
M
A
SSA

C
H
U
SE

T
T
S
IN

ST
IT

U
T
E

O
F
T
E
C
H
N
O
L
O
G
Y

P
hysics

D
epartm

ent
P
hysics

8.286:
T
he

E
arly

U
niverse

N
ovem

ber
20,

2013
P
rof.

A
lan

G
uth

P
R

O
B

L
E
M

S
E
T

8

D
U

E
D

A
T

E
:
Friday,

N
ovem

ber
22,

2013.
F
Y
I,

P
roblem

Set
9
w
ill

be
due

just
after

T
hanksgiving,

on
M
onday,

D
ecem

ber
2,

and
it

w
ill

be
the

last
problem

set
before

Q
uiz

3.
T
here

w
ill

also
be

a
P
roblem

Set
10,

to
be

due
T
uesday,

D
ecem

ber
10,

2013.

R
E
A

D
IN

G
A

S
S
IG

N
M

E
N

T
:B

arbara
R
yden,

In
tro

d
u
ctio

n
to

C
o
sm

o
lo

g
y,C

hap-
ter

9
(T

he
C
osm

ic
M

icrow
ave

B
ackground).

U
P

C
O

M
IN

G
Q

U
IZ

:
T
hursday,

D
ecem

ber
5,2013.

P
R

O
B

L
E
M

1:
B

R
IG

H
T

N
E
S
S

V
S
.

R
E
D

S
H

IF
T

W
IT

H
A

P
O

S
S
IB

L
E

C
O

S
M

O
L
O

G
IC

A
L

C
O

N
S
T
A

N
T

(25
points)

In
L
ecture

N
otes

7,
w
e
derived

the
relation

betw
een

the
pow

er
output

P
of

a
source

and
the

energy
flux

J
,for

the
case

of
a
closed

universe:

J
=

P
H

20 |Ω
k
,0 |

4
π
(1

+
z
S )

2c
2
sin

2
ψ

D

,

w
here

ψ
D

= √
|Ω

k
,0 | ∫

z
S

0

d
z

√
Ω

m
,0 (1

+
z)

3
+
Ω

ra
d
,0 (1

+
z)

4
+

Ω
v
a
c,0

+
Ω

k
,0 (1

+
z)

2
.

H
ere

z
S
denotes

the
observed

redshift,
H

0
denotes

the
present

value
of

the
H
ub-

ble
constant,

Ω
m

,0 ,
Ω

ra
d
,0 ,

and
Ω

v
a
c,0

denote
the

present
contributions

to
Ω

from
nonrelativistic

m
atter,

radiation,
and

vacuum
energy,

respectively,
and

Ω
k
,0

≡
1−

Ω
m

,0 −
Ω

ra
d
,0 −

Ω
v
a
c
,0 .

(a)
D
erive

the
corresponding

form
ula

for
the

case
of

an
open

universe.
Y
ou

can
of

course
follow

the
sam

e
logic

as
the

derivation
in

the
lecture

notes,
but

the
solution

you
w
rite

should
be

com
plete

and
self-contained.

(I.e.,
you

should
N

O
T

say
“the

derivation
is

the
sam

e
as

the
lecture

notes
except

for
...

.”)

(b)
D
erive

the
corresponding

form
ula

for
the

case
of

a
flat

universe.
H
ere

there
is

ofcourse
no

need
to

repeat
anything

that
you

have
already

done
in

part
(a).

