

the
m
ass

density
param

eter
Ω
as

a
function

of
α
and

θ.
A
s
w
ith

part
(c)

of
the

previous
problem

,
the

answ
er

to
this

part
appears

in
L
ecture

N
otes

4.
H
ow

ever,you
should

show
that

you
get

the
sam

e
answ

er
by

com
bining

your
answ

ers
to

parts
(a)

and
(b)

of
this

question.

d)
(6

points)
F
ind

the
physicalvalue

of
the

horizon
distance,

�
p
,h

o
riz

o
n ,as

a
func-

tion
of

α
and

θ.

e)
(7

points)
For

very
sm

all
values

of
t,

it
is

possible
to

use
the

first
nonzero

term
of

a
pow

er-series
expansion

to
express

θ
as

a
function

of
t,

and
then

a
as

a
function

of
t.

G
ive

the
expression

for
a(t)

in
this

approxim
ation.

T
he

approxim
ation

w
illbe

valid
for

t�
t ∗.

E
stim

ate
the

value
of

t ∗.

f)
(7

points)
E
ven

though
these

equations
describe

an
open

universe,one
stillfinds

that
Ω

approaches
one

for
very

early
tim

es.
For

t�
t ∗

(w
here

t ∗
is

defined
in

part
(e)),

the
quantity

1−
Ω

behaves
as

a
pow

er
of

t.
F
ind

the
expression

for
1−

Ω
in

this
approxim

ation.
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3:
T
H

E
C
R
U
N

C
H

O
F

A
C
L
O
S
E
D
,

M
A
T
T
E
R
-

D
O
M

IN
A
T
E
D

U
N

IV
E
R
S
E

(25
points)

T
his

is
P
roblem

6.5
from

B
arbara

R
yden’s

In
tro

d
u
c
tio

n
to

C
o
sm

o
lo

g
y,

w
ith

som
e

paraphrasing
to

m
ake

it
consistent

w
ith

the
language

used
in

lecture.

C
onsider

a
closed

universe
containing

only
nonrelativistic

m
atter.

T
his

is
the

closed
universe

discussed
in

L
ecture

N
otes

4,and
it
is
also

the
“B

ig
C
runch”

m
odel

discussed
in

R
yden’s

section
6.1.

A
t
som

e
tim

e
during

the
contracting

phase
(i.e.,

w
hen

θ
>

π
),

an
astronom

er
nam

ed
E
lbbuh

N
iw

de
discovers

that
nearby

galaxies
have

blueshifts
(−

1≤
z

<
0)

proportional
to

their
distance.

H
e
then

m
easures

the
present

values
of

the
H
ubble

expansion
rate,

H
0 ,

and
the

m
ass

density
param

eter,
Ω

0 .
H
e
finds,

of
course,

that
H

0
<

0
(because

he
is

in
the

contracting
phase)

and
Ω

0
>

1
(because

the
universe

is
closed).

In
term

s
of

H
0
and

Ω
0 ,

how
long

a
tim

e
w
ill

elapse
betw

een
D
r.

N
iw

de’s
observation

at
t
=

t
0
and

the
final

B
ig

C
runch

at
t
=

t
C

ru
n
ch

=
2
π
α
/
c?

A
ssum

ing
that

D
r.

N
iw

de
is
able

to
observe

allob
jects

w
ithin

his
horizon,

w
hat

is
the

m
ost

blueshifted
(i.e.,

m
ost

negative)
value

of
z
that

D
r.

N
iw

de
is

able
to

see?
W

hat
is

the
lookback

tim
e
to

an
ob

ject
w
ith

this
blueshift?

(B
y
lookback

tim
e,one

m
eans

the
difference

betw
een

the
tim

e
ofobservation

t
0
and

the
tim

e
at

w
hich

the
light

w
as

em
itted.)

P
R
O
B
L
E
M

4:
T
H

E
A
G

E
O
F

A
M

A
T
T
E
R
-D

O
M

IN
A
T
E
D

U
N

IV
E
R
S
E

A
S

Ω
→

1
(15

points)

T
he

age
t
of

a
m
atter-dom

inated
universe,

for
any

value
of

Ω
,
w
as

given
in

L
ecture

N
otes

4
as

|H
|t

= 

Ω
2(1−

Ω
)
3
/
2 [

2 √
1−

Ω
Ω

−
arcsinh (

2 √
1−

Ω
Ω

)]
if
Ω

<
1

2
/3

if
Ω
=

1

Ω
2(Ω

−
1)

3
/
2 [arcsin (±

2 √
Ω
−
1

Ω

)
∓

2 √
Ω
−

1
Ω

]
if
Ω

>
1

(4.46)

It
w
as

claim
ed

that
this

form
ula

is
continuous

at
Ω

=
1.

In
this

problem
you

are
asked

to
show

half
of

this
statem

ent.
Specifically,

you
should

show
that

as
Ω

approaches
1
from

below
,the

expression
for|H

|t
approaches

2/3.
In

doing
this,you

m
ay

find
it

useful
to

use
the

T
aylor

expansion
for

arcsinh(x)
about

x
=

0:

arcsinh(x)
=

x−
(1)

2

3!
x

3
+

(3·1)
2

5!
x

5−
(5·3·1)

2

7!
x

7
+

...
.

T
he

proof
of

continuity
as

Ω
→

0
from

above
is

of
course

very
sim

ilar,and
you

are
not

asked
to

show
it.
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IS

O
T
R
O
P
Y

A
B
O
U
T

T
W

O
P
O
IN

T
S

IN
E
U
C
L
ID

E
A
N

S
P
A
C
E
S

(T
his

problem
is

not
required,

but
can

be
done

for
15

points
extra

credit.)

In
Steven

W
einberg’s

T
he

F
irst

T
hree

M
inutes,

in
C
hapter

2
on

page
24,

he
gives

an
argum

ent
to

show
that

if
a
space

is
isotropic

about
tw

o
distinct

points,
then

it
is

necessarily
hom

ogeneous.
H
e
is

assum
ing

E
uclidean

geom
etry,

although
he

is
not

explicit
about

this
point.

(T
he

statem
ent

is
sim

ply
not

true
if
one

allow
s

non-E
uclidean

spaces.)
T
he

statem
ent

is
true

for
E
uclidean

spaces,but
W
einberg’s

argum
ent

is
not

adequate.
H
e
constructs

tw
o
circles,

and
then

describes
an

argu-
m
ent

based
on

the
properties

of
the

point
C

at
w
hich

they
intersect.

T
he

problem
,

how
ever,

is
that

tw
o
circles

need
not

intersect.
T
hus

W
einberg’s

proof
is

valid
for

som
e
cases,

but
cannot

be
applied

to
all

cases.
For

15
points

of
extra

credit,
de-

vise
a
proof

that
holds

in
all

cases.
W
e
have

not
established

axiom
s
for

E
uclidean

geom
etry,

but
you

m
ay

use
in

your
proof

any
w
ell-know

n
fact

about
E
uclidean

geom
etry.

T
otal

p
oin

ts
for

P
rob

lem
S
et

4:
100,

p
lu

s
15

p
oin

ts
of

ex
tra

cred
it.


