
M
A
S
S
A
C
H
U
S
E
T
T
S
IN
S
T
IT
U
T
E
O
F
T
E
C
H
N
O
L
O
G
Y

P
h
y
sics
D
ep
artm
en
t

P
h
y
sics
8.2
8
6
:
T
h
e
E
a
rly
U
n
iverse

O
ctob
er
10,
2016

P
rof.
A
lan
G
u
th

P
R
O

B
L
E
M

S
E
T

4

D
U
E
D
A
T
E
:
M
o
n
d
ay,
O
ctob
er
17,
2016,
at
4:00
p
m
.

R
E
A
D
IN
G

A
S
S
IG
N
M
E
N
T
:
S
teven
W
ein
b
erg,
T
h
e
F
irst
T
h
ree
M
in
u
tes,
C
h
ap
-

ter
4
;
B
arb
ara
R
y
d
en
,
In
tro
d
u
ctio
n
to
C
o
sm
o
lo
g
y
,
C
h
ap
ters
4
an
d
5
a
n
d

S
ec.
6.1.
In
W
ein
b
erg's
C
h
ap
ter
4
(an
d
,
later,
C
h
ap
ter
5)
th
ere
are
a
lot

of
n
u
m
b
ers
m
en
tion
ed
.
Y
ou
certain
ly
d
o
n
ot
n
eed
to
learn
all
th
ese
n
u
m
b
ers,

b
u
t
you
sh
ou
ld
b
e
fam
iliar
w
ith
th
e
ord
ers
of
m
agn
itu
d
e.
In
R
y
d
en
's
C
h
ap
ters

4
a
n
d
5
(a
n
d
,
la
ter,
C
h
a
p
ter
6
),
th
e
m
a
teria
l
p
a
ra
llels
w
h
at
w
e
eith
er
h
ave

d
on
e
or
w
ill
b
e
d
oin
g
in
lectu
re.
F
or
th
ese
ch
ap
ters
you
sh
ou
ld
con
sid
er
R
y
-

d
en
's
b
o
ok
as
an
aid
to
u
n
d
erstan
d
in
g
th
e
lectu
re
m
aterial,
a
n
d
n
ot
as
a
sou
rce

of
n
ew
m
aterial.
O
n
th
e
u
p
com
in
g
q
u
izzes,
th
ere
w
ill
b
e
n
o
q
u
estion
s
b
ased

sp
eci�
cally
on
th
e
m
aterial
in
th
ese
ch
ap
ters.

S
H
O
R
T
-T
E
R
M

C
A
L
E
N
D
A
R
:

O
C
T
O
B
E
R
/N
O
V
E
M
B
E
R

M
O
N

T
U
E
S

W
E
D

T
H
U
R
S

F
R
I

O
ctob
er
10

C
olu
m
b
u
s
D
ay

11

12L
ectu
re
9

13

14

O
ctob
er
17

L
ectu
re
10

P
S
4
d
u
e

18

19L
ectu
re
11

20

21P
S
5
d
u
e

O
ctob
er
24

L
ectu
re
12

25

26L
ectu
re
13

27

28P
S
6
d
u
e

O
ctob
er
31

L
ectu
re
14

N
ovem
b
er
1

2L
ectu
re
15

3

4P
S
7
d
u
e

N
ov
em
b
er
7

L
ectu
re
16

8

9Q
u
iz
2

|

in
class

10

11

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
4
,
F
A
L
L
2
0
1
6

p
.
2

Q
U
IZ
D
A
T
E
S
F
O
R

T
H
E
T
E
R
M
:

Q
u
iz
1:
W
ed
n
esd
ay,
O
cto
b
er
5,
2
016

Q
u
iz
2:
W
ed
n
esd
ay,
N
ovem
b
er
9,
2
016

Q
u
iz
3:
W
ed
n
esd
ay,
D
ecem
b
er
7,
2
016

P
R
O
B
L
E
M

1
:
E
V
O
L
U
T
IO
N

O
F
A

C
L
O
S
E
D
,
M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
(25
po
in
ts)