If
you

w
ish

you
can

start
w
ith

the
answ

er
for

an
open

or
closed

universe,
taking

the
lim

it
as
k→

0.
T
he

lim
it
is
delicate,how

ever,because
both

the
num

erator
and

denom
inator

of
the

equation
for

J
vanish

as
Ω

k
,0 →

0.
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P
R

O
B

L
E
M

2:
A

G
E

O
F

A
U

N
IV

E
R

S
E

W
IT

H
M

Y
S
T

E
R

IO
U

S
S
T

U
F
F

(20
points)

R
E
A

D
T

H
IS

:
T

his
problem

w
as

P
roblem

8
of

R
eview

P
roblem

s
for

Q
uiz

3
of

2011,
and

the
solution

is
posted

as
http://w

eb.m
it.edu/8.286/w

w
w
/quiz11/ecqr3-

1.pdf.
L
ike

P
roblem

4
of

P
roblem

Set
3

and
P
roblem

3
of

P
roblem

Set
6,

but
unlike

all
other

hom
ew

ork
problem

s
so

far,
in

this
case

you
are

encouraged
to

look
at

the
solutions

and
benefit

from
them

.
W

hen
you

w
rite

your
solution,

you
can

even
copy

it
verbatim

from
these

solutions
if

you
w
ish,

although
obviously

you
w
illlearn

m
ore

if
you

think
about

the
solution

and
w
rite

your
ow

n
version.

C
onsider

a
universe

that
contains

nonrelativistic
m
atter,

radiation,
vacuum

energy,and
the

sam
e
m

y
ste

rio
u
s
stu

ff
that

w
as

introduced
in

P
roblem

7
ofR

eview
P
roblem

s
for

Q
uiz

3,from
2011.

Since
the

m
ass

density
of

m
ysterious

stuff
falls

off
as

1
/ √

V
,w

here
V

is
the

volum
e,it

follow
s
that

in
an

expanding
universe

the
m
ass

density
of

m
ysterious

stuff
falls

off
as

1/
a
3
/
2(t).

Suppose
that

you
are

given
the

present
value

of
the

H
ubble

param
eter

H
0 ,

and
also

the
present

values
of

the
contributions

to
Ω

≡
ρ
/
ρ

c
from

each
of

the
constituents:

Ω
m

,0
(nonrelativistic

m
atter),

Ω
r
,0

(radiation),
Ω

v
,0

(vacuum
energy

density),and
Ω

m
s,0

(m
ysterious

stuff
).

O
ur

goalis
to

express
the

age
ofthe

universe
t
0
in

term
s
of

these
quantities.

(a)
(10

points)
L
et
x(t)

denote
the

ratio

x(t)≡
a(t)
a(t

0 )

for
an

arbitrary
tim

e
t.

W
rite

an
expression

for
the

total
m
ass

density
of

the
universe

ρ(t)
in

term
s
of
x(t)

and
the

given
quantities

described
above.

(b)
(10

points)
W
rite

an
integral

expression
for

the
age

of
the

universe
t
0 .

T
he

expression
should

depend
only

on
H

0
and

the
various

contributions
to

Ω
0
listed

above
(Ω

m
,0 ,

Ω
r
,0
,
etc.),

but
it

m
ight

include
x
as

a
variable

of
integration.

P
R

O
B

L
E
M

3:
S
H

A
R

E
D

C
A

U
S
A

L
P
A

S
T

(20
points)

R
ecently

several
of

m
y

colleagues
published

a
paper

(A
ndrew

S.
Friedm

an,
D
avid

I.
K
aiser,

and
Jason

G
allicchio,

“T
he

Shared
C
ausal

P
asts

and
Futures

of
C
osm

ological
E
vents,”

http://arxiv.org/abs/arX
iv:1305.3943,

P
hysical

R
eview

D
,

V
ol.88,article

044038
(2013))

in
w
hich

they
investigated

the
causalconnections

in
the

standard
cosm

ologicalm
odel.

In
particular,they

calculated
the

present
redshift

z
of

a
distant

quasar
w
hich

has
the

property
that

a
light

signal,
if
sent

from
our

ow
n
location

at
the

instant
of

the
big

bang,
w
ould

have
just

enough
tim

e
to

reach
the

quasar
and

return
to

us,
so

that
w
e
could

see
the

reflection
of

the
signal

at
the

present
tim

e.
T
hey

found
z
=

3
.65,

using
Ω

v
a
c
,0

=
0
.685,

Ω
m

a
tte

r,0
=

0
.315,

Ω
ra

d
,0

=
0,

and
H

0
=

67
.3

km
-s −

1-M
pc −

1.
Feel

free
to

read
their

paper
if

you
like.

Y
our

job,
how

ever,
is

to
carry

out
an

independent
calculation

to
find

out
if

they
got

it
right.

Y
ou

w
illencounter

an
integral

w
hich

you
m
ay

decide
to

evaluate
num

erically.
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P
R

O
B

L
E
M

4:
B

R
IG

H
T

N
E
S
S

V
S
.

R
E
D

S
H

IF
T

W
IT

H
A

P
O

S
S
IB

L
E

C
O

S
M

O
L
O

G
IC

A
L

C
O

N
S
T
A

N
T

—
N

U
M

E
R

IC
A

L
IN

T
E
G

R
A

-
T

IO
N

(E
X

T
R

A
C
R

E
D

IT
,
20

pts)

C
alculate

num
erically

the
result

from
P
roblem

4
for

the
case

ofa
flat

universe
in

w
hich

the
criticaldensity

is
com

prised
ofnonrelativistic

m
atter

and
vacuum

energy
(cosm

ological
constant).

Specifically,
calculate

num
erical

values
for

J
/(P

H
20 )

as
a
function

of
z,

for
Ω

m
,0

=
0
.3

and
Ω

v
a
c
,0

=
0
.7.

C
om

pute
a
table

of
values

for
z
=

0
.1
,0
.2
,0
.3
,...,1

.5.
Feelfree

to
attach

a
com

puter
printout

ofthese
results,but

be
sure

that
it
is
labeled

w
ellenough

to
be

readable
to

som
eone

other
than

yourself.
(If

you
are

not
confident

in
the

expression
that

you
obtained

in
P
roblem

4
for

the
flat

universe
case,

you
can

for
equal

credit
do

this
problem

for
an

open
universe,

w
ith

Ω
m

,0
=

0
.3

and
Ω

v
a
c
,0

=
0
.6.)

For
pedagogical

purposes
you

are
asked

to
com

pute
these

num
bers

to
5
significant

figures,
although

one
does

not
need

nearly
so

m
uch

accuracy
to

com
pare

w
ith

data.
For

the
fun

of
it,

the
solutions

w
ill

be
w
ritten

to
15

significant
figures.

N
ote

that
the

speed
of

light
is

now
defined

to
be

299,792,458
m
/s.

P
R

O
B

L
E
M

5:
P

L
O

T
T

IN
G

T
H

E
S
U

P
E
R

N
O

V
A

D
A

T
A

(E
X

T
R

A
C
R

E
D

IT
,

20
pts)

T
he

original
data

on
the

H
ubble

diagram
based

on
T
ype

Ia
supernovae

are
found

in
tw

o
papers.

O
ne

paper
is
authored

by
the

H
igh

Z
Supernova

Search
T
eam

,*
and

the
other

is
by

the
Supernova

C
osm

ology
P
roject.†

M
ore

recent
data

from
the

H
igh

Z
team

,
w
hich

includes
m
any

m
ore

data
points,

can
be

found
in

R
iess

et
al.,

http://arX
iv.org/abs/astro-ph/0402512.¶

(B
y
the

w
ay,

the
lead

author
A
dam

R
iess

w
as

an
M
IT

undergraduate
physics

m
ajor,

graduating
in

1992.)

Y
ou

are
asked

to
plot

the
data

from
either

the
2nd

or
3rd

of
these

papers,and
to

include
on

the
graph

the
theoreticalpredictions

for
severalcosm

ologicalm
odels.

T
he

plot
w
illbe

sim
ilar

to
the

plots
contained

in
these

papers,and
to

the
plot

on
p.121

ofR
yden’s

book,show
ing

a
graph

of(corrected)
m
agnitude

m
vs.redshift

z.
Y
our

graph
should

include
the

error
bars.