It
w
as
sh
ow
n
in
L
ectu
re
N
o
tes
4
th
at
th
e
evo
lu
tion
of
a
closed
,
m
atter-

d
om
in
ated
u
n
iverse
can
b
e
d
escrib
ed
b
y
in
tro
d
u
cin
g
th
e
tim
e
p
a
ra
m
eter
�,
so
m
e-

tim
es
called
th
e
d
evelop
m
en
t
a
n
gle,
w
ith

ct
=
�
(��
sin
�)
;

apk
=
�
(1�
co
s
�)
;

w
h
ere
�
is
a
con
stan
t
w
ith
th
e
u
n
its
o
f
len
g
th
.

(a)
(6
poin
ts)
U
se
th
ese
ex
p
ression
s
to
�
n
d
H
,
th
e
H
u
b
b
le
ex
p
an
sion
ra
te,
a
s
a

fu
n
ction
of
�
an
d
�.
(H
in
t:
Y
ou
can
u
se
th
e
�
rst
of
th
e
eq
u
a
tion
s
ab
ov
e
to

calcu
late
d
�=
d
t.)

(b
)
(6
poin
ts)
F
in
d
�
,
th
e
m
ass
d
en
sity,
as
a
fu
n
ction
of
�
an
d
�.

(c)
(6
poin
ts)
F
in
d


,
w
h
ere


�
�
=
�
c ,
as
a
fu
n
ction
o
f
�
an
d
�.
T
h
e
relatio
n
is

giv
en
in
L
ectu
re
N
otes
4
as
E
q
.
(4.3
6),
b
u
t
you
sh
ou
ld
sh
ow
th
at
y
ou
get
th
e

sam
e
an
sw
er
b
y
com
b
in
in
g
you
r
an
sw
ers
fro
m
p
arts
(a
)
a
n
d
(b
)
o
f
th
is
q
u
estion
.

(d
)
(7
poin
ts)
A
lth
ou
gh
th
e
evo
lu
tion
o
f
a
closed
,
m
atter-d
om
in
ated
u
n
iv
erse
seem
s

com
p
licated
,
it
is
n
on
eth
eless
p
ossib
le
to
carry
ou
t
th
e
in
teg
ra
tion
n
eed
ed
to

com
p
u
te
th
e
h
orizon
d
istan
ce.
T
h
e
in
teg
ra
l
b
ecom
es
sim
p
le
if
on
e
ch
a
n
g
es
th
e

variab
le
of
in
tegratio
n
so
th
at
on
e
in
tegrates
over
�
in
stead
o
f
in
tegratin
g
ov
er

t.
S
h
ow
th
at
th
e
p
h
y
sical
h
o
rizon
d
istan
ce
`
p
;h
o
r
iz
o
n

fo
r
th
e
clo
sed
,
m
a
tter-

d
om
in
ated
u
n
iverse
is
g
iven
b
y

`
p
;h
o
r
iz
o
n

=
�
�(1�
cos
�)
:



8
.2
8
6
P
R
O
B
L
E
M

S
E
T
4
,
F
A
L
L
2
0
1
6

p
.
3

P
R
O
B
L
E
M

2
:
E
V
O
L
U
T
IO
N

O
F
A
N

O
P
E
N
,
M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
(35
po
in
ts)

T
he
follow
in
g
problem

origin
ated
on
Q
u
iz
2
of
1992
(an
cien
t
history!),
w
here
it

cou
n
ted
3
0
poin
ts.

T
h
e
eq
u
ation
s
d
escrib
in
g
th
e
evolu
tion
of
an
op
en
,
m
atter-d
om
in
ated
u
n
iverse

w
ere
giv
en
in
L
ectu
re
N
otes
4
a
sct

=
�
(sin
h
��
�)

a
n
d

ap�
=
�
(cosh
��
1)
;

w
h
ere
�
is
a
con
stan
t
w
ith
u
n
its
of
len
gth
.
T
h
e
follow
in
g
m
ath
em
atical
id
en
tities,

w
h
ich
you
sh
ou
ld
k
n
ow
,
m
ay
also
p
rov
e
u
sefu
l
on
p
arts
(e)
an
d
(f):

sin
h
�
=
e
��
e
�

�

2

;

cosh
�
=
e
�
+
e
�

�

2

e
�
=
1
+

�1!
+
�
2

2!
+
�
3

3!
+
:::
:

a)
(5
poin
ts)
F
in
d
th
e
H
u
b
b
le
ex
p
an
sion
rate
H

as
a
fu
n
ction
of
�
an
d
�.

b
)
(5
poin
ts)
F
in
d
th
e
m
ass
d
en
sity
�
as
a
fu
n
ction
of
�
an
d
�.

c)
(5
poin
ts)
F
in
d
th
e
m
ass
d
en
sity
p
aram
eter


as
a
fu
n
ction
of
�
an
d
�.
A
s
w
ith

p
art
(c)
of
th
e
p
rev
iou
s
p
rob
lem
,
th
e
an
sw
er
to
th
is
p
art
ap
p
ears
in
L
ectu
re

N
otes
4
.
H
ow
ever,
you
sh
ou
ld
sh
ow
th
at
you
get
th
e
sam
e
an
sw
er
b
y
com
b
in
in
g

yo
u
r
an
sw
ers
to
p
arts
(a)
an
d
(b
)
of
th
is
q
u
estion
.

d
)
(6
poin
ts)
F
in
d
th
e
p
h
y
sical
valu
e
of
th
e
h
orizon
d
istan
ce,
`
p
;h
o
r
iz
o
n ,
a
s
a
fu
n
c-

tio
n
o
f
�
a
n
d
�.

e)
(7
poin
ts)
F
o
r
v
ery
sm
all
valu
es
of
t,
it
is
p
ossib
le
to
u
se
th
e
�
rst
n
on
zero

term
of
a
p
ow
er-series
ex
p
an
sion
to
ex
p
ress
�
as
a
fu
n
ction
of
t,
an
d
th
en
a

as
a
fu
n
ction
o
f
t.
G
ive
th
e
ex
p
ression
for
a
(t)
in
th
is
ap
p
rox
im
ation
.
T
h
e

ap
p
rox
im
ation
w
ill
b
e
valid
for
t�
t
�.
E
stim
ate
th
e
valu
e
of
t
�.

f)
(7
poin
ts)
E
ven
th
ou
gh
th
ese
eq
u
ation
s
d
escrib
e
an
op
en
u
n
iverse,
on
e
still
�
n
d
s

th
a
t


a
p
p
ro
a
ch
es
on
e
for
v
ery
early
tim
es.
F
or
t�
t
�

(w
h
ere
t
�

is
d
e�
n
ed
in

p
art
(e)),
th
e
q
u
an
tity
1�


b
eh
aves
as
a
p
ow
er
of
t.
F
in
d
th
e
ex
p
ression
for

1�


in
th
is
a
p
p
rox
im
ation
.

8
.2
8
6
P
R
O
B
L
E
M

S
E
T
4
,
F
A
L
L
2
0
1
6

p
.
4

P
R
O
B
L
E
M

3
:

T
H
E

C
R
U
N
C
H

O
F

A

C
L
O
S
E
D
,

M
A
T
T
E
R
-

D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E
(25
poin
ts)

T
his
is
P
roblem

6.5
from

B
a
rbara
R
yden's
In
tr
o
d
u
c
tio
n
to
C
o
sm
o
lo
g
y
,
w
ith

som
e
paraph
rasin
g
to
m
ake
it
co
n
sisten
t
w
ith
the
lan
gu
age
u
sed
in
lectu
re.