If
you

plot
the

P
erlm

utter
et

al.
data,

you
w
illbe

plotting
“effective

m
agnitude”

m
vs.redshift

z.
T
he

m
agnitude

is
related

to
the

flux
J
ofthe

observed
radiation

by
m

=
−

52
log

1
0 (J

)+
const.

T
he

value
ofthe

constant
in

this
expression

w
illnot

be
needed.

T
he

w
ord

“corrected”
refers

both
to

corrections
related

to
the

spectralsensitivity
of

the
detectors

and
to

the
brightness

*
http://arX

iv.org/abs/astro-ph/9805201,later
published

as
R
iess

et
al.,

A
stro-

nom
ical

Journal116,
1009

(1998).
†
http://arX

iv.org/abs/astro-ph/9812133,
later

published
as

P
erlm

utter
et

al.,
A

strophysicalJournal517:565–586
(1999).

¶
P
ublished

as
A

strophysicalJournal607:665-687
(2004).

8.286
P

R
O

B
L
E

M
S
E

T
8,

F
A

L
L

2013
p
.
4

ofthe
supernova

explosions
them

selves.
T
hat

is,the
supernova

at
various

distances
are

observed
w
ith

different
redshifts,

and
hence

one
m
ust

apply
corrections

if
the

detectors
used

to
m
easure

the
radiation

do
not

have
the

sam
e
sensitivity

at
all

w
avelengths.

In
addition,

to
im

prove
the

uniform
ity

of
the

supernova
as

standard
candles,

the
astronom

ers
apply

a
correction

based
on

the
duration

of
the

light
output.

N
ote

that
our

ignorance
of

the
absolute

brightness
of

the
supernova,

of
the

precise
value

of
the

H
ubble

constant,
and

of
the

constant
that

appears
in

the
definition

of
m
agnitude

all
com

bine
to

give
an

unknow
n
but

constant
contribution

to
the

predicted
m
agnitudes.

T
he

consequence
is
that

you
w
illbe

able
to

m
ove

your
predicted

curves
up

or
dow

n
(i.e.,

translate
them

by
a
fixed

distance
along

the
m

axis).
Y
ou

should
choose

the
verticalpositioning

ofyour
curve

to
optim

ize
your

fit,
either

by
eyeball

or
by

som
e
m
ore

system
atic

m
ethod.

If
you

choose
to

plot
the

data
from

the
3rd

paper,
R
iess

et
al.

2004,
then

you
should

see
the

note
at

the
end

of
this

problem
.

For
your

convenience,the
m
agnitudes

and
redshifts

for
the

Supernova
C
osm

ol-
ogy

P
roject

paper,
from

T
ables

1
and

2,
are

sum
m
arized

in
a
text

file
on

the
8.286

w
eb

page.
T
he

data
from

T
able

5
of

the
R
iess

et
al.

2004
paper,

m
entioned

above,
is

also
posted

on
the

8.286
w
eb

page.

For
the

cosm
ologicalm

odels
to

plot,you
should

include:

(i)
A

m
atter-dom

inated
universe

w
ith

Ω
m

=
1.

(ii)
A
n
open

universe,
w
ith

Ω
m

,0
=

0
.3.

(iii)
A

universe
w
ith

Ω
m

,0
=

0
.3

and
a
cosm

ologicalconstant,w
ith

Ω
v
a
c
,0
=

0
.7.

(If
you

prefer
to

avoid
the

flat
case,

you
can

use
Ω

v
a
c
,0

=
0
.6
.
O
r,

if
you

w
ant

to
com

pare
directly

w
ith

F
igure

4
ofthe

R
iess

et
al.

(2004)
paper,you

should
use

Ω
m

,0
=

0
.29,Ω

v
a
c
,0
=

0
.71.)