C
on
sid
er
a
closed
u
n
iverse
co
n
ta
in
in
g
o
n
ly
n
on
relativ
istic
m
a
tter.
T
h
is
is
th
e

closed
u
n
iverse
d
iscu
ssed
in
L
ectu
re
N
o
tes
4,
an
d
it
is
also
th
e
\B
ig
C
ru
n
ch
"
m
o
d
el

d
iscu
ssed
in
R
y
d
en
's
section
6
.1.
A
t
som
e
tim
e
d
u
rin
g
th
e
con
tra
ctin
g
p
h
ase
(i.e.,

w
h
en
�
>
�
),
an
astron
om
er
n
am
ed
E
lb
b
u
h
N
iw
d
e
d
iscovers
th
at
n
ea
rb
y
g
a
la
x
ies

h
ave
b
lu
esh
ifts
(�
1�
z
<
0
)
p
rop
o
rtion
al
to
th
eir
d
ista
n
ce.
H
e
th
en
m
ea
su
res
th
e

p
resen
t
valu
es
of
th
e
H
u
b
b
le
ex
p
an
sion
rate,
H
0 ,
an
d
th
e
m
a
ss
d
en
sity
p
aram
eter,



0 .
H
e
�
n
d
s,
of
cou
rse,
th
at
H
0

<
0
(b
eca
u
se
h
e
is
in
th
e
con
tra
ctin
g
p
h
ase)
an
d



0

>
1
(b
ecau
se
th
e
u
n
iverse
is
closed
).
In
term
s
o
f
H
0

an
d


0 ,
h
ow
lon
g
a
tim
e

w
ill
elap
se
b
etw
een
D
r.
N
iw
d
e's
ob
servation
a
t
t
=
t
0

an
d
th
e
�
n
al
B
ig
C
ru
n
ch
at

t
=
t
C
r
u
n
c
h

=
2
�
�
=
c?
A
ssu
m
in
g
th
at
D
r.
N
iw
d
e
is
ab
le
to
ob
serve
a
ll
o
b
jects
w
ith
in

h
is
h
orizon
,
w
h
at
is
th
e
m
ost
b
lu
esh
ifted
(i.e.,
m
ost
n
eg
ative)
valu
e
of
z
th
at
D
r.

N
iw
d
e
is
ab
le
to
see?
W
h
at
is
th
e
lo
ok
b
ack
tim
e
to
an
ob
ject
w
ith
th
is
b
lu
esh
ift?

(B
y
lo
ok
b
ack
tim
e,
on
e
m
ean
s
th
e
d
i�
eren
ce
b
etw
een
th
e
tim
e
of
o
b
serva
tion
t
0

a
n
d

th
e
tim
e
at
w
h
ich
th
e
ligh
t
w
a
s
em
itted
.)

P
R
O
B
L
E
M

4
:
T
H
E

A
G
E

O
F
A

M
A
T
T
E
R
-D
O
M
IN
A
T
E
D

U
N
IV
E
R
S
E

A
S


!

1
(15
poin
ts)

T
h
e
age
t
of
a
m
atter-d
o
m
in
ated
u
n
iverse,
for
a
n
y
valu
e
of


,
w
as
given
in

L
ectu
re
N
otes
4
as

jH
jt
= 8>>>>>><>>>>>>:




2(1�


)
3
=
2 �
2 p
1�






�
arcsin
h �
2 p
1�






��
if


<
1

2
=3

if


=
1




2(

�
1)
3
=
2 �
arcsin ��
2 p


�
1




�
�
2 p


�
1




�
if


>
1

(4.47
)