Y
ou

m
ay

include
any

other
m
odels

if
they

interest
you.

Y
ou

can
draw

the
plot

w
ith

either
a
linear

or
a
logarithm

ic
scale

in
z.

I
w
ould

recom
m
end

extending
your

theoretical
plot

to
z
=

3,
if
you

do
it

logarithm
ically,or

z
=

2
if
you

do
it

linearly,
even

though
the

data
does

not
go

out
that

far.
T
hat

w
ay

you
can

see
w
hat

possible
know

ledge
can

be
gained

by
data

at
higher

redshift.

N
O

T
E

F
O

R
T

H
O

S
E

P
L
O

T
T

IN
G

D
A

T
A

F
R

O
M

R
IE

S
S

E
T

A
L
.
2004:

U
nlike

the
P
erlm

utter
et

al.
data,

the
R
iess

et
al.

data
is

expressed
in

term
s

of
the

distance
m
odulus,

w
hich

is
a
direct

m
easure

of
the

lum
inosity

distance.
T
he

distance
m
odulus

is
defined

both
in

the
R
iess

et
al.

paper
and

in
R
yden’s

book
(p.

120)
as

µ
=

5
log

1
0 (

d
L

1
M
pc )

+
25

,

w
here

R
yden

uses
the

notation
m

−
M

for
the

distance
m
odulus,

and
d

L
is

the
lum

inosity
distance.

T
he

lum
inosity

distance,
in

turn,
is

really
a
m
easure

of
the
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observed
brightness

ofthe
ob

ject.
It

is
defined

as
the

distance
that

the
ob

ject
w
ould

have
to

be
located

to
result

in
the

observed
brightness,

if
w
e
w
ere

living
in

a
static

E
uclidean

universe.
M
ore

explicitly,
if
w
e
lived

in
a
static

E
uclidean

universe
and

an
ob

ject
radiated

pow
er
P

in
a
spherically

sym
m
etric

pattern,then
the

energy
flux

J
at

a
distance

d
w
ould

be
J
=

P

4
π
d
2
.

T
hat

is,
the

pow
er

w
ould

be
distributed

uniform
ly

over
the

surface
of

a
sphere

at
radius

d.
T
he

lum
inosity

distance
is

therefore
defined

as

d
L
= √

P4
π
J
.

T
hus,

a
specified

value
of

the
distance

m
odulus

µ
im

plies
a
definite

value
of

the
ratio

J
/
P
.

In
plotting

a
theoretical

curve,
you

w
ill

need
to

choose
a
value

for
H

0 .
R
iess

et
al.

do
not

specify
w
hat

value
they

used,
but

I
found

that
their

curve
is

m
ost

closely
reproduced

if
I
choose

H
0
=

66
km

-sec −
1-M

pc −
1.

T
his

seem
s
a
little

on
the

low
side,

since
the

value
is

usually
estim

ated
as

70–72
km

-sec −
1-M

pc −
1,

but
R
iess

et
al.

em
phasize

that
they

w
ere

not
concerned

w
ith

this
value.

T
hey

w
ere

concerned
w
ith

the
relative

values
of

the
distance

m
oduli,

and
hence

the
shape

of
the

graph
of

the
distance

m
odulus

vs.
z.

In
their

ow
n
w
ords,

from
A
ppendix

A
,

“T
he

zeropoint,distance
scale,

absolute
m
agnitude

of
the

fiducial
SN

Ia
or

H
ubble

constant
derived

from
T
able

5
are

allclosely
related

(or
even

equivalent)
quantities

w
hich

w
ere

arbitrarily
set

for
the

sam
ple

presented
here.

T
heir

correct
value

is
not

relevant
for

the
analyses

presented
w
hich

only
m
ake

use
ofdifferences

betw
een

SN
Ia

m
agnitudes.

T
hus

the
analysis

are
independent

ofthe
aforem

entioned
norm

alization
param

eters.”
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40
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of
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it.