It
w
as
claim
ed
th
at
th
is
form
u
la
is
co
n
tin
u
ou
s
at


=

1.
In
th
is
p
rob
lem

y
ou

are
asked
to
sh
ow
h
alf
of
th
is
sta
tem
en
t.
S
p
eci�
cally,
you
sh
ou
ld
sh
ow
th
a
t
a
s



ap
p
roach
es
1
from
b
elow
,
th
e
ex
p
ression
fo
rjH
jt
ap
p
roach
es
2/
3.
In
d
o
in
g
th
is,
y
ou

m
ay
�
n
d
it
u
sefu
l
to
u
se
th
e
T
ay
lor
ex
p
an
sion
for
a
rcsin
h
(x
)
a
b
o
u
t
x
=
0
:

arcsin
h
(x
)
=
x�
(1)
2

3
!
x
3

+
(3�1
)
2

5!

x
5�
(5�3�
1)
2

7!

x
7

+
:::
:

T
h
e
p
ro
of
of
con
tin
u
ity
as


!
0
fro
m
ab
ove
is
o
f
cou
rse
v
ery
sim
ila
r,
an
d
yo
u
are

n
ot
asked
to
sh
ow
it.
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R
O
B
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E
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4
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F
A
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2
0
1
6

p
.
5

P
R
O
B
L
E
M

5
:
IS
O
T
R
O
P
Y

A
B
O
U
T

T
W
O

P
O
IN
T
S
IN

E
U
C
L
ID
E
A
N

S
P
A
C
E
S

(T
his
p
roblem
is
n
ot
requ
ired
,
bu
t
can
be
d
on
e
for
15
poin
ts
extra
credit.
Y
ou
can

tu
rn
it
in
w
ith
P
roblem
S
et
4,
or
w
ith
P
roblem
S
et
5
o
n
O
ctober
21.)

In
S
teven
W
ein
b
erg's
T
he
F
irst
T
hree
M
in
u
tes,
in
C
h
ap
ter
2
o
n
p
age
24,
h
e

g
ives
a
n
a
rg
u
m
en
t
to
sh
ow
th
at
if
a
sp
ace
is
isotrop
ic
ab
ou
t
tw
o
d
istin
ct
p
oin
ts,

th
en
it
is
n
ecessarily
h
om
ogen
eou
s.
H
e
is
assu
m
in
g
E
u
clid
ean
geom
etry,
alth
ou
gh

h
e
is
n
ot
ex
p
licit
ab
ou
t
th
is
p
oin
t.
(T
h
e
statem
en
t
is
sim
p
ly
n
ot
tru
e
if
on
e
allow
s

n
on
-E
u
clid
ean
sp
aces.)
T
h
e
statem
en
t
is
tru
e
for
E
u
clid
ean
sp
aces,
b
u
t
W
ein
b
erg's

argu
m
en
t
is
n
o
t
a
d
eq
u
a
te.
H
e
co
n
stru
cts
tw
o
circles,
an
d
th
en
d
escrib
es
an
argu
-

m
en
t
b
ased
on
th
e
p
rop
erties
of
th
e
p
oin
t
C
at
w
h
ich
th
ey
in
tersect.
T
h
e
p
rob
lem
,

h
ow
ever,
is
th
a
t
tw
o
circles
n
eed
n
ot
in
tersect.
T
h
u
s
W
ein
b
erg's
p
ro
of
is
valid
for

som
e
cases,
b
u
t
can
n
ot
b
e
ap
p
lied
to
all
cases.
F
o
r
1
5
p
oin
ts
of
ex
tra
cred
it,
d
e-

v
ise
a
p
ro
of
th
at
h
old
s
in
all
cases.
W
e
h
ave
n
ot
estab
lish
ed
ax
iom
s
for
E
u
clid
ean

geom
etry,
b
u
t
y
ou
m
ay
u
se
in
yo
u
r
p
ro
o
f
a
n
y
w
ell-k
n
ow
n
fact
ab
ou
t
E
u
clid
ean

geom
etry.

T
o
ta
l
p
o
in
ts
fo
r
P
r
o
b
le
m

S
e
t
4
:
1
0
0
,
p
lu
s
1
5
p
o
in
ts
o
f
e
x
tr
a
c
r
e
d
it.


